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Resume. Notre travail concerne une generalisation des resultats obtenus dans : 
Exponential sums and rank of double persymmetric matrices over F2 
arXiv : 0711.1937. 

Soit K 3 le K - espace vectoriel de dimension 3 oil I denote le corps des scries dc 
Laurent formelles F2((T — 1 )). Nous calculons en particulicr des sommes exponen- 
tielles (dans K 3 ) de la forme 

Y <k-l Edcg Z<s-1 E(tYZ) J^dcg U<s+m-l V<s + m+l-l 

E(iYV) 

oil (t,r),£) est dans la boule unite de K 3 . 

Nous demontrons qu'elles dependent uniqucmcnt du rang de matrices triples per- 

symetriques avec des entrees dans F2, c'est-a-dire des matrices de la forme 

ou A est une matrice s X k persymetrique , B une matrice (s + m) X k per- 
symetrique et C une matrice (s + m + I) X k persymetrique (une matrice [tjj A 
est persymetrique si on j = a TiS pour i+j = r+s). En outre, nous etablissons 
plusicurs formules conccrnant des proprietes de rang de partitions de matrices 
triples persymetriques, ce qui nous conduit a une formule recurrente du nombre 



s + m + ( 



des matrices de rang i de la forme 



Nous deduisons de cette 



formule recurrente que si < i < inf(s — 1, fe — 1), le nombre T 

l,k > i, r 



uniquement de i. D'autre part, si i > 2s + m 

Xk' 

calcule a partir du nombre E 

A' 



s + m 
s + m + l 



B+m 
+ m + l 



depend 



peut etre 



s' + m' 

'+m'+l' 
2s'+m' + l 



la forme 



de matrices de rang (2s'+m'+l) dc 

oil A' est une matrice s' X k' persymetrique, B' une matrice 

(s 1 + m') X k' persymetrique et C une matrice (s' + m' + I') X k' ou s', m',1' 
ct k' dependent de i, s, m,l et k. La preuve de ce resultat est basee sur une for- 
mule du nombre de matrices de rang i de la forme ou A est une matrice 
double persymetrique et b— une matrice ligne avec entrees dans F2. Nous mon- 
trons egalement que le nombre R de representations dans F2[T] des equations 
polynomials 



YZ + Y 1 Z 1 + . 
YU + YiUi + . 
YV + Y 1 V 1 + . 



associees aux sommes exponentielles 

U <s-\-m — 1 

E{r,YU) £ . 

V<s+m + l-l 

E^YV) 

est donne par une integrale sur la boule unite de K 3 et est une combinaison lineaire 



de r 



s + m + l 



pour i > 0. Nous pouvons alors calculer explicitcment le nombre 



R. Notre article est, pour des raisons dc longueur, limite au cas m ^ 0, 1 = 0. 
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Abstract. Our work concerns a generalization of the results obtained in : Ex- 
ponential sums and rank of double persymmetric matrices over F2 
arXiv : 0711.1937. 

Let K 3 be the 3-dimensional vectorspace over K where K denotes the field of 
Laurent Series F2((T — 1 )). We compute in particular exponential sums, (in K 3 ) 
of the form 

Edeg Y<fc-1 Edcg Z<s-1 E{tYZ) JZdcg U<s + m-l V<s + m+l-l 

where (t, rf, §) is in the unit interval of K 3 . We show that they only depend on the 
rank of some associated triple persymmetric matrices with entries in F2, that is 

matrices of the form -g- where A is a s X fc persymmetric matrix, B a (s + m) X fc 

persymmetric matrix and C is a (s + m + /) X k persymmetric matrix (A matrix 



[a^j] is persymmetric if c*^ 



for i + j 



s). Besides, we establish 



several formulas concerning rank properties of partitions of triple persymmetric 



matrices, which leads to a recurrent formula for the number r. 



s + m 
s + rn + l 



Of 



rank i matrices of the form 



We deduce from the recurrent formula that if 



< i < inf(> - 1, k - 1) then T\ 



s + m 
s + m + l 



hand, if i > 2s + m + 1, fc > i, V 

xfc' 

of rank (2s'+m'+l) matrices of the form 



depends only on i. On the other 



can be computed from the number 



s'+m' 



A' 



where A' is a 



s' X k' persymmetric matrix, B' a (s' + m 1 ) X k' persymmetric matrix and C a 
(s 1 + m' + I') x fc' persymmetric matrix , where s', m',P and k' depend on i, s, 
m,l and k. The proof of this result is based on a formula of the number of rank 



i matrices of the form ^ — J where A is double persymmetric and b— a one-row 
matrix with entries in F2 . We also prove that the number R of representations in 
F2 [T] of the polynomial equations 



YZ + Y 1 Z 1 + . 
YU + Y1U1 + . 
YV + Y 1 V 1 + . 



-Y q -xU q -x 



associated to the exponential sums 

<fc — 1 ^-^degZ <s — 1 

E{r,YU) E dcE U<s+m+l-l 
is given by an integral over the unit interval of K 3 , and is a linear combination of 



the r a L s " r "'" r ' J pour i > 0. We can then compute explicitly the number R.Our 
article is for reasons of length limited to the case m 0, / = 
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CROQUIS DE LA PREUVE 

(1) Nous avons calcule explicitement le nombre de matrices de rang i de la forme 
[5] ou B est une matrice double persymetrique. 

[ s + m 1 Xfe 

(2) Nous avons obtenu une formule recurrente du nombre F} s+m+l des ma- 
trices de rang i de la forme -4- ou A est une matrice s x k persymetrique , 

lei 

B une matrice (s + m) x k persymetrique et C une matrice (s + m + I) x k 
persymetrique 

(3) Nous no disposons au debut que d'un systeme de 2 equations en 3s + 2m + I 
inconnues : 

inf(3s+2m+Z,fe) \ ^ 1 xfc 

pLs+J+iJ _ 23fe+3s+2m+i-3 

i=0 

et 



inf(3s+2m+i,fc) 

p L s+m+l J "" _ _ 2 2fe +3s+2m+;-3 _|_ 2^k-3 _ 2 



xfe 

2fe-3 



i=0 

\ s+ m 1 xfe 

(4) On commencera par calculer explicitement le nombre If 3+m+l pour i < 
s — 1, i < k, m > 0, Z > 0, en utilisant successivement les 2 equations dans 
(3). 



s+n 



Xfe 



(5) Nous calculerons ensuite explicitement le nombre F| s+m+l pour s ^ i 
m/(2s + m, fc) en utilisant successivement les resultats obtenus dans (4) et 
(3). 

r s+ m i xfe 

(6) A partir de ces resultats nous calculerons lc nombre I'2s+m+i 

(7) Guide par des resultats obtenus dans (2), j'emets les hypotheses suivantes : 



Xfe ' s + m x(fe-j) 



1 2s+l+m+? — 10 1 2s+l+m hl U — J — 



s + m Xfe „+(m-j) X(fe-(2j+()) 

1 2s+l+m+i+j — 10 1 2s+l+m-j bl U - J - m ' 



xfe 3 _3 x(fe-(2m+/)-3j) 

1 2s+l+2m+/+j - 10 1 2(s-j) + l S1U -^ S ^ 

(8) Une fois ces hypothes verifiees, nous pouvons utiliser (6) et (7) pour obtenir 



s + r, 

le nombre F} s+m+1 J pour 2s + m + 2 i ^ inf (3s + 2m + /, fc). 



xfe 
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SKETCH OF THE PROOF 

(1) We have explicitly calculated the number of rank i matrices of the form [-g] 
where B is a double persymmetric matrix. 



(2) We have obtained a recurrent formula for the number r| s+m+l J of rank 



s + m Xfc 
, + m + l _ 



i matrices of the form 



where A is a s x k persymmetric matrix, B a 

(s + m) x k persymmetric matrix and C is a (s + m + I) x k persymmetric 
matrix. 

(3) In the beginning we only have a system of two equations in 3s + 2m + I 
unknowns : 



inf(3s+2m+2,fc) T ^ 1 x fe 

pLo+rrl+lJ _ 23fc+3s+2m+i-3 



et 

xfc 



inf(3s+2m+i,fc) 



2k-3 



i=0 



s + m Xfc 



(4) We start by calculating explicitly the number s+m+l pour i < s — 1, z < 
fc, m > 0, Z > by using successively the two equations in (3). 



s + m Xfc 
, + m + l . 



(5) We then compute explicitly the number r} B+m+l for s ^ i ^ inf(2s + 
m, k) using successively the results obtained in (4) and (3). 



xfc 



(6) From these results we calculate the number r^/^™^ of triple persymmet- 
ric (3s + 2m + /) x k rank (2s + m + 1) matrices. 

(7) Leaded by the results obtained in (2), I suggest the following hypotheses : 



s + n 



xk s+ m \x(k-j) 



1 2s+l+m+? — 1Di 2s+l+m sl u ^ J ^ 'i 



s+ S ™ Xfc X(fc-(2j+;)) 

1 2s+l+m+Z+j — 10 1 2s+l+m-j hl u — J — "h 

\ s + m ]xk \ a s Zi]x(k-(2m+l)-3j) 

r 2 L / + T + + 2i+/ +j = i6 2m+ ' +3j r 2 L ( r4.; +1 si o < j < a - 1. 

(8) Having proved these hypotheses, we can use (6) and (7) to obtain the number 



s + m | X k 
s + m + l 



for 2s + m + 2 s$ i ^ inf (3s + 2m + I, k). 
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1. Exponential sums and rank of matrices of the form [-g] , where B is a 
double persymmetric matrix with entries in F2 

1.1. Notation. 

1.1.1. Analyses on K. We denote by F 2 ((y)) = K the completion of the field F 2 (T), 
the field of rational fonctions over the finite field F 2 , for the infinity valuation = Ooo 
defined by o(-g) = degB — degA for each pair (A,B) of non-zero polynomials. Then 
every element non-zero t in F 2 ((^)) can be expanded in a unique way in a convergent 
Laurent series t = J2J=-lo tjT* where tj € F 2 . 

We associate to the infinity valuation = Ooo the absolute value | • |oo defined by 

|*|oo = |i| = 2-°t*>. 

We denote E the Character of the additive locally compact group F 2 ((^)) defined by 



1 if t_i = 0, 
-1 if t_i = 1. 



-B(t) 

e( £ t iT *) 

j=— 00 

We denote P the valuation ideal in K, also denoted the unit interval of K, i.e. the 
open ball of radius 1 about or, alternatively, the set of all Laurent series 



i>i 



and, for every rational integer j, we denote by Pj the ideal {t 6 K| v(t) > j} . The sets 
Pj are compact subgroups of the additive locally compact group K. 

All t e F 2 ((^)) may be written in a unique way as t = [t] + {t} , [t] e F 2 [T], {t} G 

P(= P ). 

We denote by dt the Haar measure on K chosen so that 



/ 



dt = 1. 

p 



Definition 1.1. We introduce the following definitions in IK : 

• Let s, m and k denote rational integers such that s > 2, m > and k > 1. 

• A matrix D = [ctij] is said to be persymmetric if a it j = a rtS whenever i+j 
= r+s. 

• Set t = X)i>i S P, we denote by D SX k(t) the following s x k persym- 
metric matrix 

f cti a 2 a 3 ... aifc-i a k \ 
a 2 a 3 a 4 ... a k a k +i 



a s -i ot s a s+1 
V a s a.s+i a s+2 
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• Set 77 = Ei>i PiT ! £ P, we denote by £>( s + m )xfc(n) the following (s + m) xk 
persymmetric matrix 



0i 

02 







02 
03 



'm+l 0m+2 



03 
04 



0; 



m+3 



0s-\-m—l 0s-\-m Ps+m+1 
\ 0s+m 0s+m+l 0s+m+2 



0k-i 
0k 



0k+ 



m — 1 



0k 

0k+l 



0k 



0s+m+k-3 0s+m+k-2 
■ 0s+m+k-2 0s+m+k-l J 



1.1.2. Analyses on the two-dimensional WL-vectorspace. Let EC x IK = IK 2 be the 2- 
dimcnsional vector space over K. Let (t,r)) e EC 2 and \(t,r])\ = sup{\t\,\rj\} = 

2 -m/(B(t),0(r,))_ 

It is easy to see that (t,rf) — > | (£, 77) | is an ultrametric valuation on EC 2 , that is, 
(t.ij) — |(i,r?)| is a norm and |((t, 77) + (f, r/))| < max {|(t, 7?)|,|(i', v')\} ■ 
We denote by d(t, n) = dtdr} the Haar measure on K 2 chosen so that the measure on 
the unit interval of K 2 is equal to one, thus 

f [ d(t, rf) = f dt j dr} = 1-1 = 1. 

J JPxP JP JP 



Let (t, 77) = ( Er=-oo *i T % Ei-oc % Ti ) e EC 2 , we denote X the Character on 
(EC 2 ,+) defined by 

x( e ^ e e ^)-^( e -1 

i= — oc i— — co i— — 00 i= — oc I. ' 

Definition 1.2. We introduce the following definitions in the two-dimensional EC 
-vectorspace. 

• Let k, s and m denote rational integers such that k > 1, s > 2 and to > 0. 

• We denote by P/Pj x P/Pj a complete set of coset representatives of Pi x Fj 
in P x P, for instance P/P s+ fc_i x P/P s+TO+ fe_i denotes a complete set of coset 
representatives of P s+ k-i x P s + m +fc-i in P x P. 

. Set (t, V ) = (Ei>i aiT-*, E 4 >i A? 1 " 4 ) G p x p. 

s+m xfc 

We denote by D L J (i, 77) any (2s + to) x k matrix, such that after a 
rearrangement of the rows, if necessary, we can obtain the following double 
persymmetric matrix Dsxk< ' t \, 
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a 2 


a 3 


ak-i 


ak 


a2 


a 3 


04 


ak 


a k +i 


a s -i 


a s 


a s+ i 


a s +k-3 


a s +k-2 


a s 


a s +i 


&S+2 


a s +k-2 


a s +k-i 


01 


02 


03 


0k-i 


0k 


02 


03 


04 


0k 


0k+l 


0m+l 


0m+2 


0m+3 


0k+m-l 


0k+m 


Js+m—l 


0s+m 


0s+m+l 


0s+m+k-3 


0s+m+k- 


0s+m 


0s+m+l 


0s+m+2 


■ 0s+m+k-2 


0s+m+k — 



Set (t, V ) = (Ei>i a{T-\ E 4 >i 0iT~ l ) G P x P. 



xk 



Let T 



i matrices of the form 



denote the number of double persymmetric (2s + m) x k rank 



D 



,that is 



s+m 



xk 



= Card{(t,r]) G P/P fe+S _i x P/P fc+s+m _! | r(£>[ 5 + ro ] 



Xfc/ 



fc (i,r?))=i 

1.1.3. Analyses on the three-dimensional ~K-vectorspace. Let KxKxK = K 3 be the 
3-dimensional vector space over K. Let (t, T], £) G K 3 and 7/,£)| = sup {\t\, \t]\, |£|} = 

2-m/(0(t),0(r?), »(£))_ 

It is easy to see that {t,r],^) — ► |(t, 77, £)| is an ultrametric valuation on K 3 . 

That is, (i,/?^) — » | (i, r/, C)| is a norm and | ((f, 77,0+^,7?'^')) I < moa; {|(t,»7,0U K* 7 .*? 
We denote by G?(i, n, £) = dtdi]d£ the Haar measure on K 3 chosen so that the measure 
on the unit interval of K 3 is equal to one, that is 

III d(t, V ,0= I & fdv /V = 1-1- 1 = 1- 

J J JVxPxP JP JV JV 

Let (t, v,0 = ( £, r = -1 UT\ YTil { -i mT\ Y~=-l ZO*) G K 3 , we denote V the Char- 
acter on (K 3 ,+) defined by 



-0(t) -0(»7) -t>(£) -B(t) -0(77) 

^( E ^ r . E ^ r . E & T< ) = £ ( E *' Ti ) • £ ( E ■ e{ b T 

i— — oo i— — oo i— — oo i— — oo i— — oo i— — oc- 



) 



fl if t-i £-1 =0 

\-l if *_i + r?_i + = 1 

Definition 1.3. We introduce the following definitions in the three-dimensional K- 
vectorspace. 

• We denote by F/F k + s -i x P/P fe+s+m _i x F/P k a complete set of coset repre- 
sentatives of 

P fe+S _! x F k+s+m -i x Pfe in P x P x P. 
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Set (i, r], = ( E«>i E,>! PiT-\ E l >i 7^"*) e P x P x P We de- 



s + m I Xfe 

note by Z)L 1 J (t, 77, £) any (2s + to + 1) x fc matrix, such that after a 
rearrangement of the rows, if necessary, we can obtain the following triple 



persymmetric matrix 



(3 + rr 1 )xfc< T ') 







Qf3 




Oik 




a 3 


0:4 


ate 


ak+i 


OL s -\ 


a s 


a s +i 


Cts+k-3 


a s +k-2 


a s 


a s+ i 


a s +2 


Ots+k-2 


Qts+k-i 


01 


02 


03 


0k-l 


0k 


02 


03 


04 


0k 


Pk+i 


0m+l 


Pm+2 


Pm+3 


Pk+m-1 


0k+m 


Ps+m-1 


Ps+m 


0s+m+l 


Ps+m+k-3 


0s+m+k-2 


0s+m 


0s+m+l 


0s+m+2 


Ps+m+k-2 


0s+m+k-l 



V 71 



72 



73 



7fe-i 



Ik 



• Set 



e 2 , . . . , t, n ) = ( e 71^"', E . . . , e 7^-*, E ^ T_J ' E & T ~0 e pn+2 
i>i i>i i>i i>i i>i 



l+n 



xk 



We denote by D L J ^ ^) the following (n + 2m + I + 2) x fc matrix, 
where the n first rows form a n x fc matrix over the finite field F2, the following 
(1+m) rows form a (1 + m) x fc persymmetric matrix and the (1 + m + 1) last 
rows form a (1 + to + I) x fc persymmetric matrix. 



711 


712 


713 


7i,fe-i 


Jl,k 


721 


722 


723 


72,fe-l 


l2,k 


7nl 


7n2 


7n3 


7n,fe-l 


"fn.k 






a 3 


afe-i 


ak 




a 3 


Q!4 




a-k+i 


Oil+ m 


Ol2+m 


OS3+m 


afe+m-l 


Oik+m 


01 


02 


03 


0k-l 


0k 


02 


03 


04 


0k 


Pk+l 



\ 01+m+l 02+m+l 03+m+l 



0k+m+l-l Pk+m+l I 
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s + m Xfc 

• Consider the following partition of the matrix D L 1 i (t,ri,£) 



V 

We define 



ai 




a 3 


Q!fe-1 






03 


/'V i 




c^fc+l 


CXg—l 


oe s 


q; c _li 


OiaJ-h 3 




a s 




a s +2 


a s +fc-2 




n 

Pi 


Pi 


P3 


Pk-i 


Pfc 


P2 


n 

P3 


P4 


Pk 


Pfc+1 




Pro+2 


Pro+3 


Pfc+m-l 


p"fc+m 


Ps-\-m—l 




Ps+m+1 


■ Ps+rn+fc-3 


Ps+ro+fc-2 


Ps-\-m 


Ps+ro+1 


Ps+m+1 


• Ps+m+fc-2 


Ps+ro+fc-1 


7i 


72 


73 


7k- 1 


Ik 



xfc 



to be the cardinality of the following set 

M,0 G P/P fe+s -i x P/P fe+s+m _ 1 x P/P fe I r(D[«+«.] xfc (t,fj)) = r(£)[ s+ " ' 
• We define 



(*,»?,0)=*>- 



xfc 



to be the cardinality of the following set 

(*,»?, G P/P fe+s -i x P/P fc+s+m _! x P/P fe I r(£>[«+«.] xfc (t,f ? )) =i-l, r( J s+ i m 



Sei (t, V , - (Ei>i aiT"', E*>i E 4 >i 7»^ 1_i ) G PxPxP Let T} 3+ ™ 

denote the number of triple persymmetric (2s + m + 1) x fc rank i matrices of 



the form 



■Psxfc(t) 

3 (s+ m )xfc(' 



that is 



rj S+im J Xfe =Cord|(t,»7,0 GP/P fe+s -i xP/P fc+a+jn _i xP/P fc I r(£>L" + i m J =i 



Sei (t, v, = (Ei>i E«>i ftr-*, E,>i 7^-') g 



1 + m Xfc 

Let r} - 1 denote the number of triple persymmetric (2m + Z + 3) xfc 



rank i matrices of the form 



Dixk(t) 



J (l+ m )xk^ 



. "(1+m+l) X k 



that is 
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4 1 + +m + 1 J Xk = Card | (t, m £) G P/P fc x P/P fc+m x P/P fc+m+! | r(£>L J **(*, r?, 0) = ^ • 
1.2. Introduction. We generalize the results obtained in [1] 



)L l + m + i 



1.3. Statement of main results. 

Theorem 1.4. For all 1 < i < inf(k, 2s + m + 1) we /iGwe 

s+m xfe U+m xfe s+m xfe 

r L i j = (2 fc - 2 i_1 ) ■ r]-_i J +2*-r} J 

Theorem 1.5. We Ziowe the following reduction formulas 



l + m 
-p L 1 + m + l 

1 m+3+j 



Xfe i l+m X(fe-j) 

O^ipL l + m+(I-i) . 

— Z 1 m+3 



l + m 
-p L 1 + m + l 

- 1 - m+;+3+i 



xfe 



l + (m- 
o8i + 4; r L l + (m- 

Z 1 m+3-j 



i) | x(fe-(2j+0) 
j) ■ 



Theorem 1.6. M^e have for m > 2, Z > 3 and fc > 2m + Z 



l+m 

1 + m + l 



is equal to 



ifO<j<l 
if < j < m 



1 

2 k + 17 

(21 . 2 3i ~ 7 - 3 • 2 2i -'°) ■ 2 k + 315 • 2 4i ~ 8 - 21 • 2 3 ^ 6 
21 ■ 2 fc+3m " 4 + 13 ■ 2 fc+2m ~ 3 + 315 • 2 4m ~ 4 - 85 • 2 3m " 3 

2 2fc + m + 21 _ 2 H3m-l + g . 2 fc + 2m-l + . jta _ . 2 3m 

3 • 2 2k - m+2i - e > + 21 ■ 2 fc+3i ~ 7 + 21 • 2 fc - m + 34 - 8 + 315 • 2 44 ~ 8 - 315 • 2 44 ~ m ~ 9 

g 2 2fc+m+2Z — 4 _|_ 2 ^ 2 fc+3m+3Z — 4 ^_ -j^g 2 fc+2m+3Z — 5 g^g 2 4m+4i— 4 g27 2 3m ^" 4 ^~^ 

■j^ , 2 2fc+m+2!-2 _|_ 21 . 2 *;+3m+3;-l _|_ 2Q\ . 2 *;+2m+3!-2 _|_ g-^g _ 2 4m+4! _ ]^g 2 y . 2 3m+4!-l 



2 ^ _ 2 2fc— 2m— i+3i— 9 _|_ 2 ^ _ 2 fc+3i — 7 _|_ g 2 g , 2 & — 2m— £+4i— 11 _|_ g-^g . 2 4i — 8 
gg _ 2 2fe + 4m + 2i-3 _ -^gg _ r)fc + 6m + 3i-3 ^_ gg _ r,8m+41-2 
2 3fc+2m+! _ j _ 2 2fc+4m+2i _|_ y _ 2 fc+6m+3i+l _ 2 8m+4i+3 



3255 • 2 



5i-2m-i-12 



tfi = l 

if2<i<m 

if i = m+1 

if i = m + 2 

ifm + 3<i<m + l 

ifi = m + l + l 

if i = m + Z + 2 

j/m + Z + 3<i<2m + Z + l 

i/ i = 2m + Z + 2 

i/ i = 2m + Z + 3 



Theorem 1.7. LeZ I\ L 



1+7, 



xfe 



denote the number of matrices of the form 



of 



rank i such that A is a n x k matrix over F 2 , B a (1 + m) x k per symmetric matrix 



xfe 



and C a (1 + m + l) xk persymmetric matrix and where ry +m+iJ "" denote the number 
of double persymmetric (2 + 2m + Z) x k rank i matrices of the form 



l+L xfe r l+ m I 

Then r} 1+m+! expressed as a linear combination of the rV+- m+,J 



is equal to 



J2 2("-jH«-j) a («) Y[(2 k - T- 1 ) • rjip^^ for 0<i< m f(k, n + 2m + Z + 2), 



w/iere a 



z=i 



in] 

j satisfies the linear recurrence relation 
oS n) =y'-oS n - 1) +aS?.7 1) ) n = 2,3,4,. 



/or 1 < j < n — 1. 
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The explicit value of is given by the following formula 

W = ( _ 1) i. 2 i--^ + g ( _ 1) . , "g 1) |^^. 2 .(n-j) + ^ for !<,•<„_!. 



We set 



s=0 



4»> = a(") = 1 



2j-« _ 2' 



and r! 1 +™+' ]xfe 



*/ i-ji {0,1,2,. ..,m/(fc,2m + / + 2)}. 



Theorem 1.8. Let f m ,i,k(t, r], £i, £2, ■ ■ ■ ,£n) be the exponential sum in P™+ 2 defined 
by 

(t,n,Ci,6,...,5n) GP n+2 — 

E degY < k -, E de9Z < 1+m ^(tyz) £ de9t/ < 1+m+1 e(vyu) E degVl < e&yv,) £ deffV2 < e(^yv 2 ) . . . E de9 y„< E{t„Yv n ). 

Set 

(t, n, tu 6, • • • , = ( E ^ T_4 ' E E ^ r ")' ■ • • . E t™ t ~ 4 ) e pIl+2 - 

Then 



i>l i>l 



»>1 



i>l 



(„) 
1+m 
l + m + ! 



where 



denotes the following (2m + / + n + 2) x fc matrix 
( 7n 7i2 7i3 

721 722 723 



7nl 


7n2 


7n3 


7n,fe-l 


In.k 


ai 




a 3 


Q!fc-1 






a 3 


Q!4 




Oik+l 


Ctl+m 


«2+m 




Ctk+m-l 


&k+m 


Pi 


ft 


ft 


Pk-1 


Pk 


P2 


ft 


ft 


Pk 


Pk+1 



71, fe-i 7i, fc \ 

72, fe-l 72, fe 



V ft+m+i ft+m+( ft+m+2 • • • Pk+m+l-l Pk+m+l J 

Then the number of solutions 
(Yi, Zx, U U V^M X \ V^,Y 2 , Z 2 , U 2 , tf >, tf \ . . . , K (2) , • • .Y q , Z g , U q , V^, V 2 {q \ V^) 



of the polynomial equations 
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f Y 1 Z 1 +Y 2 Z 2 + ... + Y q Z q = 
Y 1 U 1 +Y 2 U 2 + ... + Y q U q = 



YiVi (1) + Y 2 v} 2) 



Y q v{ q) = 



Y X V 2 (1) + Y 2 V 2 {2) + ... + Y q V 2 (q) = 



Y^ +Y 2 VP 



Y q V^ q) = 



satisfying the degree conditions 



degFi<fc-l, degZi<m+l, deg Ui < m+l+1, degV- <0, for l<j<n l<i<q 
is equal to the following integral over the unit interval in K n+2 

/ fm l fc(*)»7)^1.6. ■ • .,£n)dtd7ldt;id& ■ - .C^n- 

Observing that f^i >k (t, rj, £1,62, • • • , £n) constant on cosets of¥ k+m x Pfe +m+ ; x P£, 
i/ie akwe integral is equal to 

inf(k,n+2m+l+2) \ ^ l xfc 
2<j(fc+2m+(+ri+4)-(2m+(+fc(n+2)) p L l+rr!+! J 2~*9 



E 

i=0 



Example. n=2, m=l, / = 3. fc > 5, q = 3 



(2) 



Xfc 



+ 3-2 t - i (2 fe -2 l - 1 )-r^ J 1 +(2 fc -2 4 - i )(2 fc -2 4 - 2 )-r, t L l J 2 /or 0<i<inf(fc,9) 



' ll\ 1 
1+1+3 J 



xfc 



1 



3 • 2 k + 33 
2 2fe + 83 • 2 fe + 886 
33 • 2 2fe + 978 • 2 fe + 29352 
2 3fc+i + 182 . 2 2fe + 16408 • 2 k + 937408 
3 • 2 3fe+1 + 189 • 2 2fe + 3 + 8191 • 2 fc + 6 + 12911 • 2 10 
3 • 2 3fe + 3 + 36672 • 2 2fc + 11271168 • 2 k - 399015936 
11 • 2 3fe + 5 + 1022464 • 2 2fe - 100679680 • 2 k + 2163212288 
117 • 2 3fe + 7 - 3354624 • 2 2fc + 214695936 • 2 k - 3925868544 if i = 8 
2 4fc+5 _ 4g0 . 2 3fc+5 + 2240 ■ 2 2fc + 10 - 1920 • 2 fe + 16 + 2 31 if i = 9 



if i = 

if i = 1 

if i = 2 

if i = 3 

if i = 4 

if i = 5 

if i = 6 

if i = 7 



If k = 5 we obtain 
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1 L 1 + 1 + 3 J 



x5 





if % 


= 


129 


if % 


= 1 


4566 


if i 


= 2 


94440 


if i 


= 3 


1714368 


Hi 


= 4 


^31740928 


if i 


= 5 



Then the number of solutions 

(Yi, Z u U 17 V 1 {1 \V^ 1 \Y 2} Z 2 , U 2 , Vf 2 \ V 2 {2 \ Y 3 , Z 3 , U 3 , v} 3) , vf } ) 
of the polynomial equations 



Y l Z l + Y 2 Z 2 + Y 3 Z 3 = 
Y 1 U 1 +Y 2 U 2 + Y 3 U 3 = 
Y 1 V 1 {1) + Y 2 V{ 2) + Y 3 vl 3) = 
I FiVf } + Y 2 V 2 {2) + Y 3 V 2 {3) = 

satisfying the degree conditions 

degY l < 4, deg Z t < 2, deg U, < 5, deg Vj < 0, for l<j<2 1 < i < 3 

is equal to 



r 5 w xfc 

/ /?, 3 ,5(*. »?> Hu&dtdrjdbdtz = 2 23 V r} 5 J 2- 34 - 13281 • 2 20 . 
Jp 4 



i=0 



where for (^,6,6) = (^a^^Ar'^^n^^r 1 ) e 



»>i »>i 



»>i 



»>i 



/i, 3 ,5(t,»?^i,&)= E E E E E & YV i) E ^fe^ 2 ) 

de S Y<4degZ<2 degU<5 degV!<0 degV 2 <0 
_ 2 16-r(C>L 5 J (fi,S 2 t,»7)) 

and 



r<2> 



/ 


7n 


712 


713 


71,4 


71,5 






721 


722 


723 


72,4 


72,5 






Ql 


a 2 


a 3 












a 3 


Q!4 


"5 


a 6 






ft 


ft 


03 


04 


ft 






ft 


03 


04 


05 


06 






ft 


04 


05 


06 


07 






ft 


05 


06 


07 


08 




V 


ft 


06 


07 


08 


09 


J 
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1.4. Some Lemmas. 

Lemma 1.9. Let (t, 77, £) G P x P x P and 

9s, m ,k(t,v,z) = g(t,v,o= E E E{tYZ ) E ^ yc/ ) E 

degY<k-l degZ<s-l degU<s+rn-l degV=0 

Then 







<+m-r{ D y m V k (*,,)) j/ r (£> x^ )7? )) =r (£) 

otherwise . 



xk 



Consider the matrix 



[•r] 



xfe 



argument 


given in 


the proof of Lemma 6.2 in 


[1] 








Oik-1 


OLk 




a 3 




Ctk 


ctk+i 


Q!a-1 


a s 




a s +k-3 


O-s+k-2 


a s 








a s +k-i 


ft 


ft 


ft 


Pk-i 


Pk 


ft 


ft 


ft 


Pk 


Pk+i 



P; 



m+1 



A 



m+2 Pm+3 



Ps-\-m— 1 Ps+m ft+m+1 
Ps+m Ps+m+1 Ps+m+2 



V 71 



72 



73 



ft+ 



m— 1 



Pk+r, 



Ps+m+k-3 Ps+m+k-2 
Ps +m+k — 2 Ps+m+k — 1 



7fe-i 



7fc 



It follows 



2s+m 



E 

degY<k-l 



22s-fm 



E 

degV <fc-l 



1 - 



xfc Y£ker 



E 

degY<fc-l 



)2s+m 



2 • 2* ; " r(D 



T, 3= a 7j<5 3 =l 
(t,7,,f)) _ 9 fc-r(D[ s + m ] xfe (t,^)) 



□ 



Lemma 1.10. Set h(t, V ) = J2d eg <k-i Y^de g z< s -\ E(tYZ) zZde g u<s+m-i E (tYU) 
and let q > 2 be an integer, then 

g q {t,r } ^)=g{t,r } ^)-h^ 1 {t,T t ). 
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Proof. Obviously we get 
g 2 (t, V ,0= [2 2s+m £ Em)} ■ [2 2s+m £ £(£y 2 )]. 



VxGkcr D C S + m ] X ^ (t,T7) V 2 Gkcr D [ s + m ] X fc ( t ] n ) 

Define 

' Y 1 + Y 2 = Y 3 degY 3 <k-l 

Yi = Y~ 4 degKi < k - 1. 

Then we obtain 

5 2 (t I?7 ,0 = 2 2(2s+m) ]T E s(e(r! + y a )) 

degY 1 <k-l degY 2 <k-l 

s + m X fc s + m X A; 

ekcr D L J (t,ri) Y 2 ekcrD\- J (*^) 

= ^2 S +m ^ jj . ^1+m ^ £7(fT 3 )] 

degY" 4 <fc-l degY 3 <k— 1 

s + -m Xfc s + m. X fc 

Y 4 ekerDL -I (t,f)) Y3 £ker L> L J (t, V ) 

= ■g(t,v,0- 

By recurrence on q we get <7 9 (i, ry, £) = rj, £) • 77). □ 

Lemma 1.11. FKe /iaue 



inf(fc,2s+m) 7l- 
1=0 



xfc 



Proof. Recall Definition 11.31 then Lemma [1.91 gives , by observing that g(t,r],£) is 
constant on cosets of Pk+ s -i x Pfe+s+m-l x Pfe 

g«{t,T 1 ^)dtdl 1 d£,= J2 2 fc+2 S +m-r(DM xfc ( M )) 

(t.1,«)'/J»fc + a-lXr/P fc + s + m _ 1 xP/P fc 



xfc 

(t,„)) = r(D 



xfe 

2<?(A;+2s+m — i) 2 ~ — l)2~(k+ s + m ~l)2~ 



inf(fc,2s+m) 

□ 



Lemma 1.12. Equally 

inf(fc,2s+m) 
i=0 

Proof. From Lemma 1 1 . 1 01 recalling Definition 1 1 . 21 we get by Fubini's theorem 



/? 



g (! (t,r l ,Z)dtdridZ= / g^^^h^^^dtd^ 

JV JV JV 

h q ~ l {t,v){ [ g{t,r j ^)di)dtdr l ^2 2s+m [ [ h q - 1 {t,rj)dtdr ] 
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_ 2 2s + m . 2(q- 1 )( 2s + rn + k - r ( D 

inf(2s+m,fc) 

i=0 (t,t|)€P/P* ;+ ,-ixP/P i+J+m -i 



(*>»?)) 



eft / dt(i77 

fe+S — 1 + s + 



2(g-l)(2s+m+fc-i) 



dtdrj 



k+s—1 •'^k+a+m—X 



inf(2s+m,fc) 
i=0 



s+m 



Xfe 



. 2~( < J~ 1 ) ! ' . 2(9 _1 )( 2s + m +' £ ) . 2~( fe + s ~ 1 ) . 2 _ ( fe + s +" l_1 ) 



□ 



7i- 



Lemma 1.13. For all < i < inf (fc, 2s + m) we have 
Proof. Lemma 11.111 and Lemma 11.121 give 



xfe 



= 2* • L 



\xk 



inf(fc,2s+m) 



7i- 



X A: 



2 l • r. L 



xA 



) • 2" i<? = /or a/Z q > 2. 



i=0 



Lemma 1.14. for all 1 < i < inf(k, 2s + m + 1) we have 



71- 

2—1,2 



Xfe 



Proof. Consider the matrix 



(2 fe - T- 1 ) ■ T [ l _+ r ' 



xfe 



□ 



Dsxkjt) 



ai 


a 2 


Q'3 


Otk-1 


Oik 


a 2 


a 3 






ak+i 


Us-l 


a s 




Ots+k-3 


Cts+k-2 


a s 


a s +i 




a s +k-2 


a s +k-i 


Pi 


P2 


p3 


Pk-l 


Pk 


P2 


P 3 


Pa 


Pk 


Pk+l 


Pm+1 


Pm+2 


Pm+3 


Pk+m-1 


Pk+ra 


Ps+m—1 


Ps-\-m 


Ps+m+1 


Ps+m+k-3 


Ps+m+k-2 


Ps+m 


Ps+m+1 


Ps+m+2 


Ps+m+k-2 


Ps+m+k-1 



\ 7i 



72 



73 



7fc-i 



7fe / 
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& a,. 



71- 
i — l,i 
s+m 



71- 
i—lA 



xk 



xk 



2 fc -r 



s+m X k 



2 i-i . r 



s+m | x A; 
i-1 



s+m x 



if 1 < i < inf(fc, 2s + m + 1). 

□ 



Lemma 1.15. For all 1 < i < inf(k, 2s + ni + 1) we have 



s + m xfc | s +m | xfc 

pL l J {<^k r>i—l\ 



(i.i) rj 1 J = (2 k -2 % - 1 ) ■r i L _ 1 J +2 l -r 

Proof. From Lemmas I1.13[ 11.141 we get 



s+m X fc 



s + m I Xk 

r> 1 



7i- 



Xfc 



s+r, 



71- 



xfc 



2» , p[a + mj Xfe j_ fr>fc _ Ql-^ . + ' Xk 



□ 



Lemma 1.16. VTe /iai>e i/ie following reduction formulas 



l + m Xfc | l+m U(fc-j) 

pL 1+m+l J _ o4j-pL l+m+(!-3) 



(1.2) 
(1.3) 

m+i+3+i m+3-j 

Proof. From (jl.lj) we get with s — > 1 + m, m —* I 



" m+3+j m+3 

l+m 1 Xfc [ l+lm-j) | x(fc-(2j+i)) 

pL l + m + ! J _ 28j+4ipL l + (m-j) . 



ifO<j<l 
if < j < m 



(1.4) 



l + m | xfc 

p L 1 + m + l . 











f l + m 






[l+m+ 


xfc 




l+m+ 


ij xfc 


2 i " 1 ) • 


1 i-1 




Y2 l ■ ] 







Using the reduction formulas proved in [2, section 3] we get from (|1.4[) with i 
m + 3 + j. 



x k 



pL l + m + ! 
1 m+3+j 



= (2 k - 2 m+2+ i) • r r L f 

(2 fe — 2 m+2+ ^) ■ 2 3 -' ■ r 

^2 k +3j _ 2»"+2+4j^ , p 



[l+m+ij xfc 
m+2+j 



2 m +3+i . p 



1 + 7, 

l+m+Z| xfc 
m+3+j 



l + m 

l+m+(l-j) 

m+2 

l+m 

l+m+(l-j) 



x(fc-j') 



_l_ 2"»+3+j . 2 3 J . p 



l + m 

l+m+(l-j) 



x(fe-j') 



x(fc-i) 



m+2 



om+3+4j p 
^ J- . 



m+3 

l + m 

l+m+(i-j) 
m+3 



X(fe-i) 



From (II. 4[) with i — > to + 3, I —* I — j, k — > fc — j we obtain 

x(fc-i) 



l + m X(fe-j) 

pL l+m+Ci— V J (cyk—j rjm+2\ p 

1 m+3 ~ V z z ) ' 1 

which proves (|1.2p 



l + m 

l+m+(7-j) 



m+2 



+ 2 



m+3 



l + m 

l+m+(i-i) 
m+3 



x(fe-j) 
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We prove (11. 3p in the same way, that is 



t+m | xfe |l+m+ijxfc |l+m+2|xfc 



p L 1 + to + ! j 

1 m+l+3+j 



TO+Z+2+j T 
[m+i-jl x(fc-2-2j) 



m+i+3+j 



_l_ 2™+'+3+i . 2 6 i 



+32 



jm+l-ij 

m+3— j 



x(fc-2-2j) 



m+l-j x (fc-i-2j) [m+l— J I x (fc— i— 2j) 

_ ^2 fc + 6 i+ 3 '+ 3 _ 2 m + 4i + 7 J+ 2 ) . p'- 2 ^ + 2 m+4(+7: '+ 3 • r ^ 



m+3 



From (|1.4p with i — ► m + 3 — j, m — > m — j, I — > 0, k ^ k — (2j + i) we obtain 



l + (m-J) x(fc-(2j+0) 

pL l+(m-J) J 
1 m+3-j 

which proves (|1.3[) 



= (2 fe_ ( 2: ' + ^ — 2 m+2_: ') • r 



l + (m-j) 

l+(m-i) 
m+2-j 



x(fe-(2i+0) 



2«"i+3-j . p 



l+(m-j) 
ro+3— j 



x(fe-(2j+0) 



□ 



Lemma 1.17. We have for m > 2, > m + 3 



1 + m Xfc 
p L 1 + m + l J 

1 m+3 



- 3 . 2 2fe+m + 2i . 2 fe +3™+ 2 + 21 • 2 fe+2m+1 + 315 • 2 4m+4 - 315 • 2 3m+3 if I > 3 

3 . 2 2fc+m + 2i . 2 fe+3™+2 + i4g . 2 fe+2™+i + 315 . 2 4™+4 _ g 2 7 . 2 3 ™+3 if I = 2 

u . 2 2fe+m + 21 . 2 fc+3'»+2 + 261 • 2 fc + 2m+1 + 315 • 2 4m + 4 - 1627 • 2 3m + 3 if 1 = 1 

2i . 2 2fe+m + 2i . 2 fc+3™+2 + 525 . 2 fe + 2 ™+i + 315 • 2 4m + 4 - 3255 • 2 3m + 3 if 1 = 



Proof. The case / > 3 

From p.4p we get with i — > m + 3 



[ i+ m 1 xfe [l+m+jl xfc M+m+f| xfc 

pLi+m+iJ _(nk_r,m+2\ pL J I nm+3 pL J 

1 m+3 — \^ z j ' 1 m+2 z ' 1 m+3 

Applying Theorem 3.13 in [1, see section 3] with s — > 1 + m, m — * I we obtain 



r m+3 m+! J = (2 fe - 2 " l+2 ) ' I 3 • 2 fc+m + 21 • (2 3m+2 - 2 2m+1 )] + 2 m+3 • 

3 _ 22fe+m _j_ 21 . 2^+3m+2 _|_ 21 . 2^+2m+l _|_ 315 . 2 4rn + 4 315 2 3m ~'~ 3 



3m+5 22m+4\ 



The other cases are proved in a similar way by applying results proved in [2, see 
section 3] 

□ 



Lemma 1.18. We have for m > 2 and I > 3 and k > 2m + I 



1+m xfe 

[ l + m + l J , 

1 . is equal to 



22 
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' 1 ifi = 

2 k + 17 ifi = l 

(21 . 2 3i ~ 7 - 3 • 2 2i ~ 5 ) ■ 2 k + 315 ■ 2 4i ~ 8 - 21 • 2 3 ^ 6 if 2 < i < m 

21 ■ 2 fc+3m " 4 + 13 ■ 2 fe+2m " 3 + 315 ■ 2 4m " 4 - 85 ■ 2 3m " 3 if i = m + 1 

2 2fc + m + 21 . 2 fc + 3m-l + g . 2 fc + 2m-l + gjg . jta _ 157 . 2 3m j/ j = m + 2 

= 4 3 ■ 2 2i: - m + 2 '- 6 + 21 • 2 fe+3l - ? + 21 • 2 fc ~ m + 31 - 8 + 315 • 2 41 " 8 - 315 • 2 4l - m " 9 ifm + 3<i<m + l 

3 • 2 2 ' ^ + m + 2^ - 4 + 21 • 2 fc+3m+3i - 4 + 149 • 2 fc+2m+3i - 5 + 315 • 2 4m+4i " 4 - 827 • 2 3m+4 '- 5 if i = m + I + 1 

11 ■ 2 2fc + m + 2i ~ 2 + 21 ■ 2 fc+3m+3! - 1 + 261 ■ 2 fc+2m+3! - 2 + 315 • 2 4m+4i - 1627 ■ 2 3m+4i - 1 if i = m + I + 2 

21 . 2 2fc- 2m -!+3i-9 + 21 . 2 k + 3i ~ 7 + 525 • 2 k - 2m -'+ ii - 11 + 315 • 2 4 ^ 8 - 3255 • 2 5i - 2m -'- 12 ifm + l + 3<i<2m + l + l 

53 ■ 2 2fc + 4m + 2i " 3 - 159 • 2 fc + 6m + 3i " 3 + 53 ■ 2 8m+4; - 2 if i = 2m + 1 + 2 

2 3fc + 2m+I _ r, _ 2 2fe + 4m + 2i _|_ -j _ 2 *; + 6m+3! + l _ 2 8m+4i + 3 if i = 2m + 1 + 3 

Proof. Using (|1 .4|) and the results obtained in [2, see section 3] together with the 

l+m Xfe 

Lemmas 11.161 and 1 1 . 1 71 we can easily compute r} 1+m+l J for < i < 2m + I + 3 

□ 

Example. We have for m = 2, Z = 3, k > 7 



[ i 

1 + 2 
p L 1+2+3 



x k 



1 

2 fe 

9-2 A 



17 



294 



55 ■ 2 k+1 + 4360 
2 2fe+2 + 93 . 2 fc+3 + 70592 

3 ■ 2 2fe + 2 + 189 ■ 2 k+5 + 1128960 
3 ■ 2 2fe + 4 + 317 ■ 2 fe + 5 + 13869056 
11 . 2 2fe + 6 + 429 • 2 fe+n + 893 • 2 17 
21 • 2 2fe + 8 + 693 • 2 fe + 14 - 1541406720 
53 • 2 2fc+n - 159 • 2 fc + 18 + 53 • 2 26 

2 3fc+7 _ J . 2 2fc+14 _|_ y , 2 fc+22 _ 2 31 

Lemma 1.19. We have for m > 2, I = 2 and A; > 2m + 2 



if i = 
if i = 1 
if i = 2 
if i = 3 
ifi = 4 
if i = 5 
if i = 6 
if i = 7 
if £ = 8 
if i = 9 
if i = 10 



l+m 

l + m + 2 



1 

2 k + 17 

,3i-7 



= < 



(21 ■ 2 

21 2^~'~^ m 

2 2fc + m + 21 • 2 



3 ■ 2 



2i-5> 



■ 2 fc + 315 ■ 2 



4i— 8 2^* — ^ 

85 • 2 3m " 3 

' '"" 1 + 9- 2 k+2m ~ 1 + 315 ■ 2 4m - 157 ■ 2 3 



4 + 13 ■ 2 fc+2m ~ 3 + 315 • 2 4m ~ 4 



3 , 2 2fc + m + 21 . 2 fc + 3m + 2 + 14 g . 2 



fe + 2m+l 



+ 315 • 2 4m+4 - 827 ■ 2 3m+3 



11 ■ 2 



2fc + m + 2 



+ 21-2 



fc+3m+5 



+ 261-2 



fe + 2m+4 



+ 315-2 



4m+S 



1627 • 2 3m+7 



21 . 2 2fe-2m+3i-ll + 21 . 2 fc+3i-7 + 535 . 2 fc-2m+4i-13 + gjg . 2 4i-8 

53 • 2 2fc+4m+1 - 159 ■ 2 fc+6m+3 + 53 - 2 8m+6 

2 3fc+2m + 2 _ y _ 2 2fc+4m+4 , rj _ 2 fc+6m + 7 _ 2 8m + ll 



3255 ■ 2 J 



Example. We have for m = 2, Z = 2, fc > 6 



i/i = 

i/i = l 

if2<i<m 

if i — m + 1 

if i — m + 2 

if i — m + 3 

j/ i = m + 4 

if m + 5 < i < 2m + 3 

i/ i = 2m + 4 

if i = 2m + 5 
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1 + 2 | Xfe 
pL 1 + 2 + 2 . 



1 

2 k + 17 

9 • 2 k + 294 

55 • 2 fe+1 + 4360 

2 2fe+2 + 93 . 2 fe+3 + 70592 

3 • 2 2fe + 2 + 317 • 2 fe + 5 + 866816 
11 • 2 2fc+4 + 429 • 2 fc+8 + 7315456 
21 • 2 2fc + 6 + 693 • 2 fc+n - 735 • 2 17 
53 • 2 2fc + 9 - 159 • 2 fc + 15 + 53 • 2 22 

23fc+4 _ 7 _ 22fc+12 _|_ 7 . 2^+19 _ 2 27 



if i = 
if i = 1 
if i = 2 
if i = 3 
if i = 4 
if i = 5 
if i = 6 
if i = 7 
if i = 8 
if i = 9 



Lemma 1.20. VPe /iai>e /or m > 2 and Z = 1 and fc > 2m + 1 



l+m 
l+m + l 



is egwaZ to 



1 i/i = 

2 fc + 17 ifi = l 

(21 ■ 2 3l ~ 7 - 3 • 2 2l ~ 5 ) ■ 2 k + 315 • 2 4l ~ 8 - 21 • 2 3i " 6 i/ 2 < i < m 

21 ■ 2 fe+3m - 4 + 13 • 2 fe+2m ~ 3 + 315 ■ 2 4m ~ 4 - 85 ■ 2 3m " 3 ifi = m + l 

2 2k + m + 21 . 2 fc + 3m-l + 73 . 2 ' + 2m-l + gjg . 2 4m _ 413 . 2 3m if i = m + 2 

n . 2 2fc + m + 21 . 2 fe + am+2 + ggj . 2 H2m+l + 3^ . 2 4m+4 _ ^7 . 2 3m + 3 i/ i = m + 3 

21 ■ 2 2fc - 2m + 31 - 10 + 21 ■ 2 fc+3l ~ 7 + 525 • 2 fc - 2m + 41 - 12 + 315 • 2 4i ^ s - 3255 • 2 5l - 2m - 13 l /m + 4<i<2m + 2 

53 ■ 2 2fc+4m - 1 - 159 ■ 2 k+6m + 53 ■ 2 8m+2 if i = 2m + 3 

2 3fc + 2m + l _ 7 _ 2 2fc + 4m + 2 _|_ 7 _ 2 fe + 6m+4 _ 2 8m+7 i/ i = 2m + 4 

Example. We have for m = 2, Z = 1, k > 5 



'1 


if i 


= 


2 fe + 17 


if i 


= 1 


9 • 2 k + 294 


if z 


= 2 


55 • 2 fe+1 + 4360 


if i 


= 3 


2 2fe+2 + 1256 . 2 fc + 54208 


if i 


= 4 


11 ■ 2 2fc + 2 + 13728 • 2 k + 457216 


if i 


= 5 


21 • 2 2fc + 4 + 693 • 2 fc+8 - 735 • 2 13 


if z 


= 6 


53 • 2 2fc + 7 - 159 • 2 fe + 12 + 53 • 2 18 


if i 


= 7 


2 3fe+5 _ 7 . 22fe+io _|_ 7 . 2*;+i6 _ 2 23 


if i 


= 8 



Lemma 1.21. We have for m > 2 and I — and k > 2m 



l+n 
1 + n 



is equal to 



24 
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- 17 



(21 • 2 3i_7 - 3 • 2 2i_5 ) ■ 2 k + 315 • 2 4i ~ 8 - 21 ■ 2 3 



= < 



21 • 2 fc+3m - 4 + 45 ■ 2 fc+2 
3-2 2fc+m + 21 -2 fc+3 

2^ . 2 2 fc-2m+3i-9 _|_ 2^ . 2 k + 3i ~ 7 



3 +315 -2 



1 + 129 ■ 2 fc+2m 



~ 4 - 213 ■ 2 3m " 3 
1 + 315 • 2 4m - 813 • 2 3m 
+ 525 ■ 2 fc - 2m + 41 - 11 + 315 • 2 4 ^ 8 - 3255 • 2 54 - 2m - 12 



53 • 2 2fc+4m - 3 - 159 ■ 2 fc+6m " 3 + 53 ■ 2 8m ~ 2 

23fc+2m ij s^Zk+Am _|_ rj 2& + 6m-|-l ^m+Z 



if i = 
if i = i 

if 2 < i < m 

if i = m + 1 

if i = m + 2 

ifm + 3<i<2m + l 

ifi = 2m + 2 

if i = 2m + 3 



Example. We have for m — 2, Z = 0, k > 4 



1 + 2 | Xfc 
p L 1+2 . 



1 




if t 


= 


2 fe + 17 




if i 


= 1 


9 • 2 fe + 294 




if i 


= 2 


87 • 2 k+1 + 3336 




if i 


= 3 


3 • 2 2k+2 + 213 • 2 k+3 - 


f 28608 


if i 


= 4 


21 • 2 2fe + 2 + 693 • 2 k+5 


- 735 • 2 9 


if i 


= 5 


53 • 2 2fe + 5 - 159 • 2 k+9 


+ 53 • 2 14 


if i 


= 6 


23fe+4 _ 7 . 22fe+8 _|_ 7 . 


2*:+13 _ 2*9 


if i 


= 7 



Lemma 1.22. We have for m 

X k 

is equal to 



1 and I > 3 and k > 2 + I 



i+i 
. l+i+i 



l 

2 k + 17 

17 • 2 k + 230 

2 2fc+i + 51 . 2 fc+i + 37g4 

3 ■ 2 2fc + 2i " 7 + 105 ■ 2 fc+3i ~ 9 + 945 • 2 4i ~ 10 
3 ■ 2 2fc+2i " 3 + 233 • 2 fc+3i " 3 + 433 • 2 4! ~ 2 

n . 2 2k+2l-l + g 45 . 2 k+3l g 67 . 2 il+2 

53 ■ 2 2fc+2;+1 - 159 ■ 2 fc+M+3 + 3392 • 2 4! 
2 Ak+i+2 _ y _ 2 2fc + 2; + 4 _|_ 7 . 2 fc + 3i + 7 — 2 4 ' +11 







ifi 
ifi = \ 
ifi = 2 
ifi = 3 

«/ 4 < i < I + 1 
if i = Z + 2 
i/ i = Z + 3 
i/ i = Z + 4 
i/ i = Z + 5 



1 

9 

2 fc+1 + 62 
3 ■ 2 fc+1 + 504 
3 ■ 2 fe+3 + 4032 
11 • 2 fc+5 + 15872 
21 . 2 fc+r - 86016 

r,2fc + 5 _ g _ 2 fc+10 _|_ 2 1 



t/i = 

*/* = 1 

ifi = 2 
ifi = 3 
ifi = 4 
ifi = 5 
ifi = 6 
ifi = 7 
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1 + 1 

1+1+3 . 



1+1 
1 + 1 + 2 



i+i 
l+i+i 



i+i 
i+i 



Lemma 1.23. The case m 



xk 



1 

1 


if i 


— u 


9 fc _i_ 1 7 


if i 


— 1 

— _L 


1 7 . O k j_ 9^0 

_1_ i Z "T ZOU 


if i 


= 2 


z -j- 01 • Z i~ Of 54 


if i 


Q 

— O 


3 • 2 2fc+1 + 105 ■ 2 fc+3 + 60480 


ifi 


= 4 


3 . 2 2fc+3 + 233 • 2 k+6 + 433 • 2 10 


ifi 


= 5 


11 . 2 2fc + 5 + 345 • 2 fe+9 - 367 • 2 14 


ifi 


= 6 


53 . 2 2fc + 7 - 651264 • 2 k + 13893632 


ifi 


= 7 


23fe+5 _ j _ 2 2 fc+io _|_ 7 _ 2 fc + lf > _ 2 23 


ifi 


= 8 


_L 


if 1 


— n 


9 fc _|_ 1 7 

Z ^ _1_ ( 


if i 


= 1 


17 9 fc _L 9Qfl 
1 / • Z "T ZOU 


if i 


_ 

— z 


2 2fc + l + 51 . 2 k + l + 37g4 


ifi 


= 3 


' 3 ■ 2 2fc+1 + 233 ■ 2 fc+3 + 433 ■ 2 6 


ifi 


= 4 


11 . 2 2fc + 3 + 345 ■ 2 fe+6 - 367 ■ 2 10 


if i 


= 5 


53 • 2 2fc+5 - 159 ■ 2 fc+9 + 3392 • 2 8 


ifi 


= 6 


23fc+4 _ y _ 2 2fc + s _|_ 7 . 2 fc + 13 — 2 19 


ifi 


= 7 


1 


if i 


— n 

— u 


9' 1 17 


if i 


— 1 

— 1 


17 • 2 fc + 230 


ifi 


= 2 


, 22*+! + 115 . 2 fc+1 + 1736 


ifi 


= 3 


11 . 2 2fc +! + 345 • 2 fc+3 - 367 • 2 6 


ifi 


= 4 


53 . 2 2fc + 3 - 159 • 2 fe+6 + 3392 • 2 4 


ifi 


= 5 


23fc+3 _ j _ 22fc+6 _|_ rj, _ 2 fc +M _ 2 15 


ifi 


= 6 


1 


if 1 — 


u 


2 fc + 17 


if i — 


1 


33 ■ 2 k + 102 


ifi = 


2 


6-2 + 171 -2 — 1464 


if 1 = 


3 


53 . 2 2fc+1 - 159 ■ 2 fc+3 + 3392 


ifi = 


4 


23/s+2 rj _ 2 2 *:+4 _|_ 7 _ 2 fc + 7 2 11 


ifi = 


5 


= , fc > 3 






fl i/i 


= 




1 7(2 fc - 1) ifi 


= 1 




| 7 • 2 2fc — 21 • 2 fc + 14 ifi 


= 2 




{2 3k - 7 ■ 2 2k + 7 ■ 2 k+1 - 8 ifi 


= 3 





The case m = 1 , k > 4 



X fc 



= < 



1 ifi 

3 • 2 k + 9 if 
2 2k + 47 . 2 fc - 54 
27 • 2 2k - 151 • 2 k + 172 
2 3fc+l _ 7 . 2 2fc+2 + 7 . 2 fe+4 _ 12 8 





1 

ifi = 2 
i/i = 3 
i/i = 4 



2(i 
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The case m = 2 , k > 5 



1+2 



xfc 



= < 



1 

3 • 2 k + 9 

2 2fc + 15 . 2 fc + 158 
3 • 2 2k + 191 • 2 fe+1 - 1576 
27 • 2 2k - 81 • 2 fe + 4 + 3456 

2 3fc+2 _ y , 2 2fc+4 + y , 2 fe+7 _ 2 Q48 



TTie 



4 < fc < 2 



r, 



l 

l + 3 • 2 fe + 9 

2 2fc + 15 . 2 fc + 158 

3 . 2 2fc+2 4 -6 + g 3 . [ 2 fc+3i-8 + 5 . 2 «-9] 
2 3fc+m , 2 4fc— 9 

T/ie case 3 < to < k — 3 



i/i = 
if i = l 
if i = 2 
ifi = 3 
ifi = 4 
ifi = 5 

if i = 
if i = l 
if i = 2 

if3<i<k-l 
if i = k 



l+m 



xfc 



(1 

3 • 2 fe + 9 

2 2fe + 15 . 2 fc + 158 

3 . 2 2fc+ 2j -6 + 63 . [ 2 fc+3 4 -8 + 5 . 2 4i-9] 

2 t 22fc+2m — 4 _j_ ^Q]^ , — 5 197 • 2^ m — ^ 

2y . 22&+2m — 2 _ ( 2^+3^ — 2 _|_ 27 . 2 l ^ rn ~^ 
23/c+m y t 2^fe+2m _|_ <j m 2&+3m+l ^4m-\-3 



if i = 

if i = i 

if i = 2 

if 3 < i < m 

if i = m+ 1 

if i = to + 2 

if i = m + 3 



Proof. The proofs of Lemma fl.191 Lcmma fl.201 Lcmma fl.2H Lcmma ri.22l and Lemma 
11.231 are similar to the proof of Lemma H. 181 □ 

i+t ] xfc ^ 
Lemma 1.24. Let r| 1+m+! denote the number of matrices of the form -4- of 

rank i such that A is a n x k matrix over ¥2, B a (1 + to) x k per symmetric matrix 

\ 1+m lxfc 

and C a (1 + m + l) x k per symmetric matrix and where p^ 1+m+iJ denotes the number 
of double persymmetric (2 + 2to + I) x k rank i matrices of the form [^] 

Then r} 
(1.5) 



xfc 



xfc 



expressed as a linear combination of the r^+ m+!J i s equal to 

3 r l+m 1 , 

Y[(2 k - 2 1 - 1 ) • r|i+ m+,J ' for 0<i< inf{k, n + 2m + l + 2), 



1=1 



where a ™ satisfies the linear recurrence relation 



(1.6) af ] = 2 1 ■ af~ l > + a^ 1 ', n = 2,3,4, .. . /or 1 < j < n - 1. 



The explicit value of a*- is given by the following formula 
(1.7) 



» _ 



J-(s+l) 



(_1)J.2^ 



-£(-d s n 



2 «+i _ 2 ; 



2J- 



2' 



_ 2 s(n-j)+ 



- - I I.' 



/or 1 < j ' < n— 1. 
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We set 

4 n) - 4 n) = i 

and r[l+"™^ Xfe = if i - j £ {0, 1, 2, . . . , inf(k, 2m + 1 + 2)}. 

Proof. The proof of Lemma fl. 231 is somewhat similar to the proof of Lemma 11.1 in 
[1] , indeed a analogous proof of Lemma 11.151 gives the following generalization 



(1.8) 



Xfc \. ' Xfc Y+m Xfe 



rM+^+'J = 2*^} J +(2 fe -2 l - 1 )-r-L 1 + m+; J /or 0<i<inf(k,n+2m+l+2). 
We prove (|1.5p by induction on n. 

From (|1.8[) we get respectively for n =1 and n = 2 
(1.9) 

[ l+m 1 Xfc [l+m+zl xfc [l+m+;|xfc 

r i Ll+m+,J = (2 k - 2*- 1 ) • r}_j J + 2 i -T i L J for 0<i<inf(k,2m + l + 3) 
(1.10) 

[ lxlb [ lxfc [ lj m lxfc 

rj 1+m+,J =(2 fe -2 ! - 1 )-r,^ 1 1 +m+ + 2 l .r} 1+m+iJ /or 0<i<in/(fc,2n* + J + 4) 
From (THJj) and (TTTTT)|) we deduce 

(1.11) 

l+ m Xfc n+m+/l Xfc M+m+ilxfc 

r Li+»+iJ =2 2 t} J +3-2 l - 1 (2 fc -2 1 - 1 ) -r^j J 



J 1 * 



I|m - / 1 x fc 
i-2 

Hence by (|1.9p and (jl.lip the formula (| 1 . 5|) holds for n = 1 and n = 2. 



+ ( - 2 fc_ 2 i-i^ 2 fc _2 i " 2 ) .rj-_ 2 J /or < i < w/(fc,2m + / + 4). 



Assume now that (11.51) holds for the number n-1, that is 



[ ( r+™ 1 xfc «-i j [l+tr+zl xfc 

(1.12) 2* • r| 1+m+! J = 2^- 1 - jHi - j '>2 i ay l ' 1 > Y[(2 k - 2 l ~ l ) ■ 1 



(1.13) 



J=0 1=1 



xfc »-' J li+^H-il 



(2 k - 2 1 - 1 ) ■ r}_ 1 1 +™ +1 J = (2 k - 2 1 - 1 ) [ Y 2 ( ~ n - x -fi< i - l -ftaf~ X) \\{2 k - 2 1 " 1 "') ■ ]?}_!_ 

3=0 1=1 



J + 1 |l+m+i|xfc 



= 2( n - l -n< i - l -»af- 1) \{(2 k - ?-<) ■ r._, . . , 

3=0 1=1 
" 3 \l+m+l \ xfc 

= ^ n -^ i -^a^ 1 1) l[(2 k -2 i - l )-Ti j J . 

3=1 1=1 

From (fri2|) , (fLTgjl and dUTJ) it follows 
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(») 

l+m 
1 + m + l 



xfe ll+m+ilxfc J : ll+m+ilxfe 



2 ni T [ J + ^2("-J>( i -^(2^af" 1) +4^ 1) )J](2 fc -2 i -^rj 

j=l 1 = 1 



=1 



l+« 

l + m+( x A' 



^ I 1+m+l I xfe 



^2("-^-^')a5" ) J](2 fc -2 i - i )-r 

4=0 1 = 1 



1-3 



which proves (|1.5p . 

By formula (| 1 .5(1 with m = I = 0, we obtain 
(1.14) 

xfe ™ [il xfe 

rj 1 J =J2 2 (n -^< l -^a ( - l) ]](2 k - ■ rU /or < i < in/(A, n + 2) 

j=0 1=1 

We have obviously 



1 ift-i = 0, 

(1.J.5) rL_J =<(3-(2 fe -i) if i-j = i, 

2 2fe _ 3 . 2 fe + 2 if ■ _ ■ = 2 



lj xfe 



From (fTT4")) and (fTTT5|> we deduce 
(1.16) 

Mxfe * , J i 

r | t J = £ jjCn-ij-d-,-)^) -Q (2 fe _ 2*-l) . rj-_- 



1 xfe 



j=i-2 i=l 
i-2 



a W . 2 2n-2i+4 JJ^fc _ 2< -ij . ( 2 2fc _ 3 . 2 fe + 2) + ■ 2"~ i+1 ■ ]J{2 k - 2 l ~ l ) • 3 • (2 k - 1) 



1=1 1=1 
{n) ■ f[(2 k - 2 1 - 1 ) 



a , 

1=1 



= [2 2 »- 2 *+ 4 • at\ + 3 • 2 n - l+1 ■ af\ + ai n) ] ■ l[(2 k - 2^) 

1=1 

i-l 

= [2 2 "- 2l + 4 • a£\ + 3 • 2"- 4+1 • at\ + a|" } ] • ]J(2 k - 2 l ) 



1=0 



On the other hand by George Landsberg [3] we have 

[ ( f]xfe fi (2"+3-2')(2*-2<) 
1 J * 11 (2 4 -2') 

Hence by f| 1 . 16[) and (| 1 . 1 7[) we have the formula 



(1.18) 2 2 "~ 24+4 • a\% + 3 • 2"- J+1 • at\ + = JJ 



2™+ 2 — 



2 4 - 2 l 

1=0 
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We can then from (|1.18j) compute successively a\ n ' i = 1,2,... for n > i 
We get 

= 2" - 1 for n>l 



» _ 



3 • 2 r 



for n > 2 



To establish that af^ is given by the formula (|1.8p we compute the sum 



)2n-2i+4 (n) 
l i-2 



We get: 



i — s — 3 



s=0 



2J-S-2 _ 21 



n— z+l 



+ 3-2 



+ (-!)* -2 4 



(-1) <-1 • 2 (i ~ 1)? 



(i-l)(i-2) 



i-2 i-s-2 

E(-d s n 

s=0 1=0 



2 n+l _ 2 ' 
2 j_ s _l _ 2 l 



2s(n— t+l) + 



- ' - ■ i > 



i-1 «-(«+X) 

E(-d s n 



2 „+i_ 2 i „, , , (a+1) ^2 n+2 -2 ; 



s=0 



1=0 



2' 



2s(n—i)+- 



n 

Z=0 



2 l - 2' 



□ 



Lemma 1.25. Let f mt i t k(t, r), £i, £2, ■ ■ • , £n) ^ e ^ e exponential sum in P ra + 2 defined 
by 

«er+ 2 — » 

E de9y < fc -i E de9Z <i +m s(trz) £ deflU < 1+m+! ^(^) s&yvo E de9 v 2 < £(6^) . . . E de9 v„< s(€„yv») 



(i, 77, 6 , . . . , = ( J] ^T" 4 , £ AT" 1 , 2 tuT"*), . . . , IniT 



i>l »>1 



i>l 



j>l 



JTien 



(n) 
1+ti 



/ roAfc (*,'?,ei,e2,...,Cn) = 2 fc+2m+i+ " +4 -'-( DL1+m+,J «-«--^^» 



where 



i + l I - A 
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denotes the following (2m + I + n + 2) x k matrix 



7n 


712 


713 


7i,fc— 1 


7i,fe 


/21 




/23 


• ■ 72,fc — 1 


[2,k 


7nl 


7n2 


7n3 


7n,fc-l 


ln,k 




Q9 


a 3 




Oik 


«2 


«3 


«4 




otk+l 


Ctl+m 


«2+m 


Q!3+m 


dk+m-l 


Ot-k+m 


ft 


ft 


ft 


ft-1 


I3 k 


ft 


ft 


ft 


ft 


ft+i 



V Pl+m+l ft+m+i ft+m+i ■ • • ft+m+2-1 ft+m+2 I 

Then the number of solutions 



0/ £/ie polynomial equations 



Y 1 Z 1 +Y 2 Z 2 + 
Y 1 U 1 +Y 2 U 2 + 

FxF/ 15 + y 2 v; (2) + 

n^ 1 ' + ^ 2 K, (2) + 



[ YiK (1) + y 2 K (2) 



y 9 z g = 

Y q U q = 

h y,Vi (,) = 
v Y q v 2 [q) = 



Y q V,[ q) = 



satisfying the degree conditions 

degy<fe-l, degZi<m+l, deg Ui < m+l+1, degVj<Q, for l<j<n l<i<q 



is equal to the following integral over the unit interval in K n+2 
/ fm 1 fe(*> Vi £1, £2, • • • , £ n )dtdr)d£ 1 d& ■ ■ ■ d£, n - 

Observing that f q l l k (t, r), £1, £ 2 , • • • , £n) constant on cosets of¥ k+m x Pfc +m+ ( x P£, 
t/ie above integral is equal to 



inf{k,n+2m+l+2) (™) xfc 

2?(fc+2m+;+ri+4)-(2m+i+fe(ri+2)) pLl+rrl+iJ 2~*9 

i=0 

Proof. The proof of Lemma fl. 241 is just a generalization of the proof of Corollary 11.5. 
(see [1]) □ 
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Example. n=2, m=l, I = 3. k > 5, q = 3 



(2) 



2 2i T l 



xfe 



+ 3 • 2 t - 1 {2 k - 2 1 - 1 ) • rjil Xfc + (2 k - 2 l - 1 )(2 k - 2 l ~ 2 ) ■ r\l\ Xk for 0<i< mi(k, 9) 



(2) 
1+1 
p L 1 + 1 + 3 



- 937408 

f6 



If k 



1 

3 • 2 k + 33 
2 2k + 83 • 2 k + 886 
33 • 2 2k + 978 • 2 k + 29352 
2 3fe+i + 182 . 2 2fc + 16408 • 2 k 

3 • 2 3fc+1 + 189 • 2 2fe + 3 + 8191 • 2 fe + 6 + 12911 • 2 10 
3 • 2 3fc + 3 + 36672 • 2 2k + 11271168 • 2 k - 399015936 
11 • 2 3fe + 5 + 1022464 • 2 2k - 100679680 • 2 k + 2163212288 
117 • 2 3fe+7 - 3354624 • 2 2k + 214695936 • 2 k - 3925868544 

2 4fe+5 _ 48 q . 2 3fc+5 + 224 q . 2 2fc+10 _ lg2 Q . 2 fc+16 + 2 31 

V 

we obtain 



if i 


= 


if i 


= 1 


if i 


= 2 


if i 


= 3 


Hi 


= 4 


Hi 


= 5 


if i 


= 6 


Hi 


= 7 


if i 


= 8 


if z 


= 9 



'1 


if i 


= 


129 


if i 


= 1 


4566 


if i 


= 2 


94440 


Hi 


= 3 


1714368 


if i 


= 4 


31740928 


if i 


= 5 



Then the number of solutions 

(Yi,z u u 1} v 1 {1 \v^ 1 \y 2} z 2 , u 2 M 2) M 2 \y^ z 3 , U 3 , v} 3 \v 2 {3) ) 

of the polynomial equations 



( Y 1 Z 1 +Y 2 Z 2 +Y 3 Z 3 =0 
Y 1 U 1 +Y 2 U 2 +Y 3 U 3 =0 
' Yi V} 1 } + Y 2 Vj 2) + Y 3 v} 3) = 
, Yit/ 2 (1) + Y 2 V 2 {2) + Y 3 V 2 {3) = 

satisfying the degree conditions 

deg Yi < 4, deg Z t < 2, deg U t < 5, deg V] < 0, /or 1 < j < 2 1 < i < 3 

is equal to 

, B [P)l xfc 

/ /?, 3 ,5(*. »7> Hu&dtdrjdbdtz = 2 23 V r} 5 J 2- 34 - 13281 • 2 20 . 
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where for (t, r), 6,6,6) - ( E e^T"*, E ^T~\ E luT~ l ), E 72^"*) S 



/i, Sl 5(*,»7,ei,6)= E E ^( <yz ) E ^ rc/ ) E £(£1^1) E 



iegYX4degZ<2 



_ 2 16-r(DL 5 J (d,e 2 t^)) 

and 



degU<5 



degVi<0 



degV 2 <0 



xfe 



/ 


7n 


712 


713 


71,4 


71,5 


\ 




721 


722 


723 


72,4 


72,5 






ai 


a 2 


a 3 


Q'4 


a 5 






a 2 


a 3 




®5 


a 6 






/3i 


02 


ft 


04 


05 






02 


03 


ft 


05 


06 






03 


04 




06 


07 






04 


05 


06 


07 


0s 




V 


05 


06 


07 


08 


09 


) 



1.5. Proofs of Theorems [Till 1.5 111. 6111771 and [T78l 

1.5.1. Proof of Theorem \1.4\ ■ Follows from Lemma [TTT51 



1.5.2. Proof of Theorem ] 1 . 51 . Follows from Lemma 1 1.1 61 

1.5.3. Proof of Theorem ] l.b\ . Follows from Lemma 1 1.1 81 



1.5.4. Proof of Theorem \ 1 . 7[ . Follows from Lemma 11.231 

1.5.5. Proof of Theorem ]! .8\ . Follows from Lemma \l. 241 



s + m I Xfe 

2. A recurrent formula for the number r} s+m+! of rank i matrices of 



the form 



such that A is a s x k persymmetric matrix over F2, B a 

(s + to) x k persymmetric matrix and C & (s + m + I) x k persymmetric 

matrix 

2.1. Notation. 

Definition 2.1. We introduce the following definitions in the three - dimensional K- 
vectorspace. 

• Let k,s,m and I denote rational integers such that k > 1, s > 2 and m > 0, I > 

• We denote by P/Pj xP/Pj xP/P r a complete set of coset representatives of Pi xPj xP r 
in PxPxP, for instance P/P s+ fc-i xP/P s+m+fc _i xP/P s+m+ i +M denotes a complete 
set of coset representatives of ¥ s+ k-i x P 3+m+ fc_i x W s+m+ i + k-i in P x P x P. 

. Set (t, n, = (E B>1 mT~\ £ t>1 /3 i T~ i ,J2 i>1 7^"*) £ P x P x P. 
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We denote by Di °+ m +> J (i, any (2s + m + I) x k matrix, such that after a 
rearrangement of the rows, if necessary, we can obtain the following triple persym- 



metric matrix 



Dsxk(t) 

P (s + m)xfc(" 
^(s + rn + Oxfc* 



I ol\ ai q?3 ... ctk-i a k \ 

OL2 Q!3 OL4 ... ak Ctk+l 

a s -i a s a s +i ■ ■ ■ a s+k -3 a s +k-2 

Q s a s+ i a a+2 . . . a s +k-2 Q s +fc-i 



Pi P2 p3 ... /3k-! Pk 

02 03 Pa ... Pk Pk+i 

Pm+l Pm + 2 Pm+3 ■ ■ ■ Pk+m-1 Pk + m 

Ps+m-1 Ps + m Ps + m+1 ■ ■ ■ Ps + m + k-3 Ps+m+k-2 

Ps + m Ps + m + l Ps + m+2 ■ ■ ■ Ps + 

71 72 73 • ■ ■ 7fc-i 7fe 

72 73 74 • • • "Ik 7fc+i 

7m + i + l 7m+; + 2 7m + i + a • • • Jk + m + l-1 Pk + m+l 

Js + m+l-l "/s + m+l ls + m + l + l ■ ■ ■ fs+m + l + k-3 ls + m + l + k-2 

\ Js+m + l "fs + m+l + l 7s + m + i + 2 • • • Js+m + l + k-2 Js + m + l + k-1 / 



e + m-1 

s + m + l-1 

,-+0s + m 

• We denote by DL J (£, m£) any (3s + 2m + 1 — 2) x k matrix, such 

that after a rearrangement of the rows, if necessary, we can obtain a matrix where 
the first (3s + 2m + 1 — 3) rows form the following triple persymmetric matrix 



,(*) 



J (s + m-l)xk 



(s+jn+i-i)xfcl£T 

(a a + Ps + m, Cts + l + Ps + m + l, 



and the last row is equal to 

, (Xs+k-l + Ps + m+k-l) 
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OL2 



a s -i 



OL2 
«3 



Q3 
«4 



a s +i 



(Xk-l 



Oik 
OCk+1 



ft 
ft 



ft 

ft 



ftrc+1 /3m+2 



ft 
ft 

ftn+3 



ft-1 
ft 

ft+m-1 

ft + m+fc-3 



ft 
ft + 1 

ft+m 

ft + m+fc-2 



7i 

72 



7m + i + l 



72 
73 



7m + i + 2 



7s+m+I-l 7s + m + i 



73 
74 



7m+;+3 



7s+m + I+l 



7fc-i 
7fc 



7fe + m+i-l 



7s+m+(+fc-3 



7fe 
7fe+i 



7fe + m+( 



7s + m + i + fc-2 



V Q S + ft a S + 2+ft + m + 2 ... « s + fc -2+ft + m + fc-2 Q S + fe - 1 + Ps + m+k - 1 / 



s + m-1 
>-+7s+m+i- 

• We denote by D L J (£, 77, £) any (3s + 2m + I — 2) x k matrix, such 

that after a rearrangement of the rows, if necessary, we can obtain a matrix where 
the first (3s + 2m + 1 — 3) rows form the following triple persymmetric matrix 



e(*) 



J (s + m-l)xk 



-D( 3 + m + i _ 1 ) xfc (5) 
(a a + 7s + m + i, (Xs + 1 + 7s+ m +( + l, . 



and the last row is equal to 

O-s + k-l + Js + m+l + k-l) 
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/ ai 

0-2 



Cts-1 



<X2 



as 

a. 4 



a s +i 



Otk-l 
Oik 



Cfs+k-3 



Ctk \ 
Otk+1 

ds+k-2 



ft 
ft 



Jm+1 



Jm+2 



Jm + 3 



Jk-1 
ft 



Pk+m-1 
ft + m+fc-3 



13k 
ft+i 



Pk + m 
ft + m+fc-2 



7i 
72 

■Js + m+l-l 



72 
73 

7m+!+2 

7s+m + ; 



73 
74 

7m+I + 3 

7s + m + i + l 



7fc-i 
7fe 

7fc + m+i-l 
Ys + m+i + fc-3 



7fe 

7fc+i 

7fe + m+i 
s + m+i + fc-2 



\ a s + 7 s + m + i a s + l + 7s + m + I+l Qs + 2 + 7s+m + i + 2 ••• Cts + k-2 + 'fs + m + l + k-2 Cts + k-1 + ~fs + m + l + k-l / 



-+0s 



s-1 
s + m + l- 



-+7s + m + l- 



We denote by D L J (£, 77, £) any (3s + 2m + l — 2) x fc matrix, 

such that after a rearrangement of the rows, if necessary, we can obtain a matrix 
where the first (3s + 2m + 1 — 3) rows form the following triple persymmetric matrix 

-Ps-ixfcM an£ j fa Yast row is equal to 

^(s + m + l-lJxfcfS) _ 

(a s +/3 s + m +7 s + m+ i, Qs+l+/3s + m + l+7s + m+i + l, • • • , Q S + fc- 1 + ft + m + fc- 1 + 7s + m + i + fc- 1 ) 
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cti 
a 2 



a 2 
a 3 



ak 



ak+l 



0m+l 



l3 m + 2 
0s + m 



Pk-l 
0k 



0k+ m -l 
B + m + k-3 



0k 
0k+l 



0k + r, 



Ps + m + k-2 



71 

72 



72 
73 



7k-l 
Ik 



Ik 
7fc+l 



7m + i + l 



7m+( + 2 



7fc + m + I-l 



7fc + m+! 



ls + m + l-1 



~<s + m. + l 



\ a s + s +m + 7s + m+! + A + m+l + 7s 



7» + m + l + fc-3 



73 + m + i + fc-2 



«s + fc-2 + /3 s + m + fe-2 + 7s + rn + ! + fc-2 «s + fc - 1 + Ps + m + k - 1 + 7s + m + l + fe - 1 / 



s + m-1 
s + m+l-1 



xk 



We denote by D L /3 =+™~ J (t, 77,^) any (3s + 2m + / — x fc matrix, such 
that after a rearrangement of the rows, if necessary, we can obtain a matrix 
where the first (3s + 2m + 1 — 3) rows form the following triple persymmetric 



matrix 



'o(t) 



l)xk(l> 

L -"(s + m + i-lJxfcK) 



and the last two rows is equal to 



the following 2 x k matrix 
a matrix of the form 



A 



s+m 



Cts+k-l 
Ps+m+k-l 



that is we get 
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/ «1 

Ol2 



Ot-s-l 



d2 
a 3 



Otk-l 



Oik 

ttfe+1 



a.s+k-3 Us+k-2 



01 

02 



7i 

72 



02 
03 



Pm+l Pm+2 



72 
73 



7m+/+l lm+l+2 



0k-i 

0k+m- 



7fc-i 
Ik 



0k 
0k+i 

0k+m 



0s+m-l 0s+m ■ ■ ■ 0s+m+k-3 0s+m+k-2 



Ik 

7fe+i 



lk+m+l-l lk+m+l 



ls+m+l-1 Js+m+l ■ ■ ■ ls+m+l+k-3 ls+m+l+k-2 

Oi s O-s+1 ■ ■ ■ Ct s+k -2 "s+fe-1 

V 0s+m 08+ m+1 • • ■ f3s-\-m-\-k — 2 



We introduce in a similar way the following notations 



/3„ + r, 



s+m-l 
s+m+i-l 

e s — ~t~^s + m- 
7 s +m+i- 



s-1 
s + m-1 
s + m + i-1 

Q S — + ^S+m — 

/3s + m-+"'s + m + I- 



Xfe 



s-1 
s + m-1 
s+m+i-1 



-+7 s + m+i- 
/'s + m- 



xfc 



s + m-1 
s + m + i-1 



Ts + m+1- 



Xfc 



(*,»?, 0. ^ 



s+m + i-1 



Xfe 



(f, 7/, £) and D 



s + m-l 
s + m + i-1 



0s + m-+^s + m + i- 



xfc 



• We define 



s + m-l 
s + m + I-1 



xfc 



to be the cardinality of the following set 

(*,»?, eP/P fe+s _i xP/P fe+s+ro _ 2 x P/P fe+s+ro+i _ 2 I r(Z?[4 + m+7-i] Xfe (t j?7 ,e)) =r(D[.+™+T-i] Xfc (t,7 ? ,0) 



38 



JORGEN CHERLY 



• We define 



s-l 
s+m-1 
e+m+l-1 



a s -+fis+m.- 



xk 



to be the cardinality of the following set 



L e+m+l-l J 



xfc 



(t, n, G P/Pfe+,-1 x P/P fe+s+m _ 1 x P/P fe+s+m+i _ 2 I r(£> L .+m+i-i J ( t , n, 0) = r(D 



We define 



s-l 
s + m — 1 
s + m + — 1 
a s — + ^s + m- 



xfc 



s + m + l-1 



xfc 



to be the cardinality of the following set 

(t,fj,0 G P/P fe + s -i x P/P fc+s+m _ 2 x P/P 

fc+s+m+i — 1 

\r(D 
• We define 

s-l s-l 
s + m-1 Xk s + m-1 Xfc 

s + m + i-1 s + m + l-1 

"a- fs + m- 

L f<s + m- -I _ L e> s _ J 

to be the cardinality of the following set 



1 | r (£)[.+t,Vi] 



\t, V ,0)=r(D 



s + m-1 
s + m + l-1 
-+^s + m + (- 



xfc 



(i,r?,0 GP/P fe+s _i xP/P fc+s+m _! x P/P fe+s+m+i _ 2 | r (L>L s+m+! -iJ (i,r?,^)) = r(£>L s+m+i-i J (*,,,,£)) 



s + m — 1 | X fe 



= r(L> 



[ s+=m 1 
L s+m + i-l J 



Xfc 



*(*,»?,0) = *>- 



We define 



s-l 
s + m — 1 
s + m + i-1 



/3s + m-+T, 



+ m+l- 



Xfc 



to be the cardinality of the following set 



{s + m-1 Xfc s + m-1 Xfc 

(f,)),0 € P/Pi +S _l X P/P t+8+m _! X P/P l+ ,+m+l-l | r (£>L+m +! -iJ (t,T],0)=r(D\.s+m + l-i\ (t, V , 



0) 



= r(L> 



/3s + m-+7s + m + i- 



xfc 



(*,»?, 0) = * 
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• Wc introduce in a similar way the following definitions 



s + m"fi -1 
«s-+fs+m- 
Ts + m+I- 



xfc 



cr. 



s + m-l 
s + m + l-1 



xfc 



S + m-l 

s + m+I-1 



xfc 



e+m-l 
s + m + l-1 



X fe 



' 1,1,1 



Let {j\,j2,h,ji) e N 4 wc define 



cr 



S + m— 1 
S+m+Z — 1 



P 3 + m- 

Ts + m+(- 



Xfc 



a 



% xk 



31,32,33,34 31,32,33,31 

to be the cardinality of the following set 



'^s+m— 1 X 



s+m+i-i | rpLs+m+i-i J * fe (i, = j l 



{(t,rj,0 eP/P fe+s _i xP/P fe+s 

s + m-l Xfc s + m Xfc s + m Xfc -I 

r (£)L.+m+i-iJ (t.rj.f)) =j 2 , r(L>L s+m+1 -iJ (t,r;,f)) = Js, r(L>Ls+m +1 J (t.rj.f)) = J4 j 
For any permutation of {a, /?, 7} we define in a similar manner 



s + m-l 
s + m + j-l 



Ts + m + 1- 



X fc 



JU2 J3 J4 



s-1 
s + m-l 
s + m + E — 1 

@3+m- 
Ts + m+I- 
a s — 



s + m-l 

s + m + l-1 

Ts + m + i- 
£*s + m — 
'31,32,33,34 



s + m-l 
s+m+i-l 
Ts + m + i- 



3U2J3J4 



Ts + m + i- 
Ps + m- 



Jl J2 J3 J4 



Xfc 



31 ,32,33,34 ' 



Xfc 



_Js] 



xfc 



= cr 



xk 



31 ,32,33-34 ■ 



xk 



31, 32, 33, 34 1 



xk 



xk 



31,32,33,34^ 



xk 



= a 



xk 



31, 32,33, 34 1 
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xfe 


0h 


xfe 


b 






0b 








Tl/S 


xfc 






The sum o t 


. «i° . 




— 




a|a 
-1,1- 






_ a|a 
-2,i- 



[?|xfe [?|xt [dxfc Mxfe 
is equal to the sum a^.j. + aj-J^ + al_ a 1 j i _ hiti + (rj-J^^ 

\}]xk \}]xk [/jjxfe r 2 1 

and is also equal to the sum cr^ + cr^ llt + cr^;^^ + o^;^^. 
Analogous sums arc defined in a similar way 

rf 4+m + ! 1 ^ = Card | (t, V , G P/Pfe +s -i x P/P fe+s+ro _ 1 x V/F k+s+m+l _ 1 \ r(D I .+»+« 1 **(*, r?, £)) = « j • 

We recall that the rank of a matrix does not change under elementary row 
operations. 

• We denote by kcr D the nullspace of the matrix D and r(D) the rank of the 
matrix D. 

• To simplify the notations concerning the exponential sums used in the proofs, 
we introduce the following definitions. 

• Let gi(t, 77, £) be the quadratic exponential sum in P x P x P defined by 

(t,r?,£) GPxPxP^ E E{ * tYZ ) E E(rjYU) £ E(£YV)eZ 

degY <fe— 1 degZ— s — 1 degU<s+m — 1 degV <s+m+l — 1 

• Let hi(t,r),£) be the quadratic exponential sum in P x P x P defined by 

(t,»7,0 e pxPxp — > ^ EitYT 8 - 1 ) E(tYZ) E^yc/) Yl £(£yy) e z 

degY<fc-l degZ<s-2 degU<s+m-2 degV<s+m+l-2 

• Let h,2(t, r], £) be the quadratic exponential sum in P x P x P defined by 

((,i),0ePxPxPi — > 



^ E(tYT s - l )E(r ] YT s+m - 1 ) Y E(tyZ) ^ E(rjYU) Y E (Z YV ) G z 

degY<k-l degZ<s-2 degU<s+rn-2 degV<s+m+l-2 

• Let /i3(£, ?7, £) be the quadratic exponential sum in P x P x P defined by 

((,i),0ePxPxPi — > 



^ E(tYT s - 1 )E(iYT s+m+l - 1 ) Y E(tYZ) Y E(r)YU) Y £(£yy) G Z 

degY<k-l degZ<s-2 degU <s+m-2 degl/<s+m+Z-2 
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• Let hi{t, 77, £) be the quadratic exponential sum in P x P x P denned by 

((,i),OePxPxPi — > 

Y E{tYT s - 1 )E{7 1 YT s+m - 1 )E{£YT s+m+l - 1 ) Y E{tYZ) Y E{rjYU) Y E(£YV) 6 Z 

degY<fc-l degZ<s-2 degU<s+rn-2 degV <s+rn+l-2 

• Let <p(t,r],£) be the quadratic exponential sum in P x P x P defined by 

(t.rj.OePxPxP— > J2 E E ^ tYZ ^ E E 

degY<k-l degZ<s-2 degU<s+rn-2 degV <s+m+l-2 

• Let <Pi(t,r],£) be the quadratic exponential sum in P x P x P defined by 

(*,»?, e PxPxP — ► ^ ^ £?(tyZ) ^ E(rjYU) Y E(£YV)eZ 

degY<k-l degZ<s-2 degU<s+m-l degV<s+m+l-l 

• Let (fi2{t, 77, £) be the quadratic exponential sum in P x P x P defined by 

(t,»?,0 G PxPxP — > ^ Y E(tYZ) Y E(r]YU) Y E(£YV)eZ 

degY<k-l degZ<s-2 degU<s+m-2 degV<s+m+l-l 

• Let y>3(t, 77, be the quadratic exponential sum in P x P x P defined by 

(4,77,0 GPxPxP^ Y E E{ f YZ ) E E(r,YU) Y E({YV)eZ 

degY<k-l degZ<s-2 degU<s+rn-l degV<s+m+l-2 

• Let Ki (£,77, £) be the quadratic exponential sum in P x P x P defined by 

(t,77,0 G P x P x Pi — > 



Y E{tYT s - 1 )E{r 1 YT s+m - 1 ) Y E(tYZ) Y E(rjYU) Y E (Z YV ) e z 

degY<k-l degZ<s-2 degU<s+m-2 degV<s+m+l-l 

• Let K 2 (t, 77, be the quadratic exponential sum in P x P x P defined by 

(t,77,0 GPxPxPi — > Y EitYT 3 - 1 ) Y E{tY Z) Y E(rjYU) Y E(£YV) e Z 

degY<k-l degZ<s-2 degU<s+m-2 degV <s+m+l-l 

• Let g 2 (t, 77, be the quadratic exponential sum in P x P x P defined by 

(t,77,0 GPxPxPi — > Y EitYT 3 - 1 ) Y E(tYZ) Y E( V YU) Y E(£YV) e Z 

degY<k-\ degZ<s-2 degU<s+m-l degV <s+m+l-2 
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2.2. Introduction. Adapting the method used in Section 5 of [2] we establish in this 
section a recurrent formula for the number of rank i matrices of the form 
A,B and C are persymmetric. 



where 



2.3. Computation of exponential sums in K 3 
Lemma 2.2. Let (t, n, f ) € P x P x P and 

(t,r),£. 



9i 

h 2 

h 3 
hi 

<P 
Vi 

</?2 
<fi3 
Kl 
K2 

a-2 



E E E i tYZ ) E e ^yu) e E ^ YV ) 

degY <fc — 1 degZ — s—1 degU <s-\-m — 1 degV <s+m+i — 1 

E EitYT*- 1 ) e E ( tYZ ) E E wu) E 

degY<k-\ degZ<s-2 degU<s + m-2 degV<s + m+l-2 

E E(tYT s - 1 )E(i 1 YT s+m - 1 ) E E(tYZ) E E{rjYU) E E H YV ) 

degY<k-l degZ<s — 2 degU<s + m-2 degV<s + m+l-2 

E E(tYT s - 1 )E((YT s+m+l - 1 ) E EitY Z) E E{rjYU) E 

degY<fc-l degZ<s-2 degU<s + m-2 degV <s+m+l — 2 

E £(^T s - 1 )£(' f) rr s+m - 1 )EKyT s+ra+ '- 1 ) E #(«^) E #(»7^) E 

de9y<fc-l degZ<s-2 degU<s + m-2 degV<s + m+l-2 

E E E E ^ YU ) E 

de9y<fc-l degZ<s-2 degU<s + m-2 degV<s+m+l — 2 

E E E E ^ YU ) E 

de9y<fc-l degZ<s — 2 degU<s + m — l degV<s+m+l — 1 

E E E E 

dejy<fc — 1 degZ<s — 2 degU<s + m-2 degV <s+m + l-l 

E E E[ ^ z ) E E 

degY<k-l degZ<s-2 degU<s + m—l degV<s+m+l — 2 

E S(tyT s " 1 ) J B(r;Fr s+m " 1 ) E ^0^) E £(^£0 E 

degy<fc-l degZ<s-2 degU<s + m-2 degV<s + m+l-l 

E ^(ot 8 - 1 ) e E ^ tYZ ) E ^ yf/ ) E 

degY<k-l degZ<s-2 degU<s + m-2 degV<s + m + l-l 

E ^yt*- 1 ) E E ^ yf/ ) E 



de 9 y<fc-l 



degZ<s-2 



de£/l/<s + m — 1 



degV<s + m + l-2 



Then 



(2.1) 



9i(*,»7.0 = 2 : 



3s + 2m+i-l 



E 



degY<k-l 

X k 



s + m 
,+m+l 



2*: + 3s + 2m + i-l-r(D 





s-1 
s + m 



s-1 
s + m 
s + m+Z 



(t,*7,«) j/ r ( jD 

otherwise 



X fc 



(t,ij,0) = »■(£> 



S+771 

s + m+i 
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(2.2) 



fti(t )J7 ,0 = 2' 



3s+2m+i-3 



E 



s+m-l 
j + m + i-1 



2fc+3s + 2m + I-3-r(D 





s + m-l 

,+m+i-i 



s + m-l 
s + m+i — 1 



otherwise 



{t,rt,i)) = r{D 



s + m-l 
s+m+Z-1 



(2.3) 



fc2 («,»/, = 2= 



3s+2m+!-3 



E 

de 9 V<A;-l 
S-l 
s + m-l 
s + m + i-1 



£(OT s " 1 )£( I) yr s+m " 1 ) 



2*: + 3s + 2m + ;-3-r(D 





S + TTl — 1 
S + 7T1 + I — 1 



s + m — 1 
s + m+i — 1 



otherwise . 



(t, V ,0)=r(D 



s + m-l 
s + m + i-1 



(2.4) 



h 3 {t,ri,0 = 2 



3s+2m+i-3 



E 



s + m-l 
j + m + i-1 



s(tFr s_1 )£;(cyr' 



s+m+i — 1 \ 



2k+3s+2m+l-3-r(D 




s + m-l 
s + m+i-1 



s-l 
s + m-l 
s + m+Z — 1 



otherwise . 



(t, V ,0) = r(D 



s + m-l 
s + m + i-1 

-+Ts + m + i- 



(*,»», 0) 



(2.5) 



M*>»»>0 = 2 



3s+2m+Z-3 



s(tFr s " 1 )£( J? yr s+m " 1 ) J B(CFr s+m+ ^ 1 ) 



s + m-l 
i + m+!-l 



(t.l.O 



2fc+3a+2m+i-3-T-(D 




s-l 
s + m— 1 
s + m + i — 1 



s-l 
s + m-l 
s + m+i — 1 



otherwise . 



(t, V ,0)=r(D 



s + m-l 
s + m + i-1 



-+/3 s + m _+Ts + m + i- 



(*,»», 0) 
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(2.6) 
(2.7) 

<Pi(t,V,0 =2 3s+2m+i - 1 
(2.8) 

^ 2 (t lJ? ,£) = 2 3s+2m+i - 2 . 
(2.9) 

Mt,v,Z) = 2 3s+2m+l - 2 - 

(2.10) 



E 



3+m-l 
, + m + l-l 



1 = 2 



fc + 3s + 2m+Z-3-r(D 



s+tl+i-1 



(*,*?,«) 



E 



S + TO+1 Xfc 

j _ 2*: + 3s + 2m + i-l-r(I5 L J (t, ?).£)) 



de S V<fc-l 

X fc 



s + m 
, + m + ! 



(*,»■«) 



E 



1 = 2 



fc+3s + 2m + i-2-r(D 



(t,r»,«) 



de S y<fc-l 
S-l " 
s+m-1 

S+JTl+i X. 



YekerDl J (t,»7,f) 



E 

dngY<k-l 



I — ^k+Zii+2m+l-2-r{D 



>+m+t-l 



s + m 
,+m+l-l 



(t,V,() 



Ki(t,r?,0 = 2 



3s+2m+i-2 



^ s(trr s ^ 1 )£;(r7Fr s+m " 1 ) 



s + m-1 

S + m+tf 



2*;+3s + 2m+!-2-r(C 




3-1 
s + m-1 
s + m+I 



s + m-1 
s+m+l 

' ' ifr(l) • 

otherwise . 



(t, V ,0)=r(D 



S-l 

s + m-1 
s+m+l 



+ rt„ 



(2.11) 



K2(t,»/,0 =2 : 



3s+2m+(-2 



E 



^(tYT^ 1 ) 



3 gi^<fc-l 
s-l I 



j + m + i Xfc 



(*.».€) 



2fc+3s + 2m+i-2-r(C 





s-l 
s + m- 



(t,»7,0) 



s-l 
s + m-1 
s+m+l 



ifr(Dl 
otherwise . 



xk 



(t, V ,0)=r(D 



s-l 
s + m — 1 
s + m+l 



(*, »»,€)) 
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(2.12) 



g 2 {t, V ,0 = Z 



3s+2m+l-2 



2k+3s+2m+l-2-r(D 




s + m 
, + m+l-l 



E 



s + m 
, + m + l-l 



E(tYT s 



s + tn+l — 1 



ifr(Dl 



otherwise 



(t,rj,0) = r(D 



s + m. 
s + m + l-1 



(*,»?, 0) 



Proof. The proof of Lemma 12.21 is somewhat similar to the proofs of the results obtained in 
[2, see section 4]. □ 

Lemma 2.3. Let (f, ?),£)£ P x P x P and q a rational integer > 2, then we have 



2.13) 
2.14) 

2.15) 
2.16) 

2.17) 
2.18) 

2.19) 
2.20) 

2.21) 
2.22) 

2.23) 
2.24) 

2.25) 
2.26) 

2.27) 
2.28) 



ht(t,r,,£ 
h q 2 it,n,i 

hi{t,n,i 
iil(t,ri,£ 

v>£. 

K2(t,n,£, 

92{t,n,i 



Proof. To prove (pHS)) and §FTZ 
From (|2.ip we get 



-,3s + 2m + Z-l 



= 9i{t,ri,£) ■ iff 1 (t,n,£) 

= v>i(t,'n,Q i f 9i(t,v,£) 7^0 

= <p{t,n,t) if h 2 {t,ri,0^0 
= h 3 (t,r),£) ■ ip q - 1 (t,ri,£ l ) 

= ip(t, v ,0 if h 3 (t,ri,0^o 

= v(t,r),0 if h*(t,ri,t)?o 
= m{t,v,0 ■ i P q 2~ 1 ( t ,v,0 

= Pa (*,*?,£) if Ki(t,i],£)^Q 
= ¥>2(*,»7,£) if K 2 (t,77,C)^0 

= 92{t,T],i) ■ ^3 _1 (*,?/, I) 

= ¥>3 (*,??,£) if 92(t,r),£) =£0 

we proceed as in [1 section 4], that is 

E(tYiT 



E 

degY 1 <k-l 



3 — lyi r2^s + 2m+l — 1 



E 

degY 2 <k-l 



E(tY 2 T s 



s + m 
s + m + l 



s + m 
s + m + l 
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We set 



Y 1 +Y 2 = Y 3 degY 3 <k-l, 
Y 2 = Y 4 degY 4 <k-l. 
Then we obtain 



9i(*.»»,0=2 



(3s+2m+I-l)2 



E 



E 



E{t{Y 1 + Y 2 )T s - 1 ) 



degY 1 <k-l 
s-1 
s + m 
s + m+l 



[2 



3s+2m+Z-l 



Y 1 ekerD 

E 

degY 3 <k-l 
s-1 



degY 2 <k-l 
s-1 
s + m. 
s + m + l 



EitY-iT 8 - 1 )] [2 



(*.«!.«) 



3s + 2m+i-l 



E 

d e g < fc — 1 
s-1 
s + m 
s + m + l 



1] 



The other assertions are proved in a similar way. 



Y" 4 efcerD 



□ 



Lemma 2.4. iei (i, 77, £) 6 P x P x P, and g a rational integer > 2, tfien we /lave /or 
1 < i < q- 1 



(2.29) 



fci(t,»7 1 o-^" i (*.'».o = 



s-1 
s+m-1 
s+m+Z — 1 



otherwise . 



xk 



(t, V ,0) = r(D 



s-1 
s + m-1 
s + m + l-1 



(t, V ,0)=r(D 



s + m-l 

s + m + l-1 



(*,»/, 0) 



(2.30) 



fci(*,»/,0-ft3" i (*.'».0 



s+m-1 
s+m+Z — 1 



otherwise . 



(t, V ,0) = r(D 



s + m-1 
s + m + l-1 



(t, V ,0)=r(D 



s + m-1 
s + m + l-1 
Ts + m + 1- 



(*,»», 0) 



(2.31) 



s + m-1 
s + m + I-l 



otherwise . 



(t, V ,0) = r(D 



s + m-1 
s + m + l — 1 



(i,»7,0)=r(D 



s + m — 1 
s + m + l-1 



s + m-+Ts + m+l- 



(*,»», 0) 



(2.32) 



'4(*,»/,0-ft3" i (*.'».0 = 



S+m-1 

s+m+Z — 1 



otherwise . 



(t, V ,0) = r(D 



s + m-1 

s + m + l-1 

»s-+^s + m- 



s + m-1 
s + m + l-1 

3 s + m- +T s + m + l- 
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(2.33) 



s+m-l 
s+m + Z — 1 



V q (t,r),0 ifr(Dl 
otherwise 



(t,r,,0)=r(D 



s+m-l 
s+m+i-1 



(t l7? ,0)=r(-D 



3 + 



(2.34) 



s+m-l 
s+m + Z — 1 



otherwise 



(t, V ,0)=r(D 



s + m-l 
s + m + i-1 

-+T"s + m+i- 



(t,tj,0) = r(I> 



s + m-l 
s + m + i-1 



(2.35) 



8-1 

s + m-l 
s+m + Z 



(t, V ,0)=r(D 



s + m-l 
s + m + i 



-+0S 



s + m-l 
s + m + I 



otherwise . 

Proof. Follows from Lemma 12.21 and Lemma |2 . 3 1 using elementary rank considerations. □ 

Lemma 2.5. Let (i, ?7, £) £ P x P x P, and q a rational integer > 3, then we have for any 
integers i,j,r such that 

i + j + r — q 
I < i,j,r < q- 2 

(2.36) 



h\(t, n, ■ h£(t, n, ■ h r 3 (t, V, = K(t, n, • h{{t, n, ■ h\{t, n, 5) 
= hUt, V, ■ H(t, n, 5) ■ h\{t, n, 5) = h\ (t, n, 5) ■ hj(t, n, ■ hj(t, n, 



s-1 
s + m-l 
s + m+i — 1 



V«(t,r),Z) ifr(Dl 
. otherwise 



(t, V ,0) = r(D 



s + m-l 

s + m + i-1 



(t,r?,0) =K-° 



s + m-l 
s + m + i-1 



s + m-l 
s + m + I-1 



Proof. Follows from Lemma 12.21 and Lemma 12.31 using elementary row operations 



(t.jj.O) = r(Dl ^+m+i 



□ 



(t,»7,0) 



Lemma 2.6. Let (i, ?7,£) £ P x P x P, and q a rational integer > 4, t/ien uie have for any 
integers i,j,r,p such that 

i+j+r+p=q 
1 < i,j,r,p < q - 3 



(2.37) 



h\(t, n, ■ hl(t, n, ■ h r 3 (t, n, ■ h p 4 (t, n, 



48 



JORGEN CHERLY 



s+m-l 
s + m+i-l 



V q (t,V,0 ifr(Dl 
otherwise 



(t,r,,0) = r(D 



s + m-l 

s+m+l-1 



(t, V ,0)=r{D 



s + m-l 
s + m + l-1 



{t,v,0) = r ( Dl 



s + m-l 
s + m + l-1 



Proof. Similarly to the proof of Lemma 12.5 



□ 



2.4. Rank properties of partitions on triple persymmetric matrices. 
Lemma 2.7. We have : 



(2.38) 



s+m+i-l 



-+/3 s + m-+1s + m + l- 



2- a. 



s + m-l 

s + m + l-1 



Cs-+Ps 



2 -a 



s + m + l-1 



Q!s-+7s + m + l- 



= 4 ■ <7.. 



s + m-l 
i + m+1-1 



(2.39) 



s + m-l 
s + m+I 



-+/3s4 



2 -a. 



j + m-l 
s + m+1 



(2.40) 



s + m-l 
s + m+i-l 



2 ■ o , 



s + m-l 
s + m + l-1 



s+tl + i-1 



2 • a.y 



(2.41) 



s + m-l 
s + m+i-l 

o s -+f> 3+m - 

Ps + m-+1s + m + l- 



2 a. 



s + m-l 
s + m + l-1 



2 -a. 



s+tl + i-l 



(2.42) 



s + m-l 
s + m + l-1 
. 3 -+/3s + m- 
Ts + m + 1- 



2-<7 



s + m-l 
s + m + l-1 



7s + m + l- 



s + m-l 
s + m + l-1 

y„+ m +i- 



2-0; 



(2.43) 



s+tl + j-l 



-+1s + m + l- 
Ps + m- 



2 a 



s + m-l 
s + m + l-1 



s-1 
s + m-l 
s + m + i-l 



2 • <T, L 
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Proof. By way of example we establish the following equality in (12.38[) 



s + rn-l 
s+m+l-l 



4 • a, L 



s+m-1 
s+m+l-l 



Consider the following (3s+2m+l— 2) x k matrix denoted by D 



a 3 -+f3 s + m-+ls + m + l- 



ri 
' - 2 



r 2s + m -2 
r 2s + m-l 
>"2 3 +m 



r 2s + 2m + l-l 



01 

02 



s + m-l 
71 
72 



7m+( + l 



7s + m + l-l 



«2 
<*3 



02 



's + r, 
72 
73 



7m+i + 2 



ls±m+l 



>'3 < +2m-2 \ a s + I3 s + m + 7s + m + ( "i + l + f s + m+1 + 7s + m + ! + l 



^s + fc-3 
0h-l 
0k 



+ k-2 + /^s + fc + m-2 + 7s + m + i + fc-2 



/3 s +m+fc-3 
Ik 



7fc + m + Z-l 



7a + m + i + fc-3 



T^7 



°>k+i 



*s + k-2 
0k 
0k+l 



0B + m + k-2 
"Ik 
7fc + l 



Jk + m + l 



7a + m + i + fc-2 



+ A;-1 + /^s + fc + m-1 + 7s + m + i + fc-l / 



We recall that the rank of a matrix does not change under elementary row opera- 
tions. 

On the above matrix, we add to the j-th row the s+m+j-th row and the 2s + 2m + 
/ — 1 + j — th row for < j < s — 2 obtaining 



/ ai+/3m + l+7m + ! + l 

' Q2+/3m + 2+7m + ; + 2 



a 2 +/3m + 2+7m + l + 2 
C*3+/?m + 3+7m + l + 3 



a s _i+/3 a _i +m +7 a _ 1+m+ i a g +f3 3+m +j s+m+t 



01 

02 



m +l 



A + m- 

71 

72 



7m + i + l 



02 
03 



&,+„ 
72 
73 



7m+i + 2 



1 7a + m + i-l 7s + m + i 

\ a 3 +/3 s + m +7s + m + ! Q!a+l+/3>+m+l+7s+m+!+l 



Olh — l+0m+k — l+7m+!+fe — 1 
ak+0m+k+lm.+l+k 



ak+Pm + k+fm + l + k \ 
afe+l+/3m+fc+l+7m+! + fc+l 



&s + k-3+0s + k + m-3+ls + k + m + l-3 <^s + k - 2 +03 + k + m -2 + 7a + fc + m + i -2 



0k-l 

0k 



0k + r, 



0e+m + k-3 
7fc-l 

7k 



7fc + m + l-l 



7a + m + i + fc-3 



0k 
0k + l 



0k + r, 



Pa + m + k-2 
Ik 

7fc+l 



7fc + m + i 



7s + m + l + fc-2 



-J 



OS 3 +k-2+03+m+k— 2+7s+m+! + fc-2 Q s + fc - 1 + 0s + m + k - 1 +7s + m + I + fc 



T 
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In the above matrix we set 
a % + Pi +m + -fi+ m +i = a[ for \<i<k + s-2, 
< j3j = Pj for l<j<k + s + m — 2. We remark that the 

-f r = -f r for 1 < r < k + s + m + I — 2. 

map k : W 3 2 k+3s+2m+l - 6 i — ► F 3fc+3 S +2m+z-6 dcfincd by 

(ai, a 2 , ■ ■ ■ , Qfe+s-2, 01,02, ■ ■ ■ , 0k+s+m~2, ll,l2, ■ ■ ■ , lk+s+m+l-2) 
I ► (a'l,^, . . . ,afc +s _ 2 '/ 3 l'^2, ■ • ■ , 0k+s+m-2, 7l> 72, ■ • ■ ,7fc+s+m+f-2) 

is an isomorphisme. We then obtain the below matrix 



/3a + m- 
71 
72 



02 
03 



m +l m + 2 



Ps + r, 
72 

73 



7m + I + l 7m + i + 2 



7» + m + l-l ls + m + l ■■■ ls + rm + l + k-3 



^s+fc-3 

0k 



Pk + n 



Ps + m + k-3 

Jk-1 

Ik 



lk + m + l-1 



x s + k-2 
0k 
Pk+1 



/3m 



0s + m + k-2 
Ik 
lk+1 



7fc + m + i 



7s + m + l + fc-2 



%' 3 + k-2 "s+fc-l+A+m+t-l+7» + m + l+fc-l / 



a- a. 



We then get the following equivalences : 



rank 



Oil 
«2 



Ots-l 

0i 

02 



0m + l 



0s + n,-l 
71 
72 



7m + i + l 



\ 7» + m + l-l ls + m + l ■_ 

\a 3 +fj s+m +j s+m+l Q 3 + i+/3 3 + m + i+7 3+m+i + i . 



a 2 

«3 



02 
03 



m +2 



0s + m 
72 
73 



7m + ( + 2 



ls + m + l 



Ofc-1 



a 3+k -3 
0k-l 
0k 



Pk + r, 



0s + m + k-3 

7*-i 
Ik 



7fc + m + l-l 



7s + m + i + fc-3 



"fe+1 



Ois + k-2 

0k 

0k+l 



/3M 



/3 S + m + fc-2 

Ik 
7fe+l 



lk + m + l 



ls + m + l + k-2 



'J 



as + k-2+Ps + m + k-2+~1s + m + l + k-2 s + k - 1+ P s + m + k - 1+1 s + m + l + k 
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rank 



rank 



/ CKi Q2 
' «2 OL3 


a-3 ... otk-i 

<Xi ... Oik 


ak \ 
"fc + l ' 






Ote-1 a B 

01 02 

02 03 


a 3 + i ... Q 3 + fe _3 

03 ■■■ 0k-l 

04 ... 0k 


a s +k~2 
0k 
0k+l 






0m + l 0tt[ + 2 


0771 + 3 ■■■ /3fc + m-l 


0k + 777 






0s+m-l 0s+m 

71 72 

72 73 


0S+777+ 1 ■■■ 03+777+k-3 

73 ■-- 7fc-l 

74 ■•• 7fc 


0S+777+k-2 

Ik 

7fc + l 






7m + i + l 7m + l + 2 


7m + ! + 3 ■•• 7fc + m + l-l 


Jk+777 + l 






\7s + Tn + a-l Js + m + l 


7s + m + i + l ■■• 7s + m + i + fc-3 7s + m + ! + fc-2/ 






ai+/3 m+ i+7 m+ i + i 

Q!2+/3 m + 2+7m + l + 2 


Q!2+/3 m + 2+7»n + ; + 2 
Q!3+/3 m + 3+7m + i + 3 


a k - 


l+/3m + fc-l+7m + ! + fc-l 
ak+0m+k+lm+l+k 


Q!fe+/3rn + fc+7m + l + fe 
ak+l+0777 + k+l+j777 + l + k+l 


S -l+/3s-l + m+7s-l + 
01 
02 


77+1 a 3 +/} s + m +j 3+m + i 

02 
03 


■■■ a 3 + k-3+0s + k+m-3+ls + k+m+l 
0k-l 

0k 


-3 a 3 + k-2+0s + k + 777-2+~fs + k + 777 + l 

0k 

0k+l 


m + l 


077^ + 2 




0k+m-l 


0k + 777 


03 + m—l 
71 

72 


0S+777 

72 
73 




0S + T77+k-3 

7*-i 
7fc 


0S+777+k-2 

Ik 

7fc + l 


7m+; + i 


7m + l + 2 




7fe + m + l-l 


lk+777 + l 


Js+m+l-l 


7s+m+; 




7a + m + l + fc-3 


7s + m + ; + fc-2 



= rank 



ai a 2 

CK2 «3 



a s -i 
01 

02 



a 3 
a 4 



a s +i 
03 
04 



m + 2 0,77 + 3 



s + m -l s + m p s + m+1 

71 72 73 

72 73 74 



7m+l + l 7m + ! + 2 7m + i + 3 



\7s + »n + i-l 7s + m + i 7s + »n + ! + l 



a-k-i 



a s +k-3 
0k-l 
0k 



ak \ 
a k + i \ 



0k + r. 



a s +k-2 
0k 
0k + l 



0k + r, 



0s + 777 + k~3 0s + m + fc-2 



7*-i 
7fc 



Ik 
7fc + l 



7fc + ro + l-l 7fc + m+l 



7s + m+i4-fc-3 7s + m + ! + fc-2, 
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rank 



71 
72 



m + 2 



/3 s+ „ 

72 
73 



7m + ! + l 7m+l+2 



-"s + fc-3 

/3 fe 



/3m 



7*-i 
7fc 



7fc + m + l-l 



-*s + fc-2 

i9*+i 



Ps + m + k-2 
7fc 

7fe+l 



7fc + m + l 



. 73 + m + i-l 7a + m + l ■■■ 7s + TT 1 + i + fc-3 ls + m + l + k-2 

\ Ol's Ols + l ■■■ a 's + k-2 as + k-l+03+m + k-l+ls + m+l + k-l ) 



rank 



Pi 

02 



02 03 

03 04 



->m+l Pm + 2 Pm + 3 



03+m-l 0s + m 0s + m+l 

71 72 73 

72 73 74 



7»n + ; + l 7m + l + 2 7m + l + 3 
\7s + m+i-l Js + m + l 7s + m + ! + l 



*k-l 
<*'k 



x s+k-3 
0k-l 



Pk + r. 



a 'k \ 
*'fc+l 



*,+k-2 
0k 

0k+i 



0k+„ 



03 + m + k-3 0s + m + k-2 



lk-1 
Ik 



Ik 

7fc + l 



ls + m + l + k-3 ls + m + l + k-2 , 



Observing that for all a' s+k _ 1 E F 2 

Card {(a s+ k-l, s +k+m-l,7s+k+m+l-l) & "s+fc-1 + Ps+k+m-l + ls+k+m+l-1 = = 4 , 

we obtain by combining the above results the desired equality 
The other equalities are obtained in a somewhat similarly way. □ 

2.5. Integration formulas for exponential sums over the unit interval of K 3 . 

Lemma 2.8. Let (t, n, £) € P x P x P and q a rational integer > 2, then we have 

(2.44) 



/ gl{t,n,Z)dtdr 1 dli = f 

J P3 JS 



{(i,>7,£)eP 3 |9i(t,<?,S)#0} 



<Pi(t,r),Z)dtdr)d£ 



inf(fe,3s + 2m + i-l) 
-,(k + 3s + 2m + i-l)q-(3fc + 3s + 2m + !-3) ( 

1=0 



s + m 
s + m + l 
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inf(fc,3s + 2m+(-l) 
_ 2(fc+3s+2m+i-l)q-(3fc+3s+2m+i-3) ^ 

(2.45) 



b 


Xk 


917 


X fc 


/3|7 




7 10 


7l/3 


L <*|a J 
.i.i.i 




. a|c J 
— I.i.i 




L a|a J 
-l.i- 



+ 



/ hl(t, V ,Odtd V dt= [ 



{(*,^,€)eP 3 |/M(t,77,€)#o} 



V3 9 (t, 77, £)dtdr)d£ 



- ) {k+3a+2m+l-S)q-(3k+3s+2m+l-S) 



inf(fc,3s + 2m + !-3) 



E 



»+m-l 
s + m + 1-1 



• 2" 



inf(fc,3s + 2m + i-3) 
. 2(fc+3s+2m+i-3)g-(3fe+3s+2m+!-3) |y 



fl7 
7l/3 



/3|7 
L 7l/3 



_l_ ,7 

i,i,i,i+l 1 2,2,2+1,2+1 



0b 



(2.46) 



/ h q 2 (t,rj,t)dtdr]dt= / tp q (t,T),£)dtdrid£ 



inf(fc,3s + 2m + i-3) 
-,(k+3s+2m+!-3)q-(3fc+3s+2m+i-4) ^ 

i=0 



,(fc+3s+2m+i-3)5-(3fe+3s+2m+i-4) 



inf(fc,3s + 2m + i-3) 



2 -a. 



,(fc+3s+2m+i-3)g-(3fc+3s+2m+!-3) 



E 

i + 2-n 

E i' r 



s+m-l 
s + m + 1-1 

,-+/S. + m- 



s+m+i-l 



■ 2" 



i=0 

inf(fc,3s + 2m + i-3) 



0b 
7|0 
2,2,2,2 



0b 
7|0 



+ (T 

2,2,2,2+1 1 2,2,2+1,2+1 



0b 
7l/3 



i=0 



(2.47) 

/ h q 3 (t,r),Z)dtdrid{= [ <p q (t,r 1 ,Odtdr ] d^ 
ip 3 i|(t,i7,5)eP 3 |/ 

inf(fc,3s + 2m + i-3) 



,(fe+3s+2m+i-3)9-(3fe+3s+2m+i-4) 



{(t,^,5)ep3|h 3 (i, -7,0^0} 
s + 2m 

E 



s-1 
s + m-l 
+ m + i-l 



-+T S + m+i- 



Xfc 



,(fc+3s+2m+i-3)g-(3fc+3s+2m+!-4) 



inf(fc,3s + 2m + !-3) 



E 



s-l 
s + m — 1 
s + m + i — 1 



inf(fc,3s + 2m + !-3) 



0b 
7|0 
2,2,2,2 



. 2(fe+3s+2m+i-3)q-(3fc+3s+2m+!-3) |y 

(2.48) 

/ h q 4 (t,r],£)dtdr)dt= / (p q (t,ri,^)dtdrjd(, 
Jp3 •/{(t,»7,«)eP 3 |/»4(t,';,C)^o} 



/3|T 
7l/3 



+ fT 

2,2,2,2+1 1 2,2,2+1,2+1 



0b 
7l/3 



,(fc+3s+2m+!-3)g-(3fe+3s+2m+i-3) 



inf(fc,3s + 2m + i — 3) 



E - 



s + m-l 
s+m+i-1 



-+0 s + m _ + 7 3 + m + l_ 
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inf(fc,3s + 2m + i-3) 
_ 2(fe+3s+2m+i-3)q-(3fe+3s+2m+!-3) ^ ff 

i=0 



inf(fe,3s + 2m+(-3) 
_ 2(fc+3s+2m+i-3)q-(3fc+3s+2m+!-3) [(J.". 7 !' 3 



s+tn+I-1 



■ 2" 



017 

^ ^ °i,i,i+l,i+2\ z 



(2.49) 



/ nl(t,r),£)dtdrid£= / ip q 2 {t,7i,(,)dtdiqd£ 

ip3 J{(t, 77, 5 



'{(t,»?,«)eP 3 ki(i,'7,0^o} 



j(fc+3s+2m+!-2)gr-(3fe+3s+2m+!-3) 



inf(fc,3s + 2m + i-2) 



E 



■ 2~ 



inf(fc,3s + 2m + i-2) 



_ 2(fe+3s+2m+i-2)q-(3fc+3s+2m+!-3) g CT 



nf(fe,3s + 2m + i-2) 



_ 2(fc+3s+2m+i-2)<3-(3fc+3s+2m+!-3) 
(2.50) 

/ K q 2 (t,ri,t)dtdridt= / ip q 2 {t,r],^)dtdr]di 

ip3 ~'{(t,r?,«)eP 3 k2(i,'7,O^0} 



7 


X fc 


7 


x k 


7 


X k 


7 






. & . 


+ 1 


-1, 




(3 
-1,1 



inf(fc,3s + 2m+i-2) 
_ 20 + 3s + 2m+i-2)g-(3fc + 3s + 2m+!-4) ( 

i=0 



s + m-1 
s + m + i 



if(fe,3s + 2m+(-2) 



,(fe+3s+2m+!-2)5-(3fe+3s+2m+i-3) 



,(fc+3s+2m+!-2)5-(3fe+3s+2m+i-3) 



E 

i=0 
;s + 2m 

E 

i=0 



s + m-1 
s + m + l 



2 -a, 



i=0 

inf(fc,3s + 2m + i-2) 





Xk 


7 


x fe 


7 


X k 


7 








+i + ct i 


-1, 


+ a i 


% 
-l,i 



3 J 1-2" 

l,t,i,t+lj ^ 



(2.51) 

/ 9l(t,r),i)dtdr\d£= \ <f q 3 (t,ri,^)dtdrid^ 

Jp3 •/{(t,T7,«eP 3 |s 2 (t,'7,«)^0} 

mf(fc,3s + 2m + i-2) 

_ 20+3s+2m+i-2)<j-(3fc+3s+2m+i-4) 



s+m+i-1 



• 2~ 



,(fc+3s+2m+!-2)5-(3fe+3s+2m+!-3) 



inf(fc,3s+2m+!-2) 



E 



2 -a. 



s + m + 1-1 



inf(fc,3s + 2m+i-2) 



_ 9 (fe + 3s + 2m+i-2)g-(3fe + 3s + 2m+i-3) f L 7 J , L 7 J , L 7 J , L 7 J ] r, 
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Proof. To prove (|2.44p we have by (|2.1|l observing that <7i(i, ??, £) is constant on cosets of 

k-\-s-\-m-\-l — 1 



Jr 3 JUt,v,i 



'{(t,»7,O6P 3 l9l(t,<7,O#0} 



E 

(t,r,,()er/r k+s _ 1 xr/r k+s+m _ 1 xr/r k+s+m+l _ 1 



(k+3s + 2m + l-l-r(D 



s+m 
i + m + ( 



(*,-?,«))) 



7 dt l 



dr; /" d£ 

r fc+s-l ^fc + s + m-l ^Pfc + s + m + I-1 



s+m 

i + m + ( 



(t,»7,S»=r(D 



s + m 
i + m + ! 



inf(fc,3s+2m + !-l) 

E E 

i=0 (i.l.OSP/Pfc+.-i xP/P t+I+m _ 1 xP/P t+s+m+1 



(fc + 3s + 2m + ;- 



/ dt / dj? / 



/e + s + m + I-l 



(t, v ,())=r(n 



s + m 
! + m + ( 



= 2 



(fc + 3s + 2m+!-l)g-(3fc + 3s + 2m+!-3) 



inf(fc,3s + 2m+i-l) 



E 



= 2 



(k+3s+2m+i-l)q-(3k+3s+2m+!-3) 



i=0 

inf(/c,3s + 2m + !-l) 



E 

i=0 



s + m 
s + m + i 



01 7 



Sl7 
Tl/3 



■*|-, 
Tl/3 



+ < 7 i-i,;,i,i 



X ft; 



/3|T 
7l/3 



Xft; 



The other integral equalities are obtained in a similar way. 



~r~ "i— 2,1-1,8,1 
□ 



Lemma 2.9. Let (£,??,£) £ P x P x P, and q a rational integer > 2, then we have for 
1 < i < q - 1 



(2.52) 



h\(t,rj,£) ■ h\ '(t,n,£,)dtdrid£ = / tp q (t,r),£)dtdnd£, 



= 2 



inf(fc,3s+2m+!-3) 
/ f 3s+2m+i-3)q-(3fc+3s+2m+i-4) ^ 

i=0 

inf(fc,3s+2m+!-3) 
-,(fc+3s+2m+i-3)q-(3fc+3s+2m+i-3) ^ 

i=0 



s+m-1 

s + m + l-1 



" a \0 ' 


X k 


' a\0 ' 


&]<* 


f3\a 


- yh - 




- 7 1 1 ■ 
,i,z,i+ 



(2.53) / h\(t,r,,0-hr i (t,r 1 ,Odtdi 1 dZ= f 

ip3 JUt.-n 



{(t,v,Oev3\h 1 (t, v ,n)-h 3 (t,r,^)^o} 



<P q (t,V,£)dtdr/d(, 



inf(fc,3s+2m+!-3) 
(ft:+3i!+2m+!-3)g-(3ft!+3s+2m+!-4) L 

i=0 



s+m-1 
+m+l-l 



inf(fc,3s+2m+!-3) 

2(fc+3s+2m+!-3)ij-(3fc+3s+2m+!-3) 

i=0 



£1/3 



+ <7. 



j9J/S 
i,i,i,i+l 



.-><> 
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(2.54) / hi(t, V ,0-hr i (t, V ,Odtdr 1 d£= ( 

Jp3 J I 



{(i,^,e)eP 3 |hi(t^,5).h 4 (i^,e)^o} 



tp q (t, 77, £)dtdr]d£ 



inf(fc,3s+2m+;-3) 
_ 20+3s+2m+i-3)q-(3fc+3s+2m+!-3) ( 



s-1 
s + m-1 
a+m+i-l 



s + m-+7 s + m+!- 



■ 2" 



inf(fc,3a+2m+i-3) 

_ 2(fc+3s+2m+i-3)g-(3fe+3s+2m+i-3) 

z=0 

inf(fc,3s + 2m+!-3) 
_ 2(fc+3s+2m+i-3)q-(3fe+3s+2m+!-3) [u^ T ' 7 

i=0 



s + m-1 
a+m+i-l 



/3|o 



(2.55) / hUt,V,0-h q 3 - i (t,V,0dtd V d^= f 

Jp 3 JUt,v, 



{{t,V^)eV3\h 2 (t, v ,d)-h 3 {t,r,,ti)^0} 



V3 9 (t, r),^)dtdrid( : 



inf(fc,3s+2m+;-3) 
- ) (fc+3s+2m+i-3)q-(3fc+3s+2m+i-3) ( 

i=0 



inf(fc,3s+2m+I-3) 
- ) (fc+3s+2m+i-3)q-(3fc+3s+2m+i-3) g u 

i=0 



s + m-1 
S+m+i-1 



c* s _+fl s + m _ 
s + m-+Ts + m + i- 



S-l 
s + m-1 

s + m + l — 1 



■ 2~ 



inf(fc,3s + 2m+!-3) 
2(fe+3s+2m+i-3)q-(3fe+3s+2m+i-3) 



"10 

/3|a 
7l7 



<*\0 
0\a 
7|7 



(2.56) / hi(t jV ,0-hr i (t, V ,Odtdr 1 dt= ( 

Jp3 J I 



{(i,^,e)eP 3 |h 2 (t,»7,«)-h4(i,'7,O^0} 



] ■ 2~ !9 
<y9 9 (t, 77, £)dtdr)d£ 



inf(fc,3s + 2m+;-3) 



_ 2(fc+3s+2m+i-3)q-(3fe+3s+2m+i-3) 



s-1 
s + m — 1 
s + m + Z — 1 

7s + m + i- 



Xfe 



= 2 



(fc+3s+2m+i-3)q-(3fc+3s+2m+i-3) 



inf(fc,3s+2m+;-3) 



E 

i=0 



2 • a 



s + m-1 
s + m + i-1 



7s + m + l- 



inf(fc,3s+2m+I-3) 

_ r,(fc+3s+2m+i-3)q-(3fe+3s+2m+!-3) r L 0\0 J , L 010 - 

— Z \. a i,i,i,i + a i,i,i, 

i=0 



(2.57) / hi{t,r ) ,Q-hT i {t,r 1 ,i)dtdr ] dli= f ^(t, V ,0dtd V d^ 
Jp 3 J{(i,^,e)eP 3 |h 3 (t^,5).h 4 (i^,e)^o} 
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inf(fc,3s+2m+I-3) 
(/c+3s+2m+i-3)ij-(3k+3s+2m+!-3) L 

8=0 



inf(fc,3s + 2m + i-3) 
2(fc+3s+2m+!-3)ij-(3fc+3s+2m+!-3) g a 



s+m-1 
s+m+i-1 

-+~ts + m + l- 
Ps + m- 



S — l 
s + m-1 
s + m + l-1 



■ 2" 



i=0 

inf(fc,3s + 2m + i-3) 

2(fc+3s+2m+!-3)ij-(3fc+3s+2m+!-3) 

8=0 



c|(3 
7I7 



■ 2' 



<x\P 
8,8,8,8+1 



■ 2" 



(2.58) / ^(t,r ) ,i)-Kl-\t 1 r 1 ,Qdtdr ] di= I 

ip3 ■'{(i,'7,e)eP 3 |Ki(t, J 7,e).K 2 (t,i),e)^o} 



<fil(t,V,0 dtd Vd£, 



= 2 



(fc+3s+2m+!-2),j-(3fc+3s+2m+i-3) 



inf(fc,3s+2m+i-2) 



E - 



s + m-1 
s + m + 1 



= 2 



(fe+3s+2m+i-2)<3-(3fe+3s+2m+i-3) 



i=0 

inf(fc,3s+2m+i-2) 



E 

8=0 





X k 


7 It 


= 1/3 


a|0 


L f}\c . 




- 01= J 
— 1, j,i 



Proof. Proceed as in the proof of (|2.44|l using the results in Lemma [2. 41 and Lemma [2.7l □ 

Lemma 2.10. Let (t,?7, £) £ P x P x P and q a rational integer > 3, then we have for any 
integers i,j,r such that 

i + j + r = q 
1 < i,j,r < q — 2 
the following integral identities : 
(2.59) 



/ h\(t,ri,Z)-hi(t,ri,Z)-ti r 3 (t,ri,Z)dtdr)d4= I 

JP 3 J{(t,V.t)£P 3 \hl(t,v,Z)-h 2 (t,V.t)-h 3 (t,V,Z)^0} 



ip q (t,ri, ^dtdnd^ 



= j h\(t,r),£) ■ h 3 (t,r),£) ■ h r 4,(t,r),£)dtdrid£ 
f>^(t,V>0 ■ hUt,V,0 ■ hl{t,rj,£)dtdr)d£, 
= I h\(t,n,£)-hl(t,n,£)-hl(t,n,£)dtdr]d£, 



{(t,v,i)Sr 3 \h 1 (t,r,,O-h 3 (t,r,^)-h i (t,ri^)^0} 



ifi q (t, n, £)dtdrid£ 



{(«,»7,€)eP 3 |h2(i,'7,e)-'i3(i,'7,e)-'i4(t,'7,«)^0} 



ip q (t, n, Qdtdndti, 



ifi q (t, n, £)dtdridt; 



inf(fc,3s + 2m + i-3) 
- ) (fc+3s+2m+i-3)q-(3fc+3s+2m+!-3) ^ 

i=0 



s + m-1 
s + m + l-1 

T-s + m + i- 
8,8,8,8 
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inf(/c,3s + 2m + !-3) 
2(k+3s+2m+l-3)q-(3k+3s+2m+l-3) ( 



(3 
7 



i=0 

Proof. Proceed as in the proof of (|2.44p using the results in Lemma [23] □ 

Lemma 2.11. Let (t,r),£) £ P x P x P, and q a rational integer > 4, then we have for any 
integers i,j,r,p such that 



i+j+r+p=q 
1 < i, j,r,p < q - 3 



the following integral identities 
(2.60) 



(t,»7,£) • h 2 {t,n,£) ■ h r 3 {t, V ,0 ■ h p i (t,n,0dtdr 1 d^ 



r 

J{(t,v 



S)gP 3 IMM.O'MM.O-M*.'7.?)-'i4(t,'7.0/o} 



n, £)dtdr/d£ 



inf(/c,3s + 2m + i-3) 
2(fc+3s+2m+(-3)ij-(3fc+33+2m+(-3) ( 

i=0 

inf(fc,3s + 2m + i-3) 
2(fc+3s+2m+(-3)ij-(3fc+33+2m+i-3) ( 

i=0 



s+m-1 
a + m + l-1 



3 

T . 



■ 2" 



Proof. Proceed as in the proof of (|2,44p using the results in Lemma [ 
2.6. Some rank formulas for partitions of triple persymmetric matrices. 
Lemma 2.12. We can write : 



□ 



(2.61) ffi(*,»/,0 = «i(*.»?.0 + «a(*.«7.0 

Let q be a rational integer > 2, then we obtain from the binomial formula 



(2.62) 



q-l 

g\ = (ki + K 2 ) q = k\ + k\ + E ( * ) k\k2~ % 



By integrating (|2.62|) on the unit interval of K 3 we get 



(2.63) 

/ g q 1 {t,r 1 ,t i )dtdr l d£, = 2 
Proof. From Lemma 12.21 we get easily (|2.61[) . indeed we have 



<p%(t, n, (_)dtdndi + (2 q -2) I <p%(t, r), £)dtdnd£ 



gi(t,v,0= E E E( - tYZ ) E E WU) e E ^ YV ) 

degY <k — l degZ — s — 1 degll <s J r m — l degV <s J r m-\-l — 1 

= E E{tYT s - 1 )E{r } YT s+m ~ 1 ) E E{tY Z) V E(nYU) Y E(^YV) 

degY < fc — 1 degZ <s — 2 degU <s-\-m — 1 degV <s + m+£ — 1 

+ e EttYT*- 1 ) e E{ t YZ ) E E E ^ YV ) 

degY<k — l degZ<s — 2 degU<s+m — 2 degV<s + m + l — l 
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= «i (*,»?,£) + K 2 (t, ??,£). 
To prove (12 . 63 fl we proceed as follows 

From (P^|) . (P3U1) we get 

(2.64) / («? (t, n, + K q 2 (t, V , fl)) dtdr,d$ = 2 / <p q 2 (t,V,0dtdr)dt 

Jp 3 i{(i,r,,e)6P 3 |Ki(t, 77,5)^0} 

By (P35|) we get 



(2.65) 

9-1 



/ I] ( \ ) K Ut idtd Vd4 = E ( f) / ^l^dtdndZ = (2 9 - 2) ^ 



'{(*,»7,e)eP 3 |Ki(t,>7,0'K2(M,0^o} 



V q 2 (t,V,0 dtd V d ^ 



([2763]) follows now from (f2T64|) and (JZ65J. 

Lemma 2.13. VFe /lave t/ie following rank formula : 

(2.66) 



□ 





7 


X fc 


7 


xfc 




"j-l.i-l.t.i + <T i-2,i-l 1 i,i = ^ ' [c, 


-1, 


-1,1-1, i "T" CT 2 


-2, 


-l,i-l,j] 


for0<i< inf (fc, 3s + 2m + £ - 1) 



Proo/. We obtain by combining (|2T44j), (f2T49]i . (l2~58jl and (f2~62|) 

/ g q 1 (t,n,0dtdi 1 d^ 



= 2 1 ip q 2 (t,n,£ > )dtdnd£+ (2 q -2) / tp q (t,rj,^)dtdr]di 

{(*,»7,OeP 3 |Kl(*,'7.O^0} ■/{(i,»),O6P 3 kl(t,'7,€)-K2(i,'7,e)^0} 



i(fe+3s+2m+!-l)(i-(3fe+3s+2m+i-3) 



E 



1) 


oh 


Xk 


Tl/3 xfc 


" /'It 1 , 
i\f> xk 


/3|7 

tI/s 








— l.i.t.j "r 


-l.i— l,«,t a i 


. a|a J 
-2,i- 



2 • 2 



(Zc+3s + 2m+(-2)g-(3fc + 3s + 2m + i-3) 



i=0 

inf(fc,3s + 2m+Z-2) 



E 

i=0 



7 


Xk 




x fe 


T 


X k 


J] 


. ? . 




. ^ . 


i+i + 


-1, 




— l,t 



-1-2- 



lnf(fc,3s+2m+!-2) 

+ (2 9 — 2) 2' fc+3s+2m+!_2 - )9_ ' 3fe+33+2m+ ' _3 ' ) [a 



tIt 


X fe 


tIt 1 


a|j8 


= 1/3 


L /3|a . 
.i.i.i 







<>() 
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Thus we get tf2~62|l 



inf(fc,3s+2m+I-l) 

E [° 



nit 

-i n 



-i\0 



0\-i 

7 1/3 



0\~l 



a i-l,i,i,i a i-l,i-l,i,i a i-2,i-l,i,i\ '2 



= 2-2" 



E 



+ (2 9 -2) -2" 



2) 


7 


xfc 


i 


Xk 


7 


Xk 


k 


. ^ _ 


t 


+ a 


. . 

,i,i, 


+i + cr * 


. ? . 

-1, 




2m+l 


-2) 




Tl*y 

«l/3 


xfc 


-1/3 


xfc 


— * 




[*. 


- file J 






,i,i 


] ■ 2- lq 



-1-2- 



The case fc < 3s + 2m + j - 2 
(EM]) <=> 



' eh 


xk Kijjxfc 




017 
7l|8 


X fc 


017 
7l/3 




"r °i— 1, i.i.i 




. o|a . 
— l.i— 




. a\a 1 
-2,i- 



2 ■ 2- !9 E k4i + + + 4-xLi+i] ■ 2 ~ iq + (2 9 - 2) ■ i~ q E te$ 





7|7 


Xk 


7|7 


X fc 




a \0 


a|j3 




- 0\a . 




- PI a . 
— l,i,i 


.< 1-2 



3l7 
Tf|/3 



01 7 
7l/3 



E + ^i-l',' 

i=0 

fc+1 

= E 2 

i=l 
fc 

+ Et< 



0|7 
7lf> 



0|7 
- I 



+ CT i _ li _ lii +O i 



i — 1 , i — 1 , i — 1 , i ■ 



xfc 

i-l,i-l,« "r" a 



i—l.i — 1, i— l.i- 



+ ° 



i — l.i— l.i — l.i J 



7|7 
a|/3 



717 
a|j8 

i — l,i,i,i 



i=0 



xfc fc+1 
2 -i« _ 

i=l 



E 2 - 



xfc 



7|7 
a I /J 

i— l.i— l.i— 1 ' u i 



717 
o|/3 
/3|a 
-2,i- 



l,i— l,»-ll ' 2 



2^ [ a i-l,i-l,i,i + °i-2A-\, 



2 • a 



i— l,i-l,i-l,i ~ "i— 2,»— l,i— 1, 



2~' 9 = for all g > 2 



A.i + 



Xk a Xk 

J I . ~ 2 ' A-l i_i i + °i_2,i- I |. .J 



= for 2 < i < fc 
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The case k > 3s + 2m + 1 — 1 



|2~62| ^=> 

3s + 2m+l — 1 

E 

i=0 





e\-t 


Xk 




x k 


01 7 


Xfc 


3h 






Tl/3 










+ <L 






— 


+ <*< 


. a\a J 
-2,i- 



3s+2m+/-2 


1 


X k 




X fc 


a 


Xk 




2 • 2"* £ [a, 


, 3 , 




_ 2 , 


i+l + < T * 


-1, 




-1, 



xfc 



2 -* 9 + (2<3 _ 2) . 2 -, ^ ^ 



3s+2m+i-2 | 2|/3 xfc „|2 

1,1,2,1 1 t— 1,1,2,1 

i=0 



3s + 2m + i-l 

E 

i=0 



31- 

-r\0 



-rl/3 



/3|t 

7l/3 



+ a i-\,i,i,% + 



l.i.i + a i-2,i-l,i,i. 



7 1/5 



■ 2" 



3a+2m + i-l 

~ ^ ] 2 ■ [<J i _ l i _ l i _ l i _ 1 + o~ i _ li _ li _ li + a i _ 2i _ li _ li _ 1 + i 



i — 2,i — — l,ij 



7|7 

10 



3s + 2m + /-2 



7|7 
1/3 



717 

10 



Xfc 3s + 2m+Z — 1 a \p Xfc 

i ] '2 9 — 2- [<T i _^' ji _ 1>i _ li _ 1 + CjJ^'.i-l,*— l] '2 

1=1 



E ( ff J"-i,i-i, M + CT h,i-i,i,i - 2 ■ kLiJ-i.i-i.i + ^-ll-i.i-i.J ) ■ 2^ 9 = for all q > 2 



( 



i=2 

[ 2 ] xfc 

<7 3s + 2m+/-3,3s + 2m + i-2,3s + 2m+/-l,3s + 2m + i-l — 2 ■ O" 



3s+2m+i-3,3s+2m+i-2,3s+2m+!-2,3s+2m+(- 



■0 



-(3s + 2m+!-l)g 



= for all q > 2 



La xfc xfc 

<rh,i-i,i,i + "h,lw " 2 ' fo-w-w-i.i + <V-ii-i.i-i.iJ =0 for 2 < z < 3s + 2m + I - 2 



'3s + 2m+/-3,3s + 2m+/-2,3s + 2m+/-l,3s + 2m+ 



Lemma 2.14. VFe can write 



z-i - 2 ■ a 



3s+2m+!-3,3s+2m+i-2,3s+2m+!-2,3s+2m+i- 



-i=0 



□ 



(2.67) «a(*. »/, e) = hi (*, »J, + M*. »7, 

Let q be a rational integer > 2, t/ien uie obtain from the binomial formula 



9-1 



(2.68) 



By integrating (|2.68|) on the unit interval o/K 3 we get 



(2.69) 

K q 2 (t,ri,£)dtdr]d£ = 2 <p q (t, n, £)dtdr)d£ + (2 q - 2) / <p q (t,n, £)dtdr]d£, 

^{(i.'),e)eP 3 |hl(t,'7.€)#0} ~'{(t,'7.€)eP 3 l'H(i,'7,O-'i3(t,»/.€)^0} 

Proo/. Similar to the proof of Lemma |2~T2"1 using Lemma |2~2"1 (l2~131l . (r2~4T)) and (^331 . □ 



(>2 
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Lemma 2.15. We have the following rank formula 
(2.70) 



Xfc \ a Xk 

i 3 J i _ L £ . 



\Xk -y Xfc 

+ "i-xUi+i = 2 ' h-i.i-i.M + M < i < inf (fc, 3s + 2m + J - 2) 



Proof. We proceed as in Lemma l2~13l by combining (|2.50|l . fl2.45|) . (|2.47h and (|2.53ll . 

/ K q 2 (t,n,£)dtd-nd£ = 2 ip q (t, n, £)oMr/d£ + (2 q - 2) / <p q (t,n,£)dtdr]d£, 



inf(fc,3s+2m + !-2) 

-,(fc+3s+2m+i-2)q-(3fc+3s+2m+i-3) 

i=0 



(3 



+ CT i,i,i,i + l + °r 



X fc 
- l.i.i.i 



= 2-2 



inf(fc,3s + 2m + i-3) 
/ f 3s+2m+!-3)q-(3fc+3s+2m+i-3) 

i=0 



0h 



+ 0" 



inf(fc,3s + 2m + i-3) 

+ (2 q — 2) 2' fc+3s+2m+i_3 ' 9_ ' 3fe+3s+2m+!_3 ' 



Pit 



+ <7. 



+ 0" 



0It 

-71/3 



/3|j3 . 



E 



2) 


2 1 xfc 


2 1 xfc 


7 


Xfc 


J] 




_ /3 J , 


e \ , 


-1, 




-1,1 



nf(fc,3s+2m+i-3)+l 

E 2 > 



/S|t 
- 1 



Pl-y 



/S|t 

7l/3 



-4- *T -4- rr " M -4- <T ' 



inf(fc,3s + 2m + i-3) 

+ E 1,7 

1=0 



0|j8 



+ o- 



010 
i,i,i,i-\-X 



xfc inf(fc,3s+2m+Z-3)+l 

" ■> ■• - ]T 2- <r 

i=l 



,i — l,i,i+lj 



Xfc 

131,3 J + cr 

i-l,i-l.i-l,i-l ' 



/S|jS - 
i— l,i— l,ij 



□ 



Lemma 2.16. We can wife : 

(2.71) 92(t,V,0 = hi(t,V,0 + h 2 (t,v,0 

Let q be a rational integer > 2, t/ien uie obtain from the binomial formula 



q-l 



(2.72) 



9$ 



= (h 1 +h 2 ) q = h q + h q + J2 



By integrating (|2.72[) on the unit interval o/K 3 we get 



(2.73) 

g%(t,V,l;)dtdr)dZ = 2 



<p q (t, r}, Z)dtdr)d£ + (2 q -2) ( ip q (t, rj, £)dtdrid£ 

{(t,r?.€)eP 3 |hi(t,»;,0^o} J{(t.v,0£v3\h 1 (t, v ,z)-h 2 {t, v ,o^o} 



Proof. Similar to the proof of Lemma |2~T21 using Lemma |2~2"1 RZlty . QUty and 1(232) . □ 
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Lemma 2.17. We have the following rank formula : 
(2.74) 





& 


xfc [ 2 J xfc 


| xfc 






xfc 




_ "f _ 
-1, 


+ a i—l,i,i,i+l = ^ ' [fj 


— 1 ,i— 




_ i _ 

-1, 


for < i < inf (ft, 3s + 2m + I - 2) 



Proo/. We proceed as in Lemma [2~T3l by combining (f2"3l) , (|2~43)) . (f2~47H) and (|2"32l . 

/ gl{t 1 r},£)dtdr)d£ = 2 I tp q (t, r), £)dtdr]d£ + (2 9 - 2) / <p q (t,n,£)dtdridt 

ip3 ■'{C*.'7>S)6P 3 |/nCt,J7,«/0} ■^{(i.'7,e)eP 3 |hl(t,»7,€)-h2(i,'7,O^0} 



inf(fc,3s+2m+i-2) 

-,(fc+3s+2m+i-2)q-(3fc+3s+2m+i-3) 

i=0 



g 


X fc 


g 


X fc 




g 


. T _ 




_ 7 _ 


i+i + 




7 
-1, 



' J • 2" 



2 • 2 



inf(fc,3s + 2m + i-3) 
/ f 3s+2m+i-3)q-(3fc+3s+2m+i-3) 

s'=Q 



7lf> 



01 7 

7 10 



1 1,2,1,2 



+ 1 



•*|-, 
7I0 



8 + 1,8+1 + <J i,i,i + l,i + 2j 



0h 
7|0 



+ (2 9 - 2) ■ 2 



(fc+3s+2m+!-3)q-(3fc+3s+2m+!-3) 



inf(fc,3s + 2m + i-3) 



E 



"1/9 , 
Ola | Xfc 

7I7 



a|0 , 
Ola Xfc 

7h J 1 
8,8,8,8+1 J 



inf(fc,3s+2m+;-2) 


2 


x fc 


a 


x fc 


3 


Xfc 


a 


E h 


_ 7 _ 


i +^ 


_ 7 _ 




_ 7 _ 

-1, 


,M + a * 


— 1, 



inf(fc,3s + 2m+i-3) + l 

E 2 -i- 

1 = 1 



0|7 

i— l,i— 1,<— 1 ~ u i 



0h 



xfc 

e— 1,8 ' 



0|7 
8 — 1,8- 



inf(fc,3s + 2m+!-3) 

+ E 1,7 

i=0 



"13 
0I<* 
7I7 
8,8,8,8 



+ <7. 



a 1 18 
0I<* 
7I7 - 
8,8,8,8+1 



inf(fc,3s + 2m+i-3) + l 



0|7 

4- rr L Tlf3 
1,8, i "r" u i— l,i,i+lj 

1/5 ' 



E 



3i 
717 



"1/3 1 ■ 
0| a I Xfc 

7I7 - 



9 . _L 717 J , L 717 J I 

^ I i— l.i— l,i-l T i— 1,8-1, i— l.ij 



Lemma 2.18. We can u/rife : 

(2.75) gx (t, v, = fa (*, »7, £) + fa (t, -7, £) + h 3 (t, i], f) + h 4 (t, n, f ) 

Let q be a rational integer > 2, i/ien u/e obtain from the binomial formula 



□ 



(2.76) 



3? = (fa + fa + fa + fa) 9 = (fa + fa) 9 + (fa + fa) 9 + e Q (fa + fa) ! (fa + fa) 
= fa + + fa + K + £ ( 9 ) fafa- 1 + 2 ( q ) h\hr + E f q ) h ^ h r + E ( a ) ^r* + E ( q ) h * h r + E ( q ) h * h 



g-l i-1 



i=l j=l 
q — 1 q — i — 1 

+ E E 



8=1 \ / 8=1 

9-1 8-1 



8=1 \ / 8=1 
q — 1 q — 8 — 1 



9-8 
4 



'h 2 h 3 hl 



8=1 j = l 

q— 1 z — l q — 8 — 1 



+EE(!]i;>iw+EE(!)(:>i^r+E E (J rri^" J 



i=l j— 1 r— 1 



+EE E ( •inirrMw-'w* 



(>1 
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By integrating (|2.76[) on the unit interval o/K 3 we get 



(2.77) 



/P3 

+ 2(2" - 2) 



{(t,»7,e)eP 3 |/ii(i^,0^o} 

(p q {t,i],()dtdrid^ 



<j> q {t,T 1 ,t)dtdr l d(, + 4(2 q - 2) f 

•>{(t,v 



Z)£P 3 \hl(t,V,O-h 2 (t,V,Z)^0} 



<{> q (t, rj, ^dtdr/d^ 



{(t,'7,«)eP 3 |/ii(*,>7,e)-/i3(t,>7,O#0} 



+ (2 2q - 6 • 2 q + 8) f 



{(t,i ) ,e)6P 3 |/ii(t,» ) ,5)^2(t,'7,e)-'i3(t,'7 I e)^o} 



ip q (t, rj, ^)dtdnd^ 



-,(fc+3s+2m+!-l)q-(3fc+3s+2m+i-3) 



inf(fc,3s + 2m + /-l) 



E 



n - 

1\0 



+ 0-i-lAA 



H 7 

+ a i-\.i-\A 



0\i 

i + <?i-l i- 



= 4-2 



(fe+3s+2m+i-3)«3-(3fe+3s+2m+i-3) 



i=0 

inf(fc,3s + 2m+i-3) 



E 

i=0 



fl -, 

Tl/3 



317 



/3|7 



i,i,i,i-}-l i, 1,1+1,1+1 



/3|7 
1 3 



+ a i,i,i + l,i + 2j 



7|7 



inf(fc,3s+2m + /-3) 

+ 4 ■ (2 q — 2) • 2( fe+3s+2m+!-3 )' J- ( 3fe+3s+2m+!-3 ) \IJ 

i=0 

inf(fc,3s+2m+I-3) 

+ 2 ■ (2 9 — 2) ■ 2( fc+3s+2m+i_3 ' <?_ ( 3fc+3s+2m+ ' -3 ^ 

i=0 

nf(fc,3s + 2m + i-3) 



+ 0" 



a|/3 
/3|» 
7|7 - 
i,i,i,i+l 



010 



+ O 



010 
i,i,i,i+l 



(2 2q - 6 • 2 q + 8) ■ 2 



(fc+3s+2m+i-3)<3-(3fc+3s+2m+i-3) 



E 

i=0 



j9 
7 



inf(fc,3s + 2m + i-l) ^ 

^ ^ \_^~i,iA,i 
i=0 

inf(fc,3s + 2m + i-3) + 2 

.4- £ 

i=2 



0|7 
Tl/3 



j3|t 

7l/3 



+ "i-l.i-l.i.i +°" 



7l/3 



i — 2A—lAA] 



0h 
- I i-' 



i-2,i — 2,i-2,i— 2 "r a i — 2A-2A — 2A 



0h 
l\0 



0h 

l\0 

i— 2,i— 2,i— l.i- 



/3|7 



, L 7|P 

-1 + °i-2A 



inf(fc,3s + 2m + Z-3) + l 



E 



"1/5 
/3|c 
7I7 



c|/3 
/5|a 
7I7 



* °i-i,i-i,i-l,i-l + ^ "i-i.i-l.i-l, 



inf(fc,3a + 2m+/-3) + 2 

E I— 



o|r> 
/5|a 
7I7 

i-2,i — 2,i-2,i — 2 



+ 8 -a 



xfc 



/3|c 
7|7 - 
i — 2A—2A— 2,i— 1 J 



inf(fc,3s + 2m + !-3) + l 



E 



2 L/5|/3j , g l pip J 

* °i-l,i-l,i-l,i-l T ^ "i-i^-l^-l 



/3|/3 



inf(fc,3a+2m+/-3)+2 

E I 4 -- 



/3|/3 

i-2,i—2,i-2,i — 2 



+ 4-C7 



7 |a xfc 
fl/3 J "I 
i — 2,i-2,i — 2,i-lJ 



inf(fc,3s + 2m + i-3) ^ 
i=0 



inf(fc,3s + 2m+!-3) + l 



• 2" 19 - 6 



E 



inf(fc,3s + 2m + i-3) + 2 



_l 1 J n-iq 1 , 

a i-l,i-l,i-l,i-l ' z ~r ' 



E 



'i-2,i— 2,i-2,i — 2 



■ 2' 



In the case k < 3s + 2m + I — 3 



fc+i 

i = 2 



/5|7 
•yl/S 


xfc 




" b 1 , 

7l/5 J xfe 




/3|7 
7l/5 


L a|a . 

— X,*,i 






— 1 ,i — l,i, i 


+ <r t 


. a|a J 
-2,i- 



fc+1 

E! 

i=2 



/3|7 
. 7l/5 
-2,i- 



2,i-2,i-l 



0\-< 
. 7-1/3 - 
-2A- 



01-f 
. j\0 - 
-2,i- 
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fc + 1 



« 1/3 
tIt 



i=2 



7lT -I 
i— 2,i—2, i— 2,i- 



fc+1 



i— 2,i— 2, i— 2,i- 



J • 2" i? /or allq>2 



In the case k > 3s + 2m + / — 2 



3s + 2m+Z-l 

E h 

3a+2m + i-l 



eh 


xfc 


' (3 It 


xfc 


9lT 


Tl£ 


Tl/3 


tI/3 


L a|a - 

— 1,2,1 


i + <J I 


— l.i- 


1,M + 


_ a\a J 
-2,i- 



3s+2m+i-l 

• E 

i=2 
3s + 2m+l-l 



Xfc 

2,»-a,i— 1 • G i 



Tl/3 
-2,i— 2,i— 



E t 4 ■ ^-iJ-M-M ~ 8 ' ^-2,i- a ,i-i] ■ ^ + E [ 2 ■ "MS-M-M 4 • (T, 



r Q |t " 


xfc 


a\i 




T|c 


L /3|/3 . 
i — 1 ,i— 




- /3|/3 J 
-2,8- 



4- rr L 7IP J -2 
1 T" °i-2,i-2,i— l.t J z 



J ■ 2~ 19 for allq>2 



1=2 



Proof. From Lemma 12.21 we get easily (|2,75|l . indeed we have 

gi(t,v,o= E E E ( tYZ ) E ^ FC/ ) E s (^ yi/ ) 

degY <.k — 1 degZ—s — 1 degll <s + 7n — 1 degV^Cs + m+Z — 1 

= e ^(ot 8 - 1 ) e E B fo yt o E E ^ YV ) 

degY<k-\ degZ<s-2 degU<s + m-l degV<s+m+l-l 

= e e^- 1 ) e E E ^ YJJ ) E 

degy<fc-l degZ<s-2 degU<s + m-2 degV<s+m + l-2 

+ e E{tYT 3 - i )E(i 1 YT s+m - 1 ) e #(*^) E #0?*^) E E (t. Y V) 

degY<k-l degZ<s-2 degU<s + m-2 degV <s + m+l-2 

+ E E{tYT s - 1 )E{£YT s+m+l - 1 ) E E(tYZ) E ^(^t/) E E (t. YV ) 

degY<k — l degZ<s — 2 degU<s + m — 2 degV <s + m+l — 2 

+ E E(tYT a - 1 )E(riYT a+m - 1 )E^YT t+m+l - 1 ) E #0^-2) E E(r)YU) E 

desy<fc-l degZ<s-2 degU<s + m-2 degV<s + m + l-2 

To prove (|2.76[) we observe that 



9-1 



q — i — 1 



E (jj en + m'c* + m* -4 = e (jj + ^ + E (jj [^r + hr + E 

To prove (I2.77[l we proceed as follows 

From (EE), (JSaSJ, (12745) and filfy we get 



!/ ' 1 h r z h\ 



(2.78) 



(Af (t, T), + h\ (t, rj, + ftf (t, V , + hl(t,rj, Z))dtd V d£ = 4 / 

J1 



{C*,»7,f)eP 3 |ftiCt,'7,«)^o} 



V? 9 (i, f?, ^dtdrjd^ 



By (I2331 . (I23I)) . (H35J, (l23rT)l and (537) we obtain 



(2.79) 



I ( E (?) + E (?) + E (?) + E (?) h >r + E (?) + E (f) ^r)^ 



4(2 ? -2)/ ip"{t,ri,()dtdr l d^ + 2{2 q -2) ip q (t,r],^)dtdr l d^ 

J{(t,v,Oer 3 \h 1 (t, v ,i)-h 2 (t, v ,o^o} J {(t,v,Oer 3 \h 1 (t, v ,i)-h 3 (t, v ,o^o} 
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From p35]l . (p^Ojl we get 
(2.80) 



/ 

Jr- 



g-li-1 / \ / A 9-1 i-1 / \ / A g -i g _i_i 

£E(!)(;pr^ e c 



8=1 3=1 
q— 1 q — z — 1 

+E E 



i— 1 r— 1 

= (2 2,J - 6 ■ 2" + I 



h 2 h i h\ 



i=i j=i 

q — 1 2 — 1 q — i — 1 



y ' 1 i i i ri o- 2— r 



•I 



i= 1 j— 1 r — 1 



+EE E (?)(!)r:>^r^r ' 



{(t,'7,O6P 3 |h 1 (t^,O^2(t,'7,e)-'i3(i,'7,C)^0} 



V*(t, ?7, ^)dtdr/d^ 



dtdrjd^ 



([2777]) follows now from ([278}, (j2~79jl and (j2~80j) follows by (j2T44j) . (f^45|) . ([2321 . (p33[) and 

Lemma 2.19. We have the following rank formula : 
(2.81) 



i— l.i.i ' ^i — 2,i—l,i,i 



Xk 

- 1 ■ \<riJ 2 ,i-2,i-2,i-i + " 

Xk 



Xk 



Xk 



i — 2,i — 2,i—l,i] 



+ [4 ■ ^-lii^-M - 8 ■ ^j-2,2-2,2-1] + [2 ■ - 4 ■ ^-lU.i-^-i] for 1 < i < inf (fc, 3s + 2m + / - 2) + 1 

Proof. The rank formula follows from (|2.77[) . □ 
Lemma 2.20. We have the following rank formula 



(2.82) 



[ 3 ] xfc 





Xfc 




ff i-1,i,i,i = 4 ■ ff, 


_ 7 _ 

-1, 


— 1,2 — 1,2 


for 1 < i < inf (fc, 3s + 2m + J - 2) 



Proof. We obtain by combining ([2l^ . (j2~70jl and (l2~8ljl . 



^i-l.i.M + "i-l.i-l.i.t + ""i-^i-li.i — 4 ' [ <r iJ2,i-2,i-2,i-l + °~i-2,i-2,i-l,i-l + °~i-2^i-2,; I J 



4 ■ Ci-"i,i_i,i-i,i - 8 • a 



i—2,i-2,i — 2,i- 



1] + [2 ■ ^ii-1.2-1,2 " 4 ■ a. 



2 — 2,2-2,2 — 2,2-lJ 



+ 2 ■ [cr 4 L _ 1 J i _ 1 ; + 0~l^2A-l ,2-1. il — 4 ■ ffjJa »_2,j— 2,t-l + 2 • [ CT i-2.i-l,i-l.i-l + °i-2,<— 1,1 I . J 



4 • 


|_ 7 

"i-l.-i-l^- 


l,i 


- 8 ■ <T i L _2,i-2 


2-2 


,i-l 


+ 2 • ff^i-x.j-i 


,2 


. [ 13 
4 ' <J 2-2,2-2,2-2,2-l 




xfc 


1 


Xfc 




T 

3 


X fc 




X fc 


-1, 


,2,2 - 4 • (T, 


7 
-1, 


1-1,2-1,2 = 2 ' 


K 


-2, 


-1,2-1,2-1 — 4 ' 


_ T _ 

-2, 


i_2,i-2,i-i] for 2 < i < inf (fc, 3s + 2m + / - 1), 



which implies 
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/3 Xfc 



13 Xfc 



"i-1,M,i - 4 ' = 2 ' Ki,M " 4 ' ^o.o.i ] = for 1 < i < inf (fc, 3s + 2m + i - 2) 

□ 

2.7. A recurrent formula for the number of rank i matrices of the form ^-g-j , 
where A, B and C are persymmetric matrices over F2,. 

Lemma 2.21. Let s > 2, m > 0, I > 0, fc > 1 and < i < inf (3s + 2m + 1, fc). Then we 



have the following recurrent formula for the number V 



s + m 
s + m + 1 



of rank i matrices of the 



form ^-g-j such that A is a sx k persymmetric matrix over ¥2, B a (s + m) x k persymmetric 



matrix and C a (s + m + I) xfc persymmetric matrix 
(2.83) 



s + m 
s + m + 1 



+ 64-r 



+ m 
+ m + l 



xfc 


s + m-l 


X fc 


s + m 




+ 4-r 


s + m + 1 
-1 


+ 8-r, 


s + m + !-l 
-1 




xfc 


s + m 


xfc 




1 . 




. s + m + 1 _ 







[8-r 



s-l 
s + m-l 


Xfc 


s-l 

s + m 


X fc 


s + m-l 


s + m + 1 

-2 


+ 16 ■ r, 


e+m+l-1 
-2 


+ 32 • r, 


s + m + 1-1 

-2 



where 



(2.84) 



s + m 
+ m + l 



Recall that 



/3 Xfc 
_ O _ L T J 

-2,i-2, i-2 ' "1-3,1-3,1-3,1-3 



/J 



denotes the cardinality of the following set 
{(t,r),Z) € P/P fc+s -i x P/P fc+s+m -i x P/Pfc+ s+ra +(-i I r(D 



s + m"fi-l 



s + m-l 
s + m+i — 1 



(t, »»,€)) = ». rpU^-iJ (t,»j,0)=t, r(£>L'+™+'J (t,ij, £)) = »} 



Proof. We have obviously 



s + m 
s + m + 1 



Xfc 



— + a i-l,i,i,i + <T i-2,i-l,i,i + ' 



i— l,i— l,z,i 



+ a i-l.i-l,i-l.i + °"i-2,i-l.i-l,i + °i 



i-3,i-2,i-l,i 



13 J 
i.i.i 



+ °i-l,i,i,i + <?i-2,i-l.i,i + a 



i— l.i— l.i.i 



7 Xfc 7 Xfc " Xfc 7 Xfc 

+ ( T L " J +rr L ' 9 - 1 +rr L,3j +n- llli 

> ' °i-2,i-l,i-l,z ' °i-2,i-2,i-l,i ' a i-3,i-2,i-l,i 
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. 7 


; + cr ! 


a 
7 
-1, 


i, 


xfc 

7,2 + ^ 


a 
7 
-2, 


xfc 

i-l,i,i CT j 


g 

7 
-1, 










f3 

7 
-1, 


xfc 

— 1 ,i— l,i 




a 
7 
-2, 


Xfc 
i-l, 


i-l 




g 

-2, 


x fc 

— 2,i 


-l,i + fJ 1 


13 

, "Y , 

-3, 


Xfc 
i—2,i-l,i 




[J 


Xfc 

i +^ 


f] 

-1, 


Xfc 

,i,i + ^ 


I] 
-2, 


xfc 


f] 

-1, 


xfc 

— 1,7,2 








8 1 

2. 
-i, 


xfc 

— 1,7—1,2* 




.5 

-2, 


Xfc 

1-1, 


i-l 


,+^i 


i\ 

-2, 


x k 
— 2,i 




" 3 1 

.2. 
-3, 


xfc 
i-2,i-l,i 




r -v ' 
.2 

,i,i, 


xfc 


J] 

-1, 


xfc 


7 1 

L 

-2, 


xfc 

-l,i,i + °i 


•1 

-1,' 


xfc 

— 1,7,2 






" t 


7 
-1 


X fc 

— 1,7— 1,2 




-2, 


xfc 
1-1, 


i-l 


*+^i 


:»i 

-2, 


x fc 
— 2,i 




7 
-3, 


X fc 
t — 2,i— l,i 




7 
. 


xfc 

; + cr 1 


7 

/3 
-1, 




>< fc 


7 


-2, 


xfc 

2 — 1,7,2 




7 


-1, 


X fc 
;— 1 ,7,2 








7 
(3 
-1, 


xfc 

-l,i-l,i + CT i 


7 
-2, 


xfc 
1-1, 


i-l 


*+^i 


-2," 


xfc 
-2,i 




7 
-3, 


xfc 
i—2,i-l,i 



4-r. 



s + ,7 

-1 



- 1,2 — 1,1— 1,Z- 



(3 



xfc 

-1,2-1,7-1 "T" U i 



-2,2 — 2,7—1,2 — 1 



^jxfc 

-3,7 — 2,2- 



2 • 



!—2,i 



-2, i — 2, i-l, 



= -2 ■ 



-1, i-l, i-l, i-l 



X fc 

-2,i— 



3 

-2,i- 



2, i-l, i-l 



x fc 
i-2,i- 



Xfc a Xfc 

i L 3 J i 

i-l, i-l, i-l, i "T "i-2,t-l,i-l,i + CT i- 



2,i-2,i-l 



i + °"i 



Xfc 

i-3,i-2,i-l,i 



= -4 • 



s + m + l- 
-1 



i— l,i— 1 ,i— l,i- 



fl J X fc 

-1,»-1 + CT i-2,i-2,i-l,i-l + CT i 



^ xfc 

7 

-3,i — 2,i — 1 ,i— 1 



■4- 



-1,2 — 1,7—1,2 



■,+<y, 



-2,»-l,i-l, 



-2,i-2,i-l,i 



+ 0",- 



-3,i-2,i-l,i 



x fc 



-4 ■ 



1— 1,7 — 1,7— 1,2- 



i — 2,7— 1,7 — 1,7- 



-i+<- 



xfc & xfc 

-2,i-2,i-l,i-l + a i-3,i-2,i-l,i-l 



'i-l, i-l, i-l, i + CT i-2,i-l,i 



xfc S xfc 

I L I L 7 

-l,i T °i-2,i-2,i-l,i T °i-3,i-2,i-l,i 
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32 • r} 



-2,i— 2, i— 2, i— 2 



+ <T, 



Xfc 



-2, i-2, i-2, i- 



-2, i-2, i-1, i- 



-2,i-2,i-l,i 



+ 8- 



+ 8- 



(3 
7 

i — 3,i 



,»-2,i-l,i-l + °i-3,i-2,i-l,i + IT i-3,i 
[|]xfc 



i-2, i-2, i-2 + a i-3,i-2,i-2,i-l 



T i-2,i-2,i-2,i-2 + °"i-2,i-2,i-2 



i— 2,i— 2,i—l, i- 



.i + ff. 



i-2, i-2, i-1, 



'i-3, i-2, i-1, 



-l,i + °" 



i— 3,i— 2,i—2,i—2 



-3,i-2,i—2,i—l 



_ O P L s + tti + Z 

z ' 1 i-1 



^ J Xfc [ T ] X fc ^ J Xfc [ ^ ] *' 

"i-l, i-1, i-1, i-1 + <7 i-2,i-l,i-l,i-l ^-2, i-2, i-1, i-1 + a i-3,i-'. 



i-1, i-1, i-1 + ^-2, i-2, i-1, i-1 + °i-3,i-2,i-l,i-l 

°"i-l,i-l,i-l,i + i-1, i-1, i + °i-2,i-2,i- l,i + (T i-3,i-2,i-l,i 

^ I Xfc 



" il] Xk il] 
i-1, i-1, i-1 tT i-2,i 

[ 2 ] xfc [ g J Xfc 

^-1,1-1,1-1,1 + tT i-2,i-l, 



2 xfc 



, 2 | xfe 

i-2,i-l,i-l,i-l + °i-2,i-2,i-l,i-l + ° ■ 



-3,i-2,i-l,i-l 



Cr i-2,i-l,i-l,i + °i-2,i-2,i-l,i + <T i-3,i-2,i-l,i 



8-T 



+m-l 
: + m+! 
i-2 



+ 2- 



-2, i-2, i-2, i-2 + CT i-2,i-2.i-2 



-2, i-2, i-1, i- 



xfc 

i-2, i-2, i-1, 



'i-3,i-2,i-l, 



1 +°"i-°3,i-2,i-l.i + a 



i-3, i-2, i-2, i-2 



+ <7, 



-3, i-2, i-2, i-1 



= 2 • 



-2,i— 2,i— 2,i— 2 



+ <T. 



-2, i-2, i-2, i 



i-l + <*i 



-2, i-2, i-1, i- 



-2, i-2, i-1, i 



-3, i-2, i-1, i 



-1 + < 



Xfc 

3, i-2, i-1, i 



3, i-2, i-2, i-2 



xfc 

i-3, i-2, i-2, i-1 
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16 ■ r L 



e+m+l-1 J 



'i-2,i-2,i-2,i-2 + a i-2,i-2,i-2,i 



xfc S xfc 

-1 + CT i-2,i-2,i-l,i-l + °"i-2,i- 2,i- 1 ,i 



+ 4. 



Xfc aXfc a Xfc a Xfc 

a i-3,i-2,i-l,i-l + a i-3,i-2,i-l,i + <T i-3,i-2,i-2,t-2 + a i-3,i-2,i-2,i-l 



i-2,i-2,i-2,i-2 + a i-2,i-2,i-2,i 



+ 4- 



111 

i-2,i 

.[21 



i-2,i-2,i-l,i-l ' a i-2,i-2,i-l, 



'i— 3,i-2,i—l,»- 



1 + °i-3,i-2,i-l,i + °" 



X Al |^ J X 

-3,i-2,i-2,i-2 + a i-3,i-2,i-2,i-l 
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3+m-l 
s + m + i-l 



i-3, i-3,i-3, i-3 + °"i-3,i-3,i-3,i-2 ~<~ " i-3,i-3,i-2,i-2 "T" u i-3,i-3,i-2,i- 1 



+ CT. 



8- 



3 xfc 
'i-3,i-2,i-2,i-2 



Xfc 



fl Xfc 



xfc 



+ °"i-3,i-2,i-2,i-l + °i-3,i-2,»-l,i-l + <7 »-3,i-2,i-l,» 



i-3, i-3, i-3, i-3 + °"i-3,i-3,i-3,i- 2 "T" w i-3,«-3,i-2,i-2 T" w »-3,»-3,i-2,i-l 



+ CT. 



[J] = 



i-3,i-2,i-2,i-2 + a i-3,i-2,i-2,i-l T" "i-3,i-2,i-l,i 



-1 + * 



-3,»-2,i-l,i 



X fc 



i-3, i-3, i-3, i-3 "T" w i-3, i-3, i-3, i- 2 + °"i-3,i-3,i- 2,i-2 T" " i-3,i-3,i-2,i- 1 



+ °i- 



'i-3,i-2,i-2,i-2 + a i-3,i-2,i-2,i 



1 + a i-3,i-2,i-l,i-l + 17 ■ 



-3,i-2,i-l,i 



if] 



'i-3, i-3, i-3, i-3 + °i-3,i-3,i-3,i-2 + CT i-3,i-3,i-2,i-2 + t7 i-3,i-3,i-2,i-l 



rLoJ 



i- < 3,i-2,i-2,i-2 + <T i- < 3,i-2,i-2,i-l + a i- < 3,i-2,i-l,i-l + <7 »-1,<-2,i-l,i 



^i— 3, i—3, i—3, i—3 



.['] 



/3 Xfc 



[3]xfc 



+ <7 i-°3,i-3,i-3,i-2 + CT i-3,i-3,i-2,i-2 + a i-3,i-3,i-2,i 
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' i— 3,i— 2, i-2, i-2 



+ °i-3,i-2,i-2,i-l + ° 



i — 3,i — 2,i — l,i- 



i — 3 , i — 2 , i — 1 , i 



i—3,i—S,i-3,i-3 °i-3,i— 3,i— 3,i— 2 u i-3,i-3,i—2,i—2 T u i-3,i-3,i-2,i-l 



'i-3, i-2, i-2, i-2 



-3,i-2,i-2,i— 1 "r °i-3,i-2,i-l,i-l ' °i-3,i-2,i-l,i 



For every term in the recurrent formula (|2.83p we choose in view of (|2.66p . (|2.74|l and (|2.82|) 
an appropriate permutation of {a,f3, 7}, hence we get 



s + m Xfc 
s + m + l I 



[2 ■ r, L j{ 



s+m-1 Xfc 

+ 4.r- +m+;J +8-rL\ +m 



8-r 



»+ m _i I xfc 
s+m+! 



+ 16-T 



+ m +;_l 
i-2 



+ 32-T 



s+m-1 xfc 

s + m + 1-1 
i-2 



64 • r 



xfc 

■ ... /-lj _^ 



|^jxfc I /3 J Xfc ^jxfc pjxfc [^Jxfc [/&]** [^Jxfc [^Jxfc 

a i,i"i,i + "i- ™ ,i,i,i "•" °i- S,»— !,»,» • °i- l,t,» °i- ",1-1,1— l,i + "i-ILi— l,i— l,i • ° • ° 



l,i— 1 + °i— 2,i— l,i— l.i— 1 1" °i— 2,i— 2,i— l.i— 1 T °i 



-3,i-2, i— 1 



^ J x fc ^Jxfc I j x fc ^ J x fc 

°i— l,i-l,»— l,j "r °i-2,i— l,i— l,t ' °i— 2,i— 2,i-l,i ' a i- < 3,i-2,i-l,i 



-l,i-l + °" 



i— 2,i— 1, i— l.i- 



i-2, i— 2,i-l, i 



-1 + °: 



i — 3,i — 2,i — l,i — 1 



'i— l.i— l,i ^ i — 2,i- 



l,i-l,i "•" °i-2,i-2,i-l,i "+" °i-3,i 



3,i— 2,i— l,t 



Xfc SXfc aXfc a Xfc 

°i-l,*-l,i-l,i-l + <J i-2,i-l,i-l,i-l + °"i-2,i-2,i- 1 ,i- 1 + °"i-3,i-2,i- l,i- 1 



Xfc 

i-l,i-l,i-l,i "r °i 



l,i-l,i "I" °i-2,i-2,i-l,i + °i— 3,*— 2,i— l,i 



'i— 2,i— 2,i— 2 



i-2 +°" 



i — 2,i — 2,i — 2,i- 



1 + a i— 2,i-2,i-l,i-l + cr 1 



i — 2,i-2,i — l,i 



' i-3,i-2,i-l, 



l,i-l + CT 



-l,i + °" 



i-3, i-2, i-2, i-2 ~r °"i-3,i-2,i-2,i-l 



72 



JORGEN CHERLY 



+ 4- 



+ 4- 



+ 8- 



+ 8- 



X fc 

i-2, i-2, i-2, 



i-2 + a i-2,i-2,i-2,i-l + CT i-2,i-2,i-l,i-l + cr i-2,i-2,i-l,i 



xfc 

z— 3,i—2,i—l,' 



Xfc 

-3, i-2, i-1, i + CT i-2 



xfc 

3,i — 2,i — 2,i — 2 



+ 0-,- 



xfc 

-3,i — 2,i — 2,i— 1 



^3 Xfc /3 Xfc $ Xfc /3 Xfc 

7 J _j_ L 7 J I — L ~M _i_ _ L 7 

i-2, i-2, i-2, i-2 ' ° i-2, i-2, i-2, i- 1 °i-2,i-2,i-l,i- 1 > °i-2,i-2,i-l,i 



/3 Xfc /3 Xfc Xfc /3 Xfc 

7 J 

'i-3, i-2, i-1 



i-1 + °"i-3,i-2,i-l,i + °"i-3,i-2,i-2,i-2 + a i-3,i-2,i-2, 



^3 Xfc /3 Xfc /3 Xfc /3 Xfc 

i-3, i-3, i-3, i-3 + <T i-3,i-3,i-3,i-2 + fT i-3,i-3,i-2,i-2 + a i-3,i-3,i-2,i 



^3 Xfc /3 Xfc $ Xfc /3 Xfc 

i-3, i-2, i-2, i-2 + °"i-3,i-2,i-2,i-l + CT i-3,i-2,i-l,i-l + °i-3,. i • : . 



(3 xfc 



/3 Xfc 



7-^ L _ 7 1 ,i_ 1 , i _ 1 , i _ 1 + 14-cr i L _ 7 2 



(3 Xfc 



i-2, i-2, i-2, i-2 



3 xfc 
7 J 

i — 3,i — 3,i — 3,i 



+ a i-2,i-l,i,i + °. 



7 i-2,i-l,i-l,i-l ~r °i-2,i-2,i-l,i-l ' a 



X fc 

i-3, i-2, i-1, i-1 



2 ■ 



4- 



+ 2. 



+ 4- 



+ 8- 



'i-2, i-1, i-1, i- 



xfc 

i-2, i-1. i-1, 



Xfc a Xfc 

I L f> J I 

-1 "+" — ' CT i-2,i-l,i-l,i 



-l.i + fT 



X fc 

i-2, i-1, i-1, 



2 xfc 

. 



i-1 + °"i-3,i-2,i-2,i-2 + CT i-3,i-2,i-2,i 



'i-2, i-2, i-2. 
xfc 

i-2, i-2, i-2. 

^ Xfc Xfc 

i-2, i-2, i-2, i-1 + °i-2.i .' l.i 



i L t J I L i 

i-1 "l - i — 3,i — 2,i — 2,i — 2 1" °i-3,i-2, i-2, i-1 



(3 Xfc 
L i . 

i-2, i-2, i-1, i 
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8- 



(3 Xfc 



8 Xfc 



3 xfc 



i-3,i-3,i-3,i-2 T u i-3,j-3,i-2,i-2 ' <J i-3,i-3,i-2,i-l 



Combining (JUSSJ, (pT74)) and (|2~82j) we get 



a xfc 

^ L L J , o L /a J , „ L P j 

°i-2,i-l,i-l,i-l "T" * ' L°i-2,i-2,S-2,i- 1 °i-3,i-2,i-2,i-U 



2 • 



7 



Xfc a Xfc a Xfc 

„ l /jJ , J d J , ^[(j 

°i— 2,*— — 1 ' 1,« ' "i— 2,»-l,t-l,i 



fl Xfc 

l.i— 1,<— 1,« ^ ' [ <T j-2,'i-2,i— 1 + "i— 2,i— 2,»— 1,« 



+ 2. 



+ 4- 



+ 8- 



xfc 

_ t J , _ L £ J , „ L * J 

°i-2,i-2,i-2,i-l ~r °V— " ■— i -- r > ' CT 



Xfc a Xfc 

i-3,i-2,i-2,i-2 "i-3,i-2,i-2,i-l 



'i— 2,i-2,i — 2,i- 



3 Xfc p Xfc 

-1 + 2 ' [o" i _3 j4 _ 3ji _2,i_2 + <T i-3,i-3,i-2,i-l] 



rtXfc 3 X fc (3 Xfc 

7 J _i_ L 7 J _j_ L 7 

i-2,i-2,i-2,i-l ' °i-2,i-2,i- 1 ,i- 1 T cr i-2,i-2,i-l,i 

/3 xfc xfc /3 xfc 

7J 1 I 7 J 1 L 7 . 

i-3,i-3,i-3,i-2 T °i-3,i-3,i-2,z-2 "t" °i_3,i-3,i_2,i-l 



= 



^ ' ("'t— "Sji-l.j — 1 ^ ' <J i-2,i-2,i-2,i-l 



2 ■ (cr 



3 

i — 2,i 



-i,<-i,i-l -4- a 



i—2,i—2,i-2,i 



-i)+2- W 



-3,i-2,i-2,i-2 



xfc 

• 4 • ff i L _^ i J i _3 (j _ 3>i _ 2 ) =0 

□ 



3. Rank properties of a partition of triple persymmetric matrices 
3.1. Notation. 

Definition 3.1. We introduce the following definitions in the three - dimensional K- vec- 
torspace. 



• Let k,s,m and I denote rational integers such that k > 1, s > 2 and in > 0, I > 

• We denote by P/P* x P/Pj x P/P r a complete set of coset representatives of Pi x Vj x P r 
in PxPxP, for instance P/P s+ft _i xP/P s+m+fe _i xP/P s+m+i+fc -i denotes a complete 
set of coset representatives of P s+ fe_i x P s+m+ fc_i x W s+rn +i+k-i in P x P x P. 
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Set (t, v , £) = (Ei>! ^T-\ Ei>i PiT~\ E,>! 7>T- 1 ) G 



s + m + i-l 
/C+m- 



X/c 



We denote by Z)L ^s+m+i- J (t, fy, £) any (3s + 2m + i) x fc matrix, such that 
after a rearrangement of the rows, if necessary, we can obtain a matrix where 
the first (3s + 2m + 1 — 3) rows form the following triple persymmctric matrix 



Ds-lxkW 
3 (s + m _l)xfc('j) 



J (s + m + !-l)xfc 



and the last three rows are equal to 



(a s a s +i 

Ps + m Ps + m+1 

Js + m + l Js + m + l + 1 

get a matrix of the form 



Cts + k-l \ 

Ps+m+k-i J , that is we 

'Is + m+l + k-lJ 



Ct2 



«fc-l 



Cik \ 



Ct2 


Q3 




Qfc+1 


a s -i 


a 3 


a s +k-3 


Qs + fc-2 


Pi 


/?2 


Pk-i 




p2 


Pz 


Pk 




Pra + 1 


/3m + 2 


Pk + m-l 


Pk+m 


Ps + m-1 


Ps + m 


Ps + m+k-3 


Ps + m + k-2 


7i 


72 


7fc-i 


Ik 


72 


73 


7fe 


lk + 1 


Jrn+l + 1 


7m+i + 2 


7fc+m+;-i 


"fk + m+l 


"fs + m + l-1 


7s + m + Z 


7s + m+i + fc-3 


Js+m + l + k-2 


Us 




a s +fe_2 


Cts + k-l 


Ps + m 


/3s + m + l 


Ps + m + k-2 


Ps + m + k-1 



\ 7s + m+! "fs + m + l+1 ■ ■ ■ ^s + m+l + k-2 "fs+m + l + k-1 / 



Let j be a rational integer such that 1 < j < k — 1. 

Set {t, r,, = (Ei>! ctiT~ i , E,>i PiT~', E,>x 7*T _i ) G P 3 

X(fc-j + l) 

( 

such that after a rearrangement of the rows, if necessary, we can obtain the following 

D 8X(t-] + l) W 



We denote by D 



s + m. 
s + m + l-1 



(t, r), £) any (3s + 2m + 1) x (k — j + 1) matrix, 



triple persymmetric matrix 



D ( s + m )x(k-j+l) M 

D ls + m + l)x(k-j+l) t -' i > 
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Qj+2 


CHfc-1 




acj+i 


a j+2 


«i+3 


Oik 


CXfc + l 


Oj+s-1 


a j+a 


a 3+s+l 


O-k+s-2 


Qfe+s-1 


Pj 






Ph-1 




Pj + 1 


Pj+2 


ft+3 


Pk 




Pm+j 


Pm+j+1 


An+j + 2 


Pk + m-1 


Pk + m 


Ps + m+j — 1 


Ps + m+j 


/3s+m+j + l 


Ps + m + k-2 


Ps+m+k-1 


7j 


Tj+i 


7j+2 


7fe-i 


Ik 




7i+2 


7j+3 


Ik 


7fc+i 


Jm+l+j 


7™+i+j+i 


7m+l+J + 2 


Jk + m + l-l 




Js + m+l+j-1 


7s+m + Z+j 


7s + m + ;+j + l 


7s+m + i + fe-2 


"/s+m + l + k-l , 



• To simplify the notations concerning the exponential sums used in the proofs, we 
introduce the following definitions. 

• Let ^>i(t, be the quadratic exponential sum in P x P x P defined by 

(t, V ,0 ePxPxP^ E E(IYZ) E E(vYU) E{iYV)eZ 

degY — k — 1 degZ — s — l deg[/<s + m — 2 degV <-s-\-m-\-l — 2 



• Let 1^2 (i, ?7, £) be the quadratic exponential sum in P x P x P defined by 

(t, T], £) £ PxPxP i — ► E E ( tYZ ) E E{r)YU) E(£YV)eZ 

degY <k-2 degZ <s-l degU=s+m-l degV<s + m + l-2 

• Let ip3(t,ri,£) be the quadratic exponential sum in P x P x P defined by 

(t,Tj,0 ePxPxP^ J2 E E(tYZ) J2 E( V YU) J2 E(£YV)eZ 

degY <k — 2 degZ<s — l degll <s + m— 1 degV — s + m+Z — 1 

• Let XifA 7 ???) be the quadratic exponential sum in P x P x P defined by 
(t,i7,0ePxPxP>— J2 E E ( tYZ ^ E E( V YU) J2 E(£YV)eZ 

degY = k — l degZ<s — 2 degU<s+m-2 degV <s+m+l — 2 

• Let X2(t,V>0 be the quadratic exponential sum in P x P x P defined by 

(£, t], £) G PxPxP i — > ^ ^ S(*yZ) Yl E(rjYU) Yl E(£YV)€Z 

degY<k-2degZ = s-\ degU<s + m-2 degV<s + m+l-2 

• We recall the definition of hi(t,r/,^) (see Definition 12. f [1 

Let hi(t,r],£) be the quadratic exponential sum in P x P x P defined by 

(t,r,,0 GPxPxP^ ^ ^ B(tYZ) ^ EfaYET) £ B(fyv) e z 

degy^fc-l degZ = s — 1 degU<s + m — 2 degV <s+m+l — 2 
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• Let 6\ (t, rj, £) be the quadratic exponential sum in P x P x P denned by 
(t,ri,Z) ePxPxP^ J2 E E ( tYZ 1 E E(vYU) J2 E{£YV)€ 

degY = k— 1 degZ <s— 1 degU — s + m — 1 degV = s-\-m-\-l — 2 



• Let 6*2 (t, 77, f) be the quadratic exponential sum in F x F x F defined by 
(t,»j,£) ePxPxP^ ]T ]T E(tYZ) J2 E( V YU) ]T E(£YV) e 

degY = k — l degZ <s—l degU <s-\-m—l degV — s + m-^l — l 



Let (ji, j 2 , 33,34,, 36, 36, jr, 3s) £ N 8 , we define 





32 


33 


34, 


36 


36 


h 


3s , 



P/P fc + s_lXP/P fc + 3 + m _ 1 XP/P fc + 3 + m + i „ 1 

to be the cardinality of the following set 



{(t, V ,0 € P/P fe+s -i x P/P fc+s+m -i x P/P fc+s+m+; -i I r(D 



e+m-l 
s+m+l-1 J 



X(fc-l) 



(t,V,0) = 31, 



xk 



r(D[ J (t,r],0)=h,r(D 
r(D 



a + m-l 

S + TTl + i — 1 



x(fc-l) 



s + m-1 



(*>»7>0) = J3, 

x(fc-l) 

(*>»?,£)) = J5, 



r(L> 



s + m 
s + m + I-1 



Xk 



We define 



= J6, r 




x(k 


_1 Wo) = 


k - 1 


fc 












D 


3-1 

s+m-l 
s + m + l-l 


X • 


3 


J 


OL a - 


3 


J + l 


fts + m 









s + m 

S + TTi + Z 



xfe 



to be the following subset of 1 



S + 771— 1 

s + m + l-1 



x(fc-l) 



r(DL «+m+l-l 



s + m 
s + m + l-1 



x(k-l) 



(t,V,0)=3, r(D 



s + m 
s + m + l-1 



(t,V,0)=3, 

x k 



(t,V,0)=3 



• Similar expressions are defined in a similar way. 



3.2. Introduction. We study rank properties of a partition of triple persymmetric matrices 
by integrating some appropriate exponential sums on the unit interval of K 3 . We adapt the 
method used in Section 6 and Section 7 of [2] 
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3.3. Computation of exponential sums in K . 
Lemma 3.2. Let (t, rj, £) G P x P x P and 

: E E ( tYZ ) E E ^ YU ) E E ^ YV ) 

degY = k-l degZ = s-l degU<s + m-2 degV <s + m+l-2 

■ J2 E E ( tYZ i E E E ^ YV ) 

degY <k — 2 degZ<s-l degU=s+m—l degV <s+m+l — 2 

■ J2 E E ( tYZ i E ^ yf/ ) E 

degY < fc — 2 degZ <s — 1 degt/<s + m — 1 degV — s + m+Z — 1 

degY=k-l degZ<s-2 degU <s+m—2 degV<s+m+l — 2 

degY<k~2 degZ = s-l degU<s + m-2 degV <s+m+l-2 



fp2(t,v,0 
X2(t,v,0 



- E E s (* yz ) E s fa yc/ ) E s « yy ) 



degY <k — 1 degZ — s— 1 



degV<s + m + I-2 



T/ien 



(3.1) 



3s+2m+!-3 



E 



E(tYT" 



e+m-l 
s + m + i-1 



(*.».€) 



(3.2) 



3s+2m+Z-2 



E 



£( t) yr +m - 1 ) 



degV<fc-2 

x(fc-l) 



s + m-1 
,+m+i-l 



2*: + 3s + 2m + i-3-r(D 





s+m — 1 
s + m + i — 1 



s+m-1 
s + m+i — 1 



otherwise 



x(fe-l) 



j+m+i-1 



x(fc-l) 



(*,»/, 0) 



(3.3) 



3s + 2m+i-l 



E 



X(fe-l) 



s + m 
s + m + l — 1 



(t,D.€) 



2*: + 3s + 2m + i-2-r(D 





S + m 

,+m+i-l 



s + m+l — 1 



otherwise 



x(fc-i) 



(t,»7,0) =*■(!> 



s + m+i 



X(fc-l) 



(*,»», 0) 



(3.4) 

xi(*>»?,0 



2*: + 3s + 2m + ;-4-r(D 





s-1 
s+m — 1 



x(fc-l) 



s + m+l — 1 



otherwise 



x(fe-l) 



(t,»/,0) =*■(!> 



s-1 

s+m+i-1 
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(3.5) 



We recall that see (|2.2j) 
(3.6) 

hi(t,ri,0 =2 3a+2m+i " 3 



2k+3s + 2m + l-4-r(D 




a+m-l 



x (fc-l) 



s+m-1 
s + m+i — 1 



E 



a+m-l 
s + m+l-1 



= < 



2*: + 3s + 2m + !-3-r(D 




s + m-1 



otherwise 



E(tYT s 



a — 1 
s + m+Z — 1 



x(fc-l) 



(t, V ,0)=r(Dl 



a+m-l 
i+m+Z-1 



otherwise 



(t, v ,0)=r(D 



s+m-1 
s + m+i — 1 



Proof. The proof of 13. 21 is somewhat similar to the proofs of the results obtained in [2, see 
section 4] □ 

Lemma 3.3. Let (t,1],£) eFxPxP then we have 

(3.7) </>i 2 M,£)=XiM,£)-X2(t,77,£) 



where 



: E E E ^ YU ) E 

degy = fc — 1 degZ — s — 1 deg[/<s + m-2 deg V <s + m+l — 2 

J2 E E ^ z ) E ^ yf7 ) E E ^ YV ) 

degY — k~l degZ<s-2 degU<s + m — 2 degV <s + m + l — 2 

J2 E E ( tYZ ) E E ^ YU ) E 

degy<fc-2 degZ=s-l deg[/<s + m — 2 degV<s + m + l-2 



x(fc-l) 



(*,»?, 0) 
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Proof. We have 



tfi(t,»f,0 = [2 



3s + 2m+l— 3 



E 

degY 1= k-l 
s-1 
s + m-l 
»+m+!-l 



£(iYiT s_i ) [2 



s — |"<-)3s + 2m+Z — 3 



E 

s-1 
»+m-l 
,+m + i-l 



E(tY 2 T s 



We set 



s + m+i — 1 



Y 1 + Y 2 = Y 3 , degYi = k - 1, Yi 6 fcerD L 
Y 2 = Y 4 , depY 2 = fc - 1, Y 2 € kerD 



j + m+i-1 



(*,»/, 



»+m-l 
3 + m+!-l 



deffY" 3 < & - 2, Y 3 € fcerD 

degy 4 = fc - 1, y 4 G fcerD L 
Then we obtain 



x(fc-i) 



s+m-l 
s+m + Z — 1 



(*,I7.0 



3s + 2m+(-3 



E '112 

d e g Y 4 = k - 1 



3s + 2m+Z-3 



53 B^T 8 - 1 )] 

degY3<fc-2 



s + m-l 

i + m + i-l 



(*,>),{) 



s + m-l 
i + m + i-l 



□ 



Lemma 3.4. We have the following equivalences 
(3.8) 



Mt, v, + o <=> tf(t, n, # o <=► X i (t, tj, • x 2 (t, »?, # o 



Xi (*, «7,0^0 anrf Xi(*>»?,O^0 



s + m-l 
+m+Z-l 



x(fc-l) 



(t,T ? ,0)=r(DL 



S+7T1-1 

s+m + Z — 1 



(t,r 1 ,0) = r(D 



s + m-l 
s+m + Z — 1 



X(fc-l) 



Proo/. ([31} follows from ([331 and (33 



(*.»?,€)) 



□ 



so 



JORGEN CHERLY 



Lemma 3.5. We have 
(3.9) 



k-l 



_ 2 fc +3a +am+t-4-j lf (t,v,£)€- 



k - 1 



otherwise 



S — l 
s+m-1 
DL s+m+i-l 



Ps-\-tn 



i + l 



a+m-l 
£)L s+m+i-1 



Ps-\-m 



(3.10) tfa(t,»7,£) = { 



fe- 1 



otherwise 



D 



7s+m+(" 



(3.ii) ^3(t,»j,e) = 4 



- ) k+3s + 2m + l-2-j 



fe- l 



J 



D 



s+m-l 
s + m + i-l . 



s + m 



otherwise 
Proof. We deduce respectively from f|3.6|) and (|3.6[) with fc — > fc — 1 

(3.12) 

M*,ri,t)= E E ^ yz ) E E{ nYU) E ^ Y1/ ) 

depY" — fc — 1 degZ= s — 1 degf7<s + m — 2 £ZegV<s + m-H — 2 

= E E E ( tYZ ) E E E ^ YV ') 

degY<k-l degZ — s — 1 degU<s+m — 2 degV <s + m + l — 2 

- E E E e ^yu) E 

degy<fc — 2 degZ=s-l degU<s + m — 2 degV <s+m + l-2 
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= < 



2k+3s + 2m + l-3-r(D 


2k + 3s + 2m+l-4-r(D 

,0 



s + m-l 
, + m+(-l 



B + m-1 



s + m-l 
3 + m+i-l 



otherwise 



(t,r,,0)=r(D 



s + m-l 
3 + m+l-l 



s + ?n-l 
s + m+l — 1 



otherwise 



x(fc-l) 



(t,r,,0) = r(D 



s + m-l 
s + m+i — 1 



x(fc-l) 



By Lemma 13.41 



s + m-l 
s + m+i — 1 



x(fc-l) 



(t, V ,0)=r(Dl 



s-l 
s + m-l 
s + m+l — 1 



(t,rj,0) = r(Di 



s+m-l 
s + m+i — 1 



x(fc-l) 



We consider now the following two cases in which -0i are different from zero 
first case : 



s-l 
s + m-l 



r(D 
= r(D L 



x(fe-l) 



s-l 
s + m-l 
s + m+i — 1 



s + m-l 
s + m+i — 1 



(t,»?,0) = r(£>L 

x(fc-l) 

(t, V ,0) = r(Dl 



s + m-l 
s + m+l — 1 



second case 



s + m-l 



r(D 
= r(D L 



x(fe-l) 



s + m-l 
s + m+i — 1 



s + m-l 
s + m+i — 1 



(t,r,,®)=r(Dl 

x(fe-l) 



s + m-l 

3+m+!-l 



In the first case we obtain from (|3.12[1 



fc+3s+2m + ;-3-j _ r,fc + 3s + 2m+i-4-j _ 2*: + 3s + 2m+i-4-j 



Jc+3s+2m+!-4-j _ fc+3s+2m+!-4- j 



In the second case we obtain from (|3.12|l 
^i(t,ij,0 = 0-2 



This completes the proof of 

([3~10ll and (pTt]> follow respectively from ([32J and J33 



□ 



N2 
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Lemma 3.6. We have 
(3.13) 



Mt,v,S)-Mt,v,S)->l>3 (*.»?. = { 



2(fe+3s+2m + Z — 3 — j)q (^q- 



if (t,rj,0£- 



k — 1 



_ 2 (k+3s+2m+l-3-j) q . 2 9-3 ^ ^ ^ ^ £ . 



otherwise 



k - 1 



»+m-l X' 



Ps-\-m 



i + i 



.7 + 1 



i + i 



DL 8+m+l-l 



Ps-\-m 



Proof. Combining (f3T9]l . (|37TO]l and (pTTTjl we deduce (j37T3|l . 



□ 



Lemma 3.7. Let (t, 77, f) G P x P x P and 

oi(t,v,o= E E E ^ tYZ ) E E wu) e £ ^ Y1/ ) 

degY=k — 1 degZ<s — 1 degll — s + m— 1 deg V <s + m+Z — 2 

fe(*,i,o= E E E ^ yc/ ) E E ^ YV ) 



degY = k-l degZ<s-l 



deglJ < s + m — 1 



degV — s + m+Z — 1 



rften 
(3.14) 



)fc + 3s + 2m+i-3-3 



fc-i 



7J 



s+m-1 
s + m+I-1 



ft 



7s + m+! _ 



fe-1 


k 








8 — 1 


3 


j 




j 


i + i 















otherwise 
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(3.15) 



&(t.»7,£) = ' 



2 k +3s +2m + l-3-j if ( f)??) ^) e 



fc-1 



_ 2 k+3 s +2m+l-3-i if (t, v ,£)€- 



otherwise 



D I 



s+m-l 

3+m+i _i 



7s + m+i- 



fc-1 


k 








s-l 
»+m-l X- 
Z)L S + ™ + J 






<3! s - 


3 


3 


/3s + m 


3 


i + i 


7s+m + Z — 



Proof. Similarly to the proof of 



□ 



Lemma 3.8. We have 
(3.16) 



hi (t, v , o-9i (*,»?, ews (*,»?. 6 = < 



2 (fe +3s+ 2m+;-3-i) 9 . 2 ,-2 ^ (t,V,0^ 



_ 2 (k+3s+2m+l-3-j) q . 2 «-2 ^ (t, V ,£)e- 



k-1 



otherwise 



k - 1 


k 




3 


3 


s-l 

ZH s+m+i-1 J 


3 


3 




3 


3 




3 







.7 + 1 



«+m-l 

s + m + 1-1 



7s + m+i" 



Proo/. Combining (f3~6]l . (f37T4]) and (pTTTjl we deduce lf5TT6]l . 



□ 



JORGEN CHERLY 



Lemma 3.9. We have 
(3.17) 



■,(k + 3s + 2m+l-3-j)q+l 



if M,Oe- 



k - 1 



s+m-1 X 



Ps-\-m 



7s + m+Z" 



_2(fc+3s+2m+i-3-j)«+l (t,T),£) E" 



otherwise 
Proof. Combining (pT6|l . (|3TT0|l and (pA5|l we deduce (pTfjl . 



fc - 1 


k 




j 


j 


s-l 

s+m-1 X- 
DU+">+!-l J 


j 


j 




j 


j 


/5s -(- m 


3 


J + l 





□ 



3.4. Some rank formulas for partitions of triple persymmetric matrices related 



X k 



t0 ■ 

Lemma 3.10. We have for q > 3 



Vi (t, »?, • V>2 (t, »7, £) • VI (*,»?, OdMitfe = o 



Proof. The integral above is equal to the number of solutions 

(Yi, Zi, t/i, Vi, I2, Z2, f/2, V 2 , ■ ■ ■ , Y 9 , Zq, £/,, V 9 ) of the polynomial equations 



Y 1 Z 1 + Y2Z2 + . . . + Y q Z q = 0, 
Fit/i + Yat/a + .-. + Ya^ = 0, 



Y 1 Vi + Y 2 V 2 



+ YgVa = 0. 



satisfying the degree conditions 



{deg Y\ = k- l, deg Z a = s - 1 deg t/i < s + m - 2 deg Vi < s + m + I - 2 
deg Y 2 < k - 2, deg Z 2 < s - 1, deg t/ 2 = s + m - 1, deg V 2 < s + m + I - 2 
deg Yi < k — 2, deg Z; < s — 1, deg Ui < s + m — 1, deg Vi = s + m + Z — 1 for 3 < i < q 

By degree considerations we have that deg [Y1Z1 + Y2Z2 + . . . + Y q Z q ] is equal to s + k - 2. 
Lemma l3.10l follows . □ 

Lemma 3.11. We have for q > 3 

hi(t,r),0-ei(t,r),0-<pr 2 {t,V,Odtdr)dZ = 0. 



Proof. The integral above is equal to the number of solutions 

(Yi, Zi, Ui, Vi, Y 2 , Z 2 , U 2 , V 2 , . . . , Y q , Z q , U q , V q ) of the polynomial equations 

C YiZr + Y 2 Z 2 + . . . + Y q Z q = 0, 
I YJJi + Y 2 U 2 + ... + Y q U q = 0, 
[ YiVr + Y2V2 + . . . + Y q V q = 0. 
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satisfying the degree conditions 

f degYi<fc-l, degZi=s-l degUi < s + m-2 degVi < s + m + I - 2 

I deg Y 2 = k - 1, deg Zi < s - 1, deg U 2 = s + m - 1, deg V 2 < s + to + / - 2 

(_ deg Yj < fc — 2, deg Zj < s — 1, deg f/j < s + to — 1, deg K = s + rn + I — 1 for 3 < i < q 

By degree considerations we have that deg [YiUi + Y2U2 + ■ ■ ■ + Y q U q ] is equal to s+k+m-2. 
Lemma [3.111 follows. □ 



Lemma 3.12. We have for q > 3 

h q ~ 2 (t ,17, ■ ^ 2 (t , 77, ■ e 2 (t , n, Qdtdridt = o. 



Proof. The integral above is equal to the number of solutions 

(Yi, Zi,Ui, Vi, Y2, Z2, U2, V2, . . . , Y q , Z q , U q , Vq) of the polynomial equations 

C Y x Zx + Y2Z2 + ... + Y q Z q = 0, 
I Y 1 U 1 +Y 2 U2 + ... + Y q U q = 0, 

[ YyVl + Y2V2 + ■ ■ ■ + YqVq = 0. 

satisfying the degree conditions 

{deg Yi < k - 2, deg Z x < s - 1 deg Ui = s + to - 1 deg Vi <s + m + /- 2 
deg Y2 = k — 1, deg Z2 < s — 1, deg < s + m — 1, deg V2 = s + to + i — 1 
deg Yi < fc — 1, deg Zj = s — 1, deg t/i < s + m — 2, deg Vi < s + m + I — 2 for 3 < i < q 

By degree considerations we have that deg [YiVi + Y2V2 + ■ ■ ■ + Y q V q ] is equal to k+s+m+1-2 
Lemma l3.12l follows . □ 



Lemma 3.13. We have the following rank identity for < j < inf(3s + 2m + I — 3, k — 1) 
3 \ f / 3 



(3.18) 
/ 3 



# 


3 


J + l 




3 


.7 + 1 




V 3 


3 + 1 / 



3 





( J 






+ * 


3 


3 






3 


3 






\ 3 


3 + 1 / 


P/P fc+ .- 1 XP/P fc+ . +ra _ 1 XP/P fc+ . +m+1 


Proof. We define 





V 3 
( 3 



+ ' 



\ 3 



P fc + s _lXP/P fc + a + m „ 1 XP/P fc + s + m + 1 _ 1 

\ t 





i 







i + i / 



P/P fc + S _l XP/F t + s + m _! XP/P fc + B + m + ! _ 



+m-l 
s + m+Z-1 



X(fe-l) 



s+rn-1 
s + m+Z — 1 



(«,ij,0)=r(D 



s + m+Z — 1 



(t J r 7) |))=r(D 

x(fc-l) 



s+m-l 
s+m+Z — 1 



(t,T 7 ,0) = r(DL 



(t,»7,0)=r(D 

x(fc-l) 



s + m-l 
s+m+Z — 1 



X(fc-l) 



(*,»/, 0) 



s + m+i 



(*.»/, 0)} 
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and 

= r(D 
r(D 



s+m-l 
s + m+i — 1 



X(fe-l) 



s + m+i — 1 



s + m-l 
s+m + Z — 1 



X(fc-l) 



(t,f/,0) = *■(!> 



(t,77,0)=K-D 

x(fc-l) 



a+m-1 
3 + m+i-l 



(«,«7,0)=r(D 



s + m-1 
s + m+i — 1 



X(fc-l) 



S+TTl 

s + m+i 



(*,»?,.)) and 



(t,?7,e))=r(Z)L 



i+m + !-l 



(t,r/,0) = r(DL 



s+m 
s+m + i 



(t,T/,0)=r(D 



_ -1 
s + m-l 
s + m+l — 1 



x(fc-l) 



(*,»/,0) + l} 



By (|3.13p we have, observing that ipi (t, rj, f ) • V-(i, r/, £) • ^3 (£, ?7, £) is constant on cosets 

Of Pft + s-l X ¥k + s + m-l X IPfc + s + m+i-l 



E 

(i,f,«)6*n (p/P fc+s _iXP/P fc+s+m _ 1 xP/P fc+s+m+ ,_ 1 ) 
JP.j-l._i JF. 



s+m-l 
>+m+l-i 



<(*-!) 



(t, .,€))_ 



E 

(t, .,«)-B(-| (p/P fc+s _iXP/P fc+s+m _ 1 xP/P fc+s+m+i _ 1 ) 

/" eft / dr? A d£ 

inf(3s + 2m+i-3,fc-l) 

_ 2 q ~ 3 ■ 2 < - k+3a+2rn+l ~ 3 ~ j ) q ■ * 

3=0 



a + m-l 
i+m+1-1 



X(fc-l) 



J 


3 


i 


3 


3 


3 


3 


3 , 



inf(3s+2m+!-3,fc-l) 

E 

3=0 



I 3 



2<J-3 _ 2(fc+3s+2m+I-3-j) 9 _ # 



V 3 



P/P fe + S _l xP/P fc + s + m _i xP/P fc + s + m+i _ 

3 \ f 



-(3fc+3s+2m+!-3) 



-(3fc+3s+2m+i-3) 



3 + 1 / 



P/P fc + s _lXP/P fc + s + m _ 1 X_/P Jb + s + m + i _ 



inf(3s + 2m + Z-3,k-l) 

V 2 ,J " 3 -2 ( 

3 = 



af(3s+2m+i-3,fc-l) 

E ■ 

3=0 





(3 


3 


3-3)9 . * 


3 


3 




3 


.7 + 1 



V 3 



■ 2 



3 + 1 J 





(3 


3 


3-3)9 . # 


3 


3 + 1 




3 


3 + 1 



\ 3 



3 + 1 I 



P/Pfc + s -lXP/P fc + s + m _iXP/P fc + s + m + ! _ 1 

t 



r k+s -ixP/e k+s+m _ 1 xr/F k+B+m+l _ 1 



-(3fc+3s+2m+!-3) 



-(3fc+3s+2m+i-3) 
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Now by Lemma 13.101 we get for all q > 3 



inf(3s + 2m+!-3,fc-l) 
3=0 







( j 




31 


# 


3 


3 






3 


3 






V 3 


3 ) 



p/r t+ ,_ixP/F t+s+ra _ 1 xP/F H , +ra+1 _ 1 



+ " 







3 


3 


3 


3 


\ 3 


3 + 1 / 


( 3 




3 


.7 + 1 


3 


.7 + 1 


\ 3 


i + 1 / 



3 


3 


3 


3 


3 


3 + 1 



P fc+s „ 1 xP/P fc + s + m _ 1 xP/P fc+s+m+! _ 



P/P fc+s _ixP/P fc+fl + m _i: 



V 3 



3 + 1 J 



1 



P/P fc + a _ 1 XP/P fc + <J + m _ 1 XP/P fc + s + m + ; _ 1 



= 0. 



□ 



Lemma 3.14. We have the following rank identities for < j < inf (3s + 2m + Z — 3,fc — 1) 
(3.19) 

1 







3 


# 


3 


3 




3 


3 + 1 



\ 3 



3 + 1 J 



( J 



+ 



and 



\ 3 



3 


3 


3 


3 



3 + 1 



1 



P/P fc+s _ 1 xP/P fc+s+m _ 1 xP/P fc+s+m+! _ 



/ 3 




3 


3 


3 


3 


V 3 


3 J 



P fc + s _lXP/P fc + a + m _ 1 XP/P fc + s + m + 1 _ 1 



(3.20) 



( 3 




3 


3 


3 


3 


\ 3 


3 ) 



( 3 



P/P fc + a _ 1 XP/P fc + a + m _ 1 XP/P fc + s + m + ! _ 1 



V 3 



3 


3 


3 


3 



3 + 1 ) 



fc + a _lXP/P fc + a + m _ 1 XP/P fc + a + m + i _ 1 



Proof. The proofs of (|3.19[) and (|3.20[l are somewhat similar to the proof of (|3.18|) applying 
respectively (13. 16|) . Lemma [3.111 and (|3.17|l . Lemma 13.121 

□ 



Lemma 3.15. We have the following rank identities for all integers j for which < j < 
inf (3s + 2m + I - 3, k - 2) : 



(3.21) 





( 3 


3 + 1 \ 


# 


3 


3 + 1 




3 


3 + 1 




V 3 


3 + 1 J 



' k + s-l XP/P fc + a + m _! XP/P fc + a + m + 1 _! 
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Proof. Proof by contradiction. Assume on the contrary that there exists jo £ [0,inf(3s + 
2m + I — 3, k — 2)] such that 



(3.22) 





f JO 


jo + l 


# 


jo 


jo + 1 




jo 


jo + 1 



\ jo 



> 0. 



Jo + l / 



p/r l+s _ixP/p i+s 



<p/p fe+s+m+1 _i 



We are going to show that 





( 


jo 


jo + l > 


* 


# 


jo 


jo + 1 






jo 


jo + 1 






\ 


jo 


io + i ) 


P/Pjfe+ 






f jo - 1 


jo \ 




# 


jo - 1 


jo 






jo - 1 


jo 






V jo - 1 


jo J 



> 



P/P fc + B _lXP/P fc + s + m _ 1 XP/P fc + s + m + i _i 



> 



Pl/P fe + s _ 1 XPi/P fc + s + m _ 1 XPi/P fc + s + m + 1 _ 1 



/ o 












1 


V o 


1 / 



> 



Pj /Pk+ s -ixP 30 /P fc+3+m _ixPj /P fc + a + m+1 _ 1 
which obviously contradicts 



/ 












i 


V o 


i / 



— 



: 



p 30 /r k+s _ 1 xw 30 /v k+s+m _ 1 xv j0 /¥ k+s+m+l _ 1 
By (HOg) there exsists (t ,?7o,£o) G P/Pfc+ 3 -i x P/P fc+s+m „! x P/P fc+3+m+i _ 1 such that 
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(3.23) 



= r{D 



X(fe-l) s + m-l X(fc-l) 

(io,r?o,Co)) = r(L>L^+".+i-iJ (to, 



+ m + !-l 



X(fc-l) I s + m 

(to, »»,&)) =r(i?L •+«•+« 



x(fc-l) 



(*o,»?o,£o)) = Jo, 



r(D 
= r(Dl° 



s + m-l 
s + m + l-1 



+ m+!-l 



(to, 7)0, Co)) = r(£> 
(to,??o,Co)) = r(D 



s + m+I 



s + m-l 
+ m + l-l 

Xfc 



(to,f?o,£o)) 

(to,»?0,Co)) = J0 + 1 



Consider the following partition of the matrix 



D 



s+m-l 
s + m + i-1 



Ps + m- 
s + m + 1- 



(to,??0,Co) 



Ql 


CK2 


CC3 


OLk-1 




Pi 


/3 2 


P3 


Pk-1 


/3 fe 


7i 


72 


73 


7fc-i 


7fc 


Q2 




Q4 




Qfe+i 


/& 




/3 4 




Pk+i 


72 


73 


74 


7fe 


7fc+i 


a a -i 


a s 


Qs+1 


«s+fc-3 


Qs+fc-2 


Ps-1 


/3 S 


/3s+i 


Ps+k-3 


/3s+fc-2 


7s-i 


7s 


7s+i 


7s+fe-3 


7s+fe-2 




Ps+l 




Ps+k-2 


Ps+k-1 




Ps + 2 


Ps+3 


Pk+s-1 


/3fe+s 


/3 3 +m-l 


f3s-\-m 


Ps + m+1 


Ps+m+k-3 


/3 s + m + fc-2 


7= 


7s+i 


7s+2 


Js+k-2 


7s + fe-l 


7s+i 


7s+2 


7s+3 


7s+fc-l 


7s+fc 


7s + m + i-l 


7s+m + ! 


7s + m + I+l 


7s + m+i + fc-3 


7s+m + ; + fe-2 


a s 


Os + 1 


«s+2 




Q s +fc-i 


/3s + m 


/3 s + m + l 


Ps + m+2 


/3s + m + fc-2 


As + m + fc-l 


7s + m+! 


7s + m + i + l 


7s+m + ; + 2 


7s + m + i + k-2 


7s+m + ; + fe-l 



Let j be a rational integer such that 1 < j < k — 1. 

Set (t, r?, = (Ei>i ^T-\ £ t>1 PiT~\ £ t>1 ^T^) e P 3 



s + m x(fc-j + l) 

Recall that we denote by Dj- s+m+l (t,?7,£) am/ (3s + 2m + /) x (k — j + 1) matrix, 

such that after a rearrangement of the rows, if necessary, we can obtain the following triple 



persymmetric matrix 



3X(fc-j + l) 



(*) 



~(s + m) X (fc-j+l)'"' 

D ( s +™+l)x(fc-j + l) K) 
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aj+2 


Olk-1 




Otj+l 


a j+2 


aj+3 


Oik 


CXfc + l 


a j+a -i 


a j+s 


aj+s+i 


O-k+s-2 


«fc+s-l 


Pi 


Pi+i 


Pj+2 


Pk-1 


Pk 


Pi+1 


Pi+2 


Pi +3 


Pk 


Pk + 1 


Pm+j 


/3m+j+l 


Pm+j + 2 


Pk+m-1 


Pk + m 


j3s + m — 1 


Ps+m+j 


Ps+m+j+1 


Ps + m + k-2 


Ps+m+k-1 


H 


7j+l 


7j+2 


7fc-i 


7fc 


7j'+i 


7j+2 


7j+3 


7fc 


7fc+i 




7 m+ ; + j + l 


7m+!+j+2 


Jk + m + l-l 


7fc+m+; 


7s + m+i+j-l 


7s + m + Z+j 


7s + m + ;+j + l 


7s+m + i + fe-2 


7s+m + ; + fe-l , 



By (EOH we have r(D, 
.70 + 1. 



X(fc-l) 



(*o,»?o,£o)) < jo, r(-D 



s+m-l 

s + m + i-l 



(*o,»?o,£o)) 



It follows that r(D 



e+m-l 
s + m + i-l 



x(fc-l) 



(io, Vo, £o)) = jo Let ai, 02, • • ■ , a* denote the columns 



of D 



s + m-l 



(*o,t?o,£o) that is, 



ft 

7» 
di+i 

Pi+i 

7i+l 



«i+s-2 
ft + s-2 
7i+s-2 
Pi+s— 1 



Pi-\-s-\-m — 3 
/3i+s + m-2 
7i+s-l 
7i+s 

7i+s+m + ;-3 
7i+s+m + i-2 



Since r(D. 



»+m+l-l 



X(fe-l) 



(*o,f?o,£o)) = jo arid r(D 



J (to,»jD,Co))=5o+l, 



EXPONENTIAL SUMS AND RANK OF TRIPLE PERSYMMETRIC MATRICES OVER F 2 



we have ai ^ span {0,2, 03, ... , ak} , therefore r(D. 
We have then 
(3.24) 

x(fc-2) 

(*o,»7o,£o)) = jo - 1, r(D, 



+ m _l x(k-2) 



(*o,»?o,£o)) = jo - 1 



«+m-l 

s + m + l-1 



s+m-l 

s + m + 



x(fc-l) 



(to,r/o,£o)) = jo 



r(D 
= r(D 



8 — 1 
s+m-l 
s+m+l-1 



s+m 
s+m+l-1 



X(fe-l) 



(to, ilo, £0)) = r{D 



B+m-1 
s + m + l-1 



X(fc-l) 



(to,»7o,6)) 



x(fe-l) 



x(fc-l) 



(*o,»7o,£o)) = jo- 



Now we consider the matrix obtained from the matrix 



s + m-l 
s + m + l- 



D L 



/3 3 + m - 



(to,»7o,?o) 



by delating the first column and replacing the last column by the first one : 



«2 


03 


Oik-l 


ai 


& 


As 


Pk-i 


Pi 


72 


73 


7fc-i 


7i 


03 


a 4 


Qfe 


Q2 


03 




& 




73 


74 


7fc 


72 




a s +i 


a s +fc_3 


a 3 -i 


A 




/3s+fc-3 


0S-1 


7s 


7s+i 


7s+fe-3 


ls-1 


Ps+l 




/3s+fe-2 


Ps 


0s+2 




Pfc+s-1 


Ps + 1 


03-j-m 


/3s+m + l 


Ps+m+fc-3 


Ps + m-1 




7s+2 


7s+fe-2 


Is 


7s +2 


7s+3 


7s+fc-l 


7s+i 


'Js + m + l 


7s + m+i + l 


7s+m+!+fc— 3 


'Js + m + l-1 


a 3 +i 


a„+2 


a s +k-2 


a 3 


Ps + m + 1 


Ps + m+2 


Ps + m + k-2 


/3s + m 


Js + m+l + 1 


"fs + m+l + 2 


"fs + m+l + k-2 


s+m + Z 



From (I3.24p we obtain by elementary rank considerations 



(3.25) < 



r(D 
r(D 



s+m-l 

s + m + l-1 



x(fc-2) 



(io,f?o,Co)) = r(D 



s + m-l 

s+m+l-1 



s + m 
, + m + l-l 



x(k-2) 



(tp,»70,6)) =r(DL«+»+ 

x(fc-l) 



x(fc-2) 
,+>„, |x(fc-2) 



r(2? : 



s + m-l 
s + m + i-1 



(*o,77o,£o)) = 
(to,«7o,^o)) = jo - 1 
(io,»7o,£o)) = jo 
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Consider now the matrix 



D. 



S+m-1 
s + m + l- 

L Ts+m+i- 



x(fc-l) 



(to,»?o,fo) 



obtained by the matrix 



s+m-l 
8 + m+l-l 



/3 3 + m - 



(to,Vo,£,o) 



by delating the first column, that is 



From (]3.25[) we then deduce 

r(D. 
{ r(D. 

We get 



Q.2 




Otk-1 




02 


p3 


0k-l 


& 


72 


73 


7fe-i 




Ct.3 


a 4 


«fc 


CXfc + 1 


03 


I3 4 


Pk 




73 


74 


Ik 


7fc+i 


a s 


a 3 +i 


a s +fe-3 


Os+fc-2 


Ps 


Ps + 1 


Ps+k-3 


Ps+k-2 


Is 


7s+i 


7s+fe-3 


ls+k-2 


Ps + 1 


Ps+2 


Ps+k-2 


Ps+fc-1 


/3 S +2 


Ps+3 


Pk+s-1 


A+s 


/3s + m 


Ps + m + 1 


Ps+m+k-3 


Ps+m+k-2 


7s+i 


ls + 2 


7s+fe-2 


7s+fc-i 


Is +2 


ls+3 


ls+k-1 


7s+fe 


'Js + m + l 


'Js + m+l + 1 


7s+m + ; + fe-3 


7s + m + i + fc-2 


a 3 +i 


a 3 +2 


O-s + k-2 


Os + fc-1 


Ps + m + 1 


Ps + m+2 


Ps + m + k-2 


Ps+m+fc-l 


Js+m + l + 1 


7s + m+i + 2 


7s + m+; + fe-2 


Js + m + l + k-1 f 



s + m _l x(fe-l) 

s+m+ " lJ (to,U*),*o))=r(i> 



a + m-l 
s + m+1-1 



x(fc-l) 



(*o,»?o,£o)) 



X(fc-l) 



(*o,r?o,£o)) = r(D. 



s + m + 1 



X(fc-l) 



(*o,»7o,£o)) = Jo 



(3.26) 



JO 


- 1 


jo 


jo 


- 1 


jo 


jo 


- 1 


jo 


jo 


- 1 


jo 



> 



Pl/P fc + s _ 1 XPi/P fc + s + m _ 1 XPi/P )j + a + m + 1 _ 1 
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We have now proved that 



/ Jo 



Jo 



\ jo 



JO + 1 



jo + 1 



jo + 1 



JO + 1 



jo 


- 1 


jo 


jo 


- 1 


jo 


jo 


- 1 


jo 


v jo 


- 1 


jo 



> 



L XP/P fc + s + „ 



> 



Pl/P fc + 3 _lXPi/P fc+5 



_lXP 1 /P fc + 3 + m + i _ 1 



We repeat this procedure and obtain after finitely many steps 



1 



> 



From 



fj / r k+s 
/ 



lX'i„ /Pfc + s 



lXV jg /V k + s + m + l _ 1 



D 



a+m-1 

s + m + l-1 
L 7 a+m+( _ 

30+1 



x(fe-io) 



(to, J7o,fo) = 



we obviously get 



/ 












1 


V o 


1 / 



"jo+l 






a* 


Pjo + 1 


Pj +2 


Pk-i 


A 


7j +i 


7io+2 


7*-i 


ik 


0)0+2 


«J0+3 


a fc 


Ctk+l 


#70+2 


Pjo+3 




Pk+1 


7.70+2 


Tjo+3 


7fc 


lk+1 


a a+jo -i 




a s +fc-3 


a s +k-2 


Ps+j -l 


&+J0 


/3s+fe-3 


Ps+k-2 


1s+j -l 


7«+jo 


7s+*-3 


"/s + k-2 


Ps+io 


Ps+jo+1 


Ps+k-2 


Ps+k-1 




Ps+jo+1 


Pk+s-1 


Pk+s 


Ps+jo + m-1 


Ps+jo+m 


Ps + m+k-3 


Ps + m+k-2 


7s+J0 


7s+j + l 


7s + fc-2 


ls+k-1 


7s+J0 + l 


7s+J0 + 2 


7s + fc-l 


7s+fe 


Is+jo+m+l — 1 


7s+jo+m + Z 


7s + m+i + fc-3 


Js + m + l + k-2 


a s+ J0 


a s+j + l 




Cts+k-1 


Ps+jo+m 




Ps+m+k-2 


Ps + m+k-1 


'Js+jQ + m + l 


7s+i +m+i+i 


"fs + m + l + k-2 


'Js + m + l + k-1 






= 0, 





P J0 /P fe+3 _ixP J0 /P fc+3+r , 

which obviously contradicts (|3.26|l 



4. Study of the remainder A 



a + m 
a + m + l 



-1 XPjq /^k+s+m+l-1 



in the recurrent formula 



□ 
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p xfe 



/3 Xfe 



P Xfe 



e xfc 

7 . 

J i — 3,i — 3,i — 3,i — 3 



Recall that 



/J 

7 



denotes the cardinality of the following set 



{(t,n,0 e P/Pfe +a -i x p/Pfe +a+m -i x p/Pfe +s+m+; -i | r{D 



r(D 



B+m-l 
s+m+l-1 



(t,ij,e))=<, r(Z> 



J (t,r,,$,))=i 

xfe 



s + m + ( 



(*.»/, 0) 



4.2. Introduction. Adapting the methods used in Section 8 of [2] and using the rank for- 
mulas established in Section 3, we deduce by elementary rank considerations the following 
formula for 3 ^ i ^ 3s + 2m + 1, k ^ i + 1 



s + m 



<k i+1 

= £ ■ r 



a+m-1 
s+m+i-1 



j=i— 3 

where the a,- £ Z are explicitly determined. 



s-l 
s + m-1 
3 + T71 + i _l 



7 s+m+ ;- 



4.3. A rank formula for a i 
Lemma 4.1. .For l<i<2s + m + l — 4, fc > 2 + 1 uie /iane 



(4.1) 



s+rrl+i-l 



s + m'+l-l 

L 7 s + m+i _ 



X(t+1) 



Proof. The formula (|4.ip is obvious for k=i+l. 
We consider the following partition of the matrix 



D 



s+m-l 
s + m + 1-1 

7 s + m+i _ 



(*>»?, 
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ai 


OL2 


Oik-l 




a 2 


Q!3 








a-s 




Qs+fc-2 




(32 






P2 


Pz 






Pm+1 


fim+2 


Pk+m-l 


/3fc + m 


Ps+m-1 


0s-\-m 


fis + m + k-3 


Ps + m + k-2 


7i 


72 


7fc-i 


Ik 


72 


73 


7fc 


7fc+i 


7m+;+i 


7m + ; + 2 


7fc+m + i-l 


7fc+m+; 


Js+m + l-l 


7 s+m + Z 


7s+ra+!+fc-3 


7s+m + ; + fe-2 


Cts 




«s+fc-2 


Cts + k-1 


/3s + m 


/3s+m + l 


/3s + m + fe-2 


Ps + m + k-1 


7s + m + ! 


7s + m + i + l 


7s+m+!+fe-2 


7a+m + ; + fe-l 



Let > i + 2. Using Lemma 13.151 we obtain by elementary rank considerations 



(4.2) 



/C+m- 
•Ya+m+i- 



/ i-1 



V < 

/ i-l 



+ ' 



+ • 



i - 1 



V i 
/ i-l 



i - 1 



i - 1 



V »-i 

/ 1 



/P fc + s _lXP/P fc + s + m _ 1 XP/P fc + s + m + 1 _ 1 



V < 



' P/P fc + s _lXP/P fc + s + m _ 1 XP/P fc + a + m + 1 _ 1 



i - 1 



i - 1 



P/P fc + 3 _1 XP/P fc + a + m _ 1 XP/P fc + s + m + i _! 
t \ f 



P/P fc+s _lXP/P fe+a 



<p/p fc+3+m+i _l 



V i 



7 



P/P fc + ( ,_lXP/P )c + s + m _ 1 XP/P fc + a + m + 1 _ 1 



7 



P/P fc + s _lXP/P fc + s + ,„_ 1 XP/P fc + s + m + 1 _ 1 

Further, by Lemmas 13. 131 l3~T4l and |3. 151 we have 
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(4.3) 



s+m-l 

s + m + l-1 
0,+m- 

L y a +m+i- 



x(fc-l) 



+ • 



+ • 



= 8 ■ 



(* 


i 


i 


i + l 


i 


i + l 



' P/P fc + S _i XP/P fc + 3 + m _ 1 XP/P fc + s + m + I _ 

J_\t 



i + l 



P/P fc + s _lXP/P j=+a + m _ 1 XP/P fc + a + m + 1 _ 1 



+ 1 



+ " 



+ 1 / 
+ l_\f 



' k + s-l XP/P fc + s + m _! XP/P fc + s + m + 1 _! 



i + l 



P/P fc + a _lXP/P fc+a + m _ 1 XP/P fc + a + m + i _ 1 



+ 1 



+ 1 



+ 1 / 



P/Pfc + s-1 Xt/¥ k + s + m _ 1 XP/P fc + a + m + 1 _ 



V i 



k + s -l XP/P fc + s + m _! XP/P fc + a + m + i _i 

By flO]| , ASP we deduce 



(4.4) 



s-l 
e+m-l 
s + m + l-1 

Pe+m- 

y,+ m +i- 



x(fe-l) 



e+m-l 
s + m + l-1 

?s + m- 

le+m+l- 



for all k > i + 2 



Hence by (14.4[) we obtain successively 



e+m-l 
s + m + l-1 



s-l 
s+m-1 
s + m + l-1 

?s + m- 
Je+m+l- 



X(fe-l) 



— . . . — a- 



«s + m- 
Is + m + l- 



X(i+1) 



Lemma 4.2. For all i such that 1 < i < 3s + 2m + 1 — 4 we have 



□ 



(4.5) 



e+m-l 
s + m + l-1 

ffe+m- 
7 a + m+i _ 



x(i+l) 



= 8-r 



,-l+m 

-1 + m + l 



,-l+m 
-1 + m + l 



X(i+1) 



i+l 
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Proof. We consider the following partition of the matrix 



S+m-1 
s + m+l-1 



X(i+1) 



Ql 


«2 






a 2 


«3 




Qi + 2 


a s -i 




«s+i-2 


Qs+i-1 


ft 


ft 


ft 


ft+1 


ft 


ft 


ft+1 


ft+2 


R 

Pm+1 


R 

Pm+2 




R. 

Pi+m + 1 


Ps+m-X 


/3s+m 


ft + m+i — 2 


/3s + m + i — 1 


71 


72 


7i 


ji+i 


72 


73 


7i+l 


li+2 


7ra+l + l 


7m+i+2 


7s + ™.+ i 


"fi + m+l + l 


"fs + m + l-l 


7s + m + i 


7s + m+i + i-2 


7s+m + Z+i — 1 


a a 


Qs+1 


Os+i-1 






ft+m+1 


/^s + m+i — 1 




fs + m + l 


7s + m + i + l 


7s + m+i + i-l 





By elementary rank considerations and using Lemma 13.151 we obtain 
(4.6) 



B+m-l 

s + m + l-1 
L 7 s + m + l- 



X(i+1) 



( i-l 



i - 1 



i - 1 



( <-l 



i - 1 



z - 1 



P/P i + 3 XP/P i + s + m XP/P i+3 + m + 1 

' P/Pi+ S xP/p i+a+m xP/r 1+s+m+ , 



7 



+ 



i-l 


i 


I - 1 


i 


i - 1 


i 


j 


i 



P/P i+S xP/P i+3 + m XP/P i+3 + m+1 

A? 



7 



P/P i + S XP/P i + s + m XP/F i+1 + m+i 



7 



P/P i + S XP/P i+a + m XP/P i + s + m + i 
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i 
i 



7 



P/P; + 3 XP/P i + s + m XP/P i+3 + m + 1 

Further by by Lemmas [37131 [37141 and l3~15l we have 
(4.7) 



s + m-l 

s + m + l-1 

P.+m- 



-1+m 
-1 + m+I 



+ ' 



7 



i 


i 


i 


i + 1 


i 


i + 1 





i 




i 




i + 1 



+ ' 



P/P i + 3 XP/P i + 3 + m XP/P i+3 + m + 1 



"+T7 



V i 



8 • 





i + 1 




i + 1 



+ 1 / P/P i + 3 X P/P i + 3 + m XP/P i + 3 + m + ! 

±l\f 



V i 



P/P i + 3 XP/P i + 3 + m XP/P i+3 + m + 1 



+ 1 / 



P/P i + 3 XP/P i + 3 + m XP/P i+3 + m + 1 



TTJ 



P/P i + 3 XP/P i+3 + m XP/P i + 3 + m + i 

i \ f 



+ 8-1^1 



-l+m 
-1 + m+l 



X(i+1) 



' P/P; + 3 XP/P i+3 + TO XP/P i+3 + m + i 

Combining (|4.6[l . (I4.7p we deduce 



■ r 



-l + m 
-1 + m + l 



3 + m"+l-l 
L 7 3 + m+ l- 



x(i+l) 



+ 8-^ 



s-l+m 
-l + m+! 



X(i+1) 



and (|4.5|) is established. 

Lemma 4.3. Let s > 2 ana! m > 0, I > we have in the following two cases 
The case 1 < k < 3s + 2rn + I - 3 



□ 



(4.8) 



s + m-l 
s + m + l-1 

Ps + m- 
Is + m + l- 



(1 

8-r 
8-r 



s-l 
-l + m 
-1+m + l 



s-l 

-l + m 
■1 + m + l 



X(i+1) 



ifi = 0, k>l, 
ifl<i<k-l, 
ifi = k. 
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The case k > 3s + 2m + I — 3 



(4.9) 



a+m-l 
B + m + l-1 



1 

8-r, 
8-r 



-1+m+J . 



- s r+ m U(i+i) 

1+m+i J i/ 1 < i < 3s + 2m + 1 - 4, 



-l+m x(3s + 2m+I-3) 
1 + m + l J 
3s + 2m+(-3 



if i — 3s + 2m + 1 — 3. 



Proof. Combining (|4.1|l and (|4,5[1 and recalling the definition of <r i 
easily Lemma 14.31 



s+m-l 
s + m + l-1 



we deduce 
□ 



4.4. A rank formula for A,' 



s + m Xfc 
s + rn + 1 J 
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s + m x k 

Lemma 4.4. The remainder A 4 s+m+i J j n the recurrent formula is equal to 



(4.10) 
1 



s-r- 
s-r : 
15 -r. 
15 -r. 
15 ■ r 
-r| 8 
15 -r 
15 ■ r,. 
-64 ■ r 
15 ■ v\ ' 
-64 ■ r 
15 ■ r 
+120 • r 
-so ■ r 
+120 • r 
120 • r 



-1 + m 

-1 + m + I 



-1+m XI 

1+m + l J _ rj 



-1 + m 
1 + m + I 



-1+m |X2 
1 + m + l . 



56 -r : 
56 -r- 



-1 + m 
1 + m + l 



-1 + m 
1 + m+i 



-1 + m 
1+m+i 



-1 + m 
1+m+i 



.-1 + m 
-1 + m+l 



-1 + m 
-1 + m+I 



.-1 + m 
-1 + m+l 



.-1 + m 
-1 + m+l 



-1 + m 
-1 + m + i 



+ 14 



+ 14 



+ 112 ■ r} 



112 • Y\ 



-1 + m 
-1 + m+l 



-1 + m | XI 
-1 + m + l 



1+m X(i-l) 



120 • r 



.-1+m x(i-3) 

-1 + m + l J _ p 



s-1 
-1 + m 
-1 + m + l 



X(l + 1) 



-1 + m |XJ 
1 + m + I . 



-1 + m 
-1 + m + l 



X(i-l) 



+ 120 ■ r 



-1 + m 
-1 + m + l 



-1 + m 
-1 + m + l 



-8 

x(i-2) 



x(i-2) 



.-1 + m 
-1 + m + l 



s-1 



-1 + m 
1 + m + I 

3s+2m+!-3 
s-1 

-1 + m 
1 + m + I 

3s+2m+i-5 
s-1 

-1 + m 
1 + m + I . 

3s+2m+f-3 



x(i-3) 
x(3s+2m+I-3) 



so -r 



-1 + m 
1 + m + I _ 

3s+2m+!-4 



-1 + m 
1 + m + I . 

3s+2m+i-4 



x(3s + 2m + i-5) 
x(3s + 2m + I-3) 
x(3s + 2m + i-4) 



64 -r 



-1 + m 
1 + m + I . 

3s+2m+l-6 



x(3s+2m+l-4) 

X (3s+2m+l-6) 



64 ■ r 



-1+m x(3s+2m+Z-3) s-l+m | x(3s+2m+l-4) 

-1 + m + I J _g 4 pU-l + m + I_ 



-1 + m 
1 + m + I _ 

3s+2m+i-5 



x(3s+2m+l-5) 



3s+2m+Z-3 



-64 ■ r 



-1 + m 
1 + m + I 
3s + 2m+(-3 



3s + 2m+i — 4 



x(3s + 2m + I-3) 



ifi = 0, k > 1, 

ifi = 1, k > 2, 

if z = l, k = 1, 

ifi = 2, k > 3, 

ff* = 2, ft = 2, 

ifi = 3, k > 4, 
if i = 3, k = 3, 

«/ 4 < i < 3s + 2m + / - 4, ft > i + 1, 

i/ 4 < i < 3s + 2m + i — 4, A: = i, 

if i = 3s + 2m + Z — 3, > i, 

if i = 3s + 2m + Z — 2, A; > i, 
if i = 3s + 2m + Z — 1, ft > i, 
if i = 3s + 2m + l,k > i. 



Proof. From (|4.8l) and (|4.9p and recalling that A 



s + m | Xfc 
s + m+1 



is equal to 



s + m'+i-l 
L 7,+m+J- 



s-1 
s + m-1 
tm+I-1 



7 L Ts + m + I- J IJ4.^L .s + m + I- 

' T J-"* °i-2,i-2,i-2, 



s+tl + I-1 



L Ts + m + I- 



8 -a 



s + m-l 
s + m + 1-1 

/3s+ S m- 
L Ts + m + I- 
i — 3,i — 3,i — 3,i — 3 



we deduce easily Lemma 14.41 



□ 
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Lemma 4.5. We have 
(4.11) 



A, 
(4.12) 



s+m 
+ m + l 



A 



s + m Xfc 
s + m + ,J =A 



s + m 
s + m + 1 



s + m 
s + m + 1 



X(i+1) 



for0<i< inf (3s + 2m + Z - 4, fc - 1) 



for i e {3s + 2m + l - 3, 3s + 2m + I - 2,3s + 2m + l - 1,3s + 2ra + Z}, k > i 
Proof. Follows immediately from Lemma 14.41 □ 

5. A recurrent formula for uji(s,m,l,k) 

5.1. Notation. 

Definition 5.1. Set for < i < inf(3s + 2m + I, k) 



i(s,m,l,k) = T, 



s + m 
s + m + 1 



4 • r, L _'- 



s+m-1 Xfc 
s + m + 1 



8 • r, L _v 



s + m Xfc 

s+m+!-l 



+ 32 ■ r, L 



s+m+I-l 
-2 



5.2. Introduction. In this section we prove that uJi(s, m, I, k) can be partly obtained from 
u)i{s, m, Z, k) with i — > i — (s — 1), s — > 1, m — > m + s — 1, Z — > Z, fc — > fc, that is from the 
sum 



X /> 



4-r 



s + m-1 
s + m+1 



X fc 



-8-r 



s + m + 1 

z — s + 1 ~ ~ z — s 

These sums were studied in the first section 



s + m | Xfc 
s + m+I-1 



+ 32-T 



s + m-l 
s + m + 1-1 
-S-l 



5.3. The recursive formula for uji(s,m,l,k). 

Lemma 5.2. Let s > 4, m > 0, Z > and A; > 1, we Ziawe in t/ie following two cases: 



(5.1) 
Wi(s, m, Z, k) = < 



2 1 " 3 ■ w 3 (s - (i - 3), m + (i - 3), l,k) + Y, 2 J A ] 



s + m + 1 



J=0 



(l,m + s-l,Z,fc) + ^2 J A 



s + m 
s + m + 1 



if 4 < i < inf(s - l,k) 
ifs<i< inf (3s + 2m + I, k) 



3=0 



Proof. From the recurrent formula (|2.83|l we obtain the following equivalence 



(5.2) LJi(s,m,l,k) =2-Wi_i(s-l,m + l,Z,fc) + A 

The first case 4 < i < inf(s — 1, fc) 



s + m 
s + m + 1 



Using successively (|5.2p we get 



Ui(s,m, Z, fc) = 2 ■ uJi-i(s - l,m + 1, 1, k) + A 4 L 
/ 



s + m | Xfc 

s + m + ( 



2 -u;,-i(s - l,m + l,Z,fc) = 2 • 



2 • Wi_ 2 (s - 2, m + 2, Z, fc) + Aj-J^ 



V 



2 3 ■uj^ ] (s-j,m+j,l,k) = 2 J ■ \ 2-Wi_ u+r) (s-(j + l),m+(j + l),l,k)+A 
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2'- 4 - Wl _ M) ( S -( ! -4), m + ( l -4),I,fc) = 2 l 4 -|2 , :()( . s _(,■_;{). ,„ + (,-;!}. /./,-) + A ; 
By summing the above equations we obtain: 



(i-4) 
+ m 
+ m + l 

4) 



]T (s -3,m+j,l,k) = Yi 2 3 



3=0 



3=0 



2 • Ui- U+1) {a - (j + 1), m + {j + 1), I, fc) + A 



V 



S + m 


Xfc \ 


s + ?n + i 









■Ui(s,m,l,k) = 2* 3 • u> 3 (a - (i - 3),m + (i - 3),Z,fc) + A 



3=0 



The second case s < i < inf (3s + 2m + I, fc) 



s + m 
+ m+l 



uii(s, m,l,k) = 2 • tJi_i(s — l,m + 1, I, fc) + A 
/ 

2 ■ Wi_ 2 (s - 2, m + 2, Z, fc) + A^ 



xfc 



2-Ui-i(s-l,m + l,l,k) = 2 



s-l 
s + m 

S + m + Z 



V 



2 2 ■ cui- 2 (s - 2, m + 2, 1, fc) = 2 • 2 ■ u>;- 3 (a - 3,m + 3, Z, fc) + A 



i-2 



-(o-3) 
s + m 
s + m+l 



2 s -' ■ Wi_ (3 _ 3 )(s - (a - 3), m + (a - 3), I, fc) = 2 S ^ • 2 • Wi_ (i _ 2) (a - (a - 2), m + (a - 2), I, fc) + A, L _ a ( ^ 



2 s ■ w i _ (3 _ 2) (s - (s - 2), m + (a - 2), I, fc) = 2 s 
By summing the above equations we obtain: 



2 • Wi_ (s _i)(s - (s - 1), m + (a - 1), l,k) + A 



V 



s-(s-2) 

s + m 
s + m+1 

-(s-2) 



Xfc 



J^^Wi-^a- j,m+j,l,k) =J2 23 ' I 2-w i _ 0+1) (a-(j + l),m + (i + l),Z,fc) + A 

J=0 j=0 



s + m 
s + m + L 

1-3 



uji(s,m,l,k) = 2 a 1 - Wi _ (3 _ 1) (l,m + a-l,l,fc) + ^2 j A l L _ s +" 

j=0 



xfc 



□ 



6. COMPUTATION OF V 



s + m 
s + m+l 



Xfc 



for i < a — 1, i < k, m > 0, Z > 
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x(j + l) 



6.1. Notation. We define jj to be equal to the number r . 3 J of rank j matrices of 

the form , where A,B and C are j x (j + 1) persymmetric matrices. 



6.2. Introduction. In this section we adapt the method used in Section 11 of [2] to compute 



by induction on i the number iy 
A,B and C are persymmetric. 



3 + m \xk 
s + m + l 



of rank i( >-[) matrices of the form ^-g-J , where 



s + rn Xk 

6.3. Computation of s+m+! J j or i < s — 1, i < k, m > 0, I > 0. 
Lemma 6.1. Consider the matrix 



D 



s + m Xfe 
3 + ™ +,J (*,»?,fl = 



o'2 



a 3 -i 
a a 
ft 

ft 



Pm+l 
fis + m-1 

7i 
72 



a 2 

«3 



Qs + 1 
ft 
ft 



Pm+2 

/3s + m 
/3s + m + l 
72 
73 



7m + I + l 7m+i + 2 



Ctk-1 
Ctk 



Cts + k-3 
Os+k-2 
ft-1 

(3k 

Pk+m-l 

f3s + m+k-3 
Ps + m+k-2 

7* 



Oik 
CKfe+l 



Cts+k-2 
Cts+k-1 
ft 
ft+1 



ft+m 

/3s+m+fc-2 
ft+m+fc-1 
7fc 

7fc+i 



7fe+m+i-l 7fc+m+! 



\ "fs + m+l "fs + m+l + l ■ ■ ■ "fs + m + l + k-2 "fs + m+l + k-l / 

Let gk,s,m,i(t,ri,£) be the quadratic exponential sum in P 3 defined by 
(M,£)€P 3 ^ J2 E E ( tYZ ) E E( V YU) J2 E{iYV)€ 

degY <fc — 1 degZ<.s — l degU <s-\-m — 1 degV<s+m+/ — 1 



M^e /iaf e 
(6.1) 

(6.2) 



tif(3s+2m + !,fc) 

E r 

i=0 



8 +rn xfc 



inf(3s + 2m+!,fc) 

E r 

i=0 



s + m 
s + m + l 



and 



2~ i 22fc+3s+2m+i — 3 _j_ 23fc~3 2^fc — 3 



Proof. The proof of (|6.ip is obvious. 



By (|2.6[l with s — 2 — ► s — 1, s + m — 2— ► s + m — 1, s + m+!-2-»s + m + (-lwe ob- 
tain, observing that gk,s, m ,i(t,V,£) is constant on cosets of P fc+S _i xP fc+s+m _i x P fe+s+m+i _i 
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/ 



gk,s, m ,i{t,T],()dtdr)d^ 



E 

(*,»7,€)6P/P fc + s _iXP/P A; + s + m _ 1 xP/Pi ; + s + m + ! _ 



inf(3s + 2m+i,fc) 

E r 

i=0 



+ m + l J 3s + 2m+i + fc- 



- ) 3s+2m + l + k-r(D l - s + m + l J ( f 



1 /" dt /" dr? f 

Jr k+ ,_-, ipu..i„_i ./p 



"' 0) / dt / dr? / 



dr] / d£ 

fc+S + 773,- 1 '^fc+S+m. + Z-l 



drj / d£ 

fc + s + m-l ''Pfc + s + m + I-l 



= 2 



-2fc+3 



inf(3s+2m+!,fc) 

E r 

»=0 



On the other hand 

Jp3 

= Card{(Y,Z,U),degY <k- l,degZ <s- l,degU < s + m-l,degV < s + m + I - 1 \ Y ■ Z = Y ■ U = Y ■ V = 0} 



The above equations imply (|6.2 



□ 



Lemma 6.2. We have for all j > 1 
(6.3) 



s + ™ Xfe j X(j + 1) 

+m+i J = T } 3 J = jj for s > j + 1, fe > j + 1, to > 0. / > 



Proof. The proof is by strong induction, that is: 
If 

• (-Hi) is true, and 

• for all j > 1, (Hi) A (#2) A ... A (Hj) implies (H ]+1 ) 

then (-ffj) is true for all j > 1. 
(Hi) is true 



Indeed from (f2T83]i with i = 1 and (|4~TT)) 



ri 



e + m 
s + m + l 



X(fc + 1) 



= 14 + A} 



s + m + ( 



x(fc+i) 



(14 + A} 



= for all 



s > 2, k > 2, to > 0, I > 
which implies that 



(6.4) rj 



a+m Xfc I s+i 

s+m+1 J _ p L s + ™ + I 
— 1 1 



for all s > 2, fc > 2, to > 0, I > 0. 
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Consider the matrix 



a 2 



a 3 

02 



fts-{-m /3s + m+ 1 

71 72 

72 73 
7m+l + l 7m+! + 2 



\ 7s + m+I 'Js+m + l+1 / 

We have respectively by (|6.ip , (|6.2[1 with k = 2 



«3 



(6.5) 



s + m 
s + m + 1 



-,3s+2m+Z+3 



(6.6) 



From (16. 5p and (J6.6[) using (|6.4p we deduce 



(6.7) 



s + m xfc 
pi. J = pL 1 



s + m + 1 



1 x2 



21 



(6-8) r_ 

(Hi) (g 2 ) 

From (12.83[) with i = 2 we obtain 



for all s > 2, k > 2, m > 0, Z > 



for all s > 2, fe = 2, m > 0, / > 



s + m 


X fc 


s-1 


Xfc 




xfc 


,+m Xfc 




s + m 


! 


= 2-r 3 


_ s + m + i _ 


+ 4-r 




+ 8-r 


_s +m+ l-l\ 5( ,_ 


HA. 


_ s + m + l 



Applying (|4.1ip with i=2 and fc > 3 we get using (|6.7p with s > 3, m > 0, / > 



x(fc+l) 



s + m 
s + m + l 



xfc 3+m X(fc+l) 

= 2 ■ [rj " +m+l 1 - i\ L 



,+m-l X(fc+1) ,+m-l Xfc a + m X(fe+1) s + m Xfc 

+ 4 .[ r L •+-.+! J _ r L.+m+»j ] +8 . [pL J _ r L» +m+( - 1 j j 

which implies 
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(6.9) 



s + m Xfc s + m X3 

s+m+l J = r, L 3+m+l J for all k > 3, s > 3, m > 0, I > 



Consider the matrix 



Ol 


fl2 


a 3 






Q'4 


a s 


Qs+1 


Cts + 2 


ft 


ft 


ft 




Mo 




Pm+1 


ftn+2 


ftre+3 


/5s+m 


ft + m + 1 


ft + m+2 


7i 


72 


73 


72 


73 


74 


7m+l + l 


7m+l + 2 


7m+l+3 



\ 7s + m+l 7s + m + l+l 7s + m + l + 2 / 

We have respectively by (|6.1[l . (|6.2p with k = 3 



(6.10) 



s + m 
s + m + l 



-,3s+2m+l+6 



(6.11) 



E r 



s + m X3 

s + m + i J 23 s + 2m+0 + 3 _j_ 2^ 2^ 



From (|6.10j) and (I6.11|) using (16. 7|) and (|6.9j) we deduce 



(6.12) 
(6.13) 



s+m I xfc 
p L s+m+l J = p 



2 X3 



378 



s + m 
s + m+l 



-,3s + 2m + l+6 



for all s > 3, k > 3, m > 0, Z > 



400 for all s > 3, fc = 3, m > 0, I > 



(i/i) A (i/ 2 ) implies (H 3 ) 
From (I2.83P with i = 3 we obtain 



s + m Xfc 
s + m + l . 



2-r 



s + m I Xfc 
s + m + l 



+ 4-F 



s + m-1 I Xfc 
s + m + I 



+ 8-r. 



s + m I Xfc 
s + m+1-1 



[8 ■ r[ 



16 -r- 
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+ 64 ■ r ' 



s+m-l 
,+ m +l-l 



+ AJ 



B+m+l 



Applying (|4~TTj) with i=3 and k > 4 we get using (|6~7)) and ([6~12|) with s > 4, m > 0, I > 



s + m X(fc + 1) 
s + m + 1 I 



s + m Xfc 



2 • T 



+ 4- [r 

- 8 ■ [r{ 

- 32 • [r| 



+ m-l 

. + 771 + 1 



: I i I : | a + m-l | Xfc 



+ 777 X(fc+1) 



S + m 
S + 777+1 -1 



+ 7,7-1 I X(fc+1) 



fl+777-1 
S + ,77+1-1 



- r 

x(fc+l) 



s + m-l 

S + m+1 



S+777 -1 
S + 777+1 -1 



+ 8- [r 
- 16 ■ [r| 

1=0 



3+777 

s + m + 1 

2 

x(fc+l) 



s + m X(fc + 1) 

S + 777+1 -1 



-ri 



s+m-H-l 



s + m 
s + m + 1-1 



which implies 



S + 777 

+ m + l 



(6-14) r u 

Consider the matrix 



= r. 



S + 777 

s + m + 1 



for all k > 4, s > 4, m > 0, I > 



ai 


«2 


«3 


a 4 


CK2 


«3 


CI4 


«5 


a« 


Cts + 1 


«s+2 


Q-8 + 3 


ft 


ft 


ft 


ft 


ft 


ft 


ft 


ft 




ftn+2 


ftn+3 


ftn+4 


/3s + m 


ft + m+1 


ft + m + 2 


ft+m+3 


7i 


72 


73 


74 


72 


73 


74 


75 


7m + l + l 


7m + l + 2 


7m + i + 3 


7m+!+4 



\ Js + m + l 7s + m + l + l 7s + m + l + 2 7s + m + l + 3 / 



We have respectively by (16.1[l , (16. 2[) with k = 4 



(6.15) 



s + m 

S + 777 + 1 



= 2 



3s+2m+l+9 



(6.16) 



s + m 
s + m + 1 



2~ i 23 s +2m+l+5 2^ 2^ 



Prom ijBTTBll and (f6~T6|> using (f6~14)l . p7T)) (I6~T2|) we deduce 
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(6.17) 



(6.18) 



s+m I xfc 

s + m+1 _ 



r 3 L3 - 



6384 



s + m I X4 
s + m + 1 



2 3s + 2m +^+ 9 6784 



for all s > 4, fc > 4, m > 0, Z > 



for all s > 4, fc = 4, m > 0, Z > 



Computation of u;3(s — (i — 3), m + (i — 3), Z, fc) in the formula (|5.1|l for 4 < i < inf (s — 1, fc) 



By Definition O 

^3(s — (i — 3), m + (i — 3), I, fc) = T 3 L 
from (f6~7)l . (l6~l*^1l and (ffHY)) we obtain 



-(i-3) 
s + m 
, + m + l 



4-r 



»-(i-3) 
s + m-1 
s + m + 1 J 



8-r 



.-(4-3) 
s + m 
s+ m +i_l J 



+ 32 • r\ L 



a-(i-3) . 
s+m-1 
s + m + l-1 . 



(6.19) 

w 3 (s - (i - 3), m + (i - 3), I, k) = 6384 - 4 ■ 378 - 8 ■ 378 + 32 ■ 21 = 2520 for 4 < i < inf (s - 1, fc) 
Computation of un{s, m, I, k + 1) — Wj(s, m, Z, fc) for 4 < i < inf (s — 1, fc — 1) 



By (ElJand (pH9"1> we get for 4 < i < inf (s - 1, fc) 

i-4 

u t (s,m,l,k) = 2 i ~ 3 ■ iv 3 (s- (i - 3),m + (i - 3),Z,fc) +^2 j A 



s + m + l 

i—3 



3=0 



s + m 
+ m + I 



= 315 ■ 2 l + ^2 j A 

3=0 

From (|4.1ip we then deduce 



Wi(s, m, I, k + 1) — Ui(s,m,l,k) = for 4 < i < inf (s — 1, fc — 1), 
that is 



s + m xfc+1 

+ m + l 



(6.20) r| 

-32-(r 



,+m I Xfc 
s + m + l 



+ m-l Xfc + 1 

+ m + l 



s + m-1 Xfe 

s+m+I 



s + m Xfc + 1 




s + m + l-1 J „ 




i-1 1 ! 


-1 



s + m-1 Xfc + 1 

s + m + l-1 



+ m-l | Xfc 
+ m + l-l 
i-2 



for 4 < i < inf (a - l,fc - 1) 



(gi) A (gg) A ... A (iJj) implies (H j+1 ) 



From (|6.20[) with i — ► j+1 we get 
(6.21) 



s + m 
+ m + l 



1 j + 1 



= 4 • (r 



xfc+1 



1 J + 1 



s + m 
+ m + l 



s + m-1 


Xfc + 1 




. s + m + ( _ 


-r 




i 







[ s+V ■ 


xfc+1 




xfc 


L s + m + l-1 _ 

3 




_ s+m+l-i . 





32 • (r>_*; 



s+m+i-1 



Xfc + 1 



s + m-1 Xfc 

pL s+m+i-i J s for s > j + 2, fc > j + 2, m > 0, Z > 



EXPONENTIAL SUMS AND RANK OF TRIPLE PERSYMMETRIC MATRICES OVER F 2 109 



By (Hj), (Hj-i) we obtain respectively 
(6.22) 



r 

J 

(6.23) 



+ 771+1 



Xfc I 

_ p L s + m + l-l 



3 — 1 

3-1 | XJ 

i-i . 



= r 



x(j + l) 



= 7j for s > j + 2, fc > j + 2, m > 0, Z > 



S+771-1 Xfc 

FL_ s +™+ ! - 1 J =r L _ J - iJ = 7j _i fors>i + l, fc>i + l, m>0, l>0 



we deduce from JEITJ, (f6T22]l and (f6723]l 

(6.24) 



S + 777 Xfc 
S + 777+i I 



1 J + l 



s+m x(j+2) 

+ m + ( 



for & > j + 2, s > j + 2, m > 0, Z > 



Consider now the matrix 



D 



S + 771 

s+m+l 



X 0+2) 



(t,v,0 = 





a2 


Qj + l 


a j + 2 


a z 


Q-z 


Oy+2 


ay+ 3 


Ots-l 


Ots 


a s+ j-i 




Ois 


Os+1 


a 3+j 


Qs+i+l 


01 


02 


Pi+i 


ft + 2 


(32 


03 




ft+3 


Pm+1 


flm+2 


Pj + m + 1 


/3j + m+2 


fls + m-1 


Ps+m 


/^s + m+j — 1 


/3s + m+j 


/3s + m 


Ps + m + l 


/^s + m+j 


Ps + m+j + 1 


7i 


72 


7j+i 


J}+2 


72 


73 


7j+2 


7j+3 


7m+l + l 


7m + ! + 2 


7j + m + I + l 


7j +m +i+2 


7s + m+; 


7s + m + i+l 


7s + m+;+j 


7s + m+(+j + l 


3} with k 


= j+2 







(6.25) 



2+2 s + m x(j+2) 



-,3;j+3s+277i+I+3 



(6.26) 



J+2 S+ S TO x(j+2) 



■ 2 



-i _ 22j+3s+2m+i + l , cjij+Z _ <f-i+\ 



Setting s=j + l, m = 0, Z = in (Irl25|l . (ffl26|) we have 



(6.27) 



J+2 
j=0 



i+1 x(j+2) 

j+i J _ 2 6 J+ 6 



no 
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(6.28) 



3+2 

E r * L5+1 



i+l I x(i+2) 



. 2 _l = 2 5j+4 + 2 3j+3 — 2 2j+1 



From (Hi) A (H 2 ) A ... A it follows that 



s + m. 


x(3+2) 


i + i 
i + i 


x(j+2) [fl 


s + m + l _ 


= r, 


_ i + i _ 


= r UJ 



(6.29) r; 
We then deduce from (J6J25J), $$£26$ and (ftT29"l) 



x(i+l) 



for 1 < i < j 



(6.30) 



s + m 
s+m+l 

J + l 



x(j+2) 



-,4j+5 3j+3 



2 3i+3 + ^ 7i(1 „ 2 3+2- !) 



and from (pHTJl , (|6~2^|) and (Id39"|) 

(6.31) 



-i+i 



^ + 1 x(j+2) 3 

= 2 4j+5 - 2 3j+3 +^7i(l - 2 J+2 ~ i ) 



By (J03J), (|H30l and (p^T]) it follows that 
(6.32) 



s + m \xk 



Lemma 6.3. V^e /iaue 
(6.33) 

r 



1+5 x(j+2) 

j+i +1 J = Jj+i for all s > j + 2, k>j + 2, m > 0, l>0 

□ 



+t^J xfc = r L!J x(<+1) 



1 ifi = 0, 

105 ■ 2 4l ~ 6 - 21 ■ 2 3 '" 5 if 1 < i < s - 1, k>i + l, m > 0, I > 0. 



Proof. We have respectively by (J6TTJ, (16. 2p with k = i+1, s = i and m-=0, I = using (|6.3 
(6.34) 

j±i |"ilx(*+i) * [tlx(i+l) 



3 = 



. X (i + 1) 

2 -3 = V"7j • 2" J + r} + V ■ 2" (i+1) = 2 5i_1 + 2 3i - 2 2i_1 . 

3=0 



3 = 

and 
(6.35) 

±ti [ 1 1 x(i+i) 

E r F 

3 = 

Subtracting ()6.34p from 1)6.351) multiplied with 2 I+1 we deduce 
(6.36) 

7i = 2 4i + i_ 2 3i + g 7 ._g 7 .. 2i+ x-3 

3=0 3=0 

Substituting i for i-1 in (|6,36|) we get 
(6.37) 

7i _i = 2 4 *" 3 - 2 3! ~ 3 + ^73 - X> ' 2 l " J 

3=0 3=0 

From JS3SJ), (f6737t> we obtain 
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7 < - 2 • 7i _ x = 2 4 ' +1 - 2 3 ' + g 7, - £ 7i ' 2 l+1 " J - 2 ■ (2 4l ~ 3 - 2 3 *" 3 + g 7 3 - g 7j ■ 2'"') 

3=0 j=0 3=0 J=0 

t— a 

7i - 2- 7i _! = 7 ■ 2 41 - 2 - 3 ■ 2 31 - 2 _ 5^ 7J - 3 • 7 ;_i 

i=0 

(6.38) 

^ 7i =7-2 4i - 2 -3-2 3i - 2 

3=0 

Finally from (|6.38[1 we deduce 

i i — 1 

v = J2 n - J2 v = 7 • 2 * i_2 ~ 3 ■ 23! ~ 2 - ( 7 ■ 24 '~ 6 - 3 • 23, ~ 5 ) = 105 ■ 24 ^ 6 - 21 ■ 231-5 

3=0 3=0 

□ 

Lemma 6.4. We /iaue 
(6.39) 

s-l 

^7, = 7 ■ 2 4s ~ 6 - 3 ■ 2 3s " 5 

3=0 

(6.40) 

S-l 

, -2 = 15 J 5 7-2 '- 5 

3=0 

(6.41) 



i _ J = 2 3 s+2m+ , +3i -3 _ 7 . 2 4i-6 + 3 . ^-5 /or ! < j < s + 1; m > > 

Proof. 

Proof of (|fJ39l 

From <|6.33[) we obtain 

s-l s-l 

Y.^ = J2 ( 105 ■ 24j ~ 6 - 21 ■ 23i ~ 5 ) = 7 ■ 24s ~ 6 ~ 3 ■ 233-5 

3=0 3=0 

Proof of (l640|) 

s — 1 s— 1 a — 1 

^ 7j -2-' = y, ( 105 • 2 ^ _B - 21 ■ 23j ~ 5 ) • 2 ~ J = ( 105 ■ 23j_6 - 21 ■ 223_5 ) = 15 • 23s ~ 6 - 7 ■ 22s ~ 5 

3 = 3 = 3=0 

Proof of (|6.4ip in the case 1 < i < s. 
From (|6.1[) with k = i using (|6.33[1 we obtain 

t i — 1 i — 1 



r 



B + m 
s + m + l 



23s + 2m+Z+3z — 3 ^^7' ^s + ^m+l+Zi — 3 ^ ^ (105 2 4j ^ 21 2 3j_ ^) 



3=0 3=0 



23s+2m+Z+3z — 3 ^ 2 4 * _ ^ -4- 3 2 3 * _ ^ 
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Proof of (16.41(1 in the case i = s+1 



From (|6.1|l with k = s+1 using (|6,39p we obtain 



s + m 
s + m + ( 



x(s + l) 



1 s + 1 



s + m 
+ m+I 



X(s + 1) 



= 2' 



6s+2m + ; 



6s-\-2m-\-l /J 2^s — 6 __|_ g 2^ s — ^ 



3=0 



From (|6.2|l with k = s+1 using (|6,40p we obtain 

X(s + 1) s + m x(s + l) 



2-r 

= 2 



s + m 
s + m + 1 



T 1 s +l 

6s+2m+z _j_ 2^s+i 2 S ^ 1 (15 2^ S— ^ 7 2 



2 6 s+2m +i + 2 4 3 +l 2 3s _ 2S + 1 . 7j . 2" 



j=0 



26s+2m + Z . 24s + l 2^ s ^5 2^ S ~^ + 7 2^ S_ ^ e^is + lrn + l _j_ ^g 2^5 — ^ g 2"^ S_ ^ 



We then deduce from the above equations 



(6.42) 



r 

(6.43) 



s + m 
+ m + ( 



+ m + l 
3 + 1 



x(s + l) 



X(s + 1) 



105 ■ 2 4s ~ 6 - 21 ■ 2 3s ~ 5 , remark that JOS]) holds for i = s, k = s+1 



□ 



7. Computation of Wj(s, m, /, fc + 1) — Ui(s, m, /, fc) in the case 
s < i < inf(3s + 2m + l,k), k > i 

7.1. Notation. 
Definition 7.1. 

We define a' 3 '™'^ 1 to be equal to rj_+"™<] xfc 
for s ^ i ^ inf(fc, 3s + 2m + /) 
We recall that ( see 15.11 ) 

uji(s,m,l,k + 1) - LUi(s,m,l,k) 



•4.r!«+r? ilxfc -8-r!:t?f'- 1 - "--••52- 1- . '• 



s+"m+! 



X(fc + 1) 



s + m | Xfc 
S+m+! 



■4-( r .-i 



s + m-l 
s + m + ( 



X(fc+1) 



s + m-l Xfc 
p [_ s + m + i 
1 i-1 



s + m X(fc+1) 
s + m + 1-1 



-r, L _i 



s + m Xfc 
s + m + 1-1 



)+32-(r 1 



s + m-l X(fc + 1) s + m-l Xfc 

s + m + i-1 J _ -pL t+m+l-1 J \ 

2 1 i-2 ,/ 



7.2. Introduction. We adapt the method used in Section 10 of [2] to compute explicitly 
u>i(s, m, I, k + 1) — u>i(s, m, I, k) for s ^ i ^ inf(fc, 3s + 2m + I), k > i 



7.3. An equivalent to the formula for cui(s, m, I, k) in the case s < i < inf (3s + 2m + 
l,k). 

Lemma 7.2. Let s > 2,m > 0, i > and fc > l,then we have 
(7.1) 

LJi(s,m,l,k) = 2 k+s - 1 A l ;- m ^ k] +2 ! A 



a+m+1 ] xA: 
N-s+l 



2 i-i A [ s ;++ ; ]^ 



8-2 

3 = 



s — 3 
s + m 
s + m+I 



ifs<i< inf (3s + 2m + Z, k) 
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(7.2) 



tJi(s, m,l,k + l)- <Ji(s, m, I, fc) = 2 k+s A [ .' m ' l ' k+1] - 2 fc+s - 1 4 s ' m ' i ' fcl ifs<i< inf (3s + 2m + I, fc), k > i 
where 



.4 ! 



S,mJ,fc] _ r [ s + m"+i] Xfe A p[s+m+l] X/! Q -p[a + ntf , l-l] X ' i , no pla + m'+i-l. 

— L i-e _4,i i- S -l -»'J-i- 3 _l +^-l j _ s _ 2 



xfc 



Proof. 

proof of (|7.1 



From Definition I5JJ and Theorem IL4] we obtain 



-O-i) (1, m + a - 1, Z, fc) = r\ L _ s ( 



S + 771+! 



Xfc s+m-1 Xfc 

0-1) * 1 i-s 



» + n 



, ol-S + lpLa + m+i 
1 * 1 i-s+l 



Xfc 



(2 fc — 2 i_3 )p[ s +" 1 + , l xk i o' 
4 . [ (2 fc _ 2l - S -i) r ^+™+l] x ' : + 2 i-« r [i+™^] > < fc j 



8- [(2 fc - 2 i ~ s " 1 )r I [ i+™ 1 +; - lJ 



2»-Sp[ s+^-H-l ] Xk l 



S+m-1 Xfc 

- +32.rl;+r ! - lJ 



fc rii — S-2\p[s + m + l-lJ 



32- (2 K -2 I ~ s ~ / )r 



+ 2 



i— s-ll-pl s + m + 1 J 



= 2 fc ■ [riir +1 



Ixfc „f"i m iJlxfc 



32 r 



s + m-1 1 
+ m + i-lj 
i — s-2 



xfc „ T 7; xfc 

2 ■ r s+m + J 4 pLs+^i- 



T-i]x* + 8 . r [.+5i-i]^ 



L £— s + l — - i — s " ' z — s 

2 ! " s • rr!:+ +m +' ] x k - 2 ■ r!3»+« ] x " - 4 ■ ri:+i?- 1 ] x k + 8 ■ r^ 7 - 1 ] 



_ nfc 4 [s,m,i,fc] _j_ s + l . [ s + m + i ] X fc ^ J_ s . [ ,,+tra + l ] 
i ~T i— s+l i— s 

Hence from (|5.1[) we get easily (|7,l[l 
proo/ o/ (ff^)) 



From Lemma 14.51 we obtain 

8-2 



s+m 

s + m+I 



s + m 
s + m + l 



X(fc + 1) s-2 

-E 23 ^ L - 

and from Lemma 8.5 (see [2] section 8) we get 



for fc > i, 



.[.;-£+, J x(*+i) _ A L+r+d xfc 

i i-s + l ^i-s+l — "i-s 



o, A l»p i Jx^x)_ A up ! jxfc =o for k>i 

Hence from the above equations we obtain easily (17. 2p 



□ 



7.4. Computation of A\ 



[s,m,l ,fc] 



Lemma 7.3. Set for s < i < inf (fc, 3s + 2m + /) 



A 



[s,m,l,k] _ p [m + s + l 



\ xfc [' n t s T}lxfc I" rtl ilxfc I" "I+iT 1 ,! 



+ 32 ■ r, L 



We have in the case I = 0, m = 0, s = 2 



[|lxfc [i]x* M: 



A [ 2 ,o,o,fc] = r w _i 2 .r^i +32-r L : 4 
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(7.3) 



We have in the case I = 0, m = 1, s = 2 

M 



(7.4) 



^[2,1,0,*] = , 



1 


ifi 


= 2 


-3 


ifi 


= 3 


-3-2 fc+1 +2 


if i 


= 4 


32 fc+i 


ifi 


= 5 


3 ■ 2 2k+2 


ifi 


= 6 






- 12 ■ rU 


+ 32 


r 


i 


ifi = 


2 


-3 


ifi = 


3 


2 


ifi = 


4 


. -3-2 fc + 2 


ifi = 


cr 



3 • 2 fc + 2 


ifi = 


6 





ifi = 


7 


3 • 2 2fc+4 


ifi = 


8 



We /wroe in the case I = 0, m > 2, s = 2 

2 lxfc l" m+1 l 

2 J -i2-rh +2 J 



.4 



[2,m,0,fc] 



= r 



m + 2 
m + 2 | 

i-2 



xk 



+ 32 .rh +lJ 



(7.5) 



^[2,m,0,fc] 



1 i/i = 2 
—3 if i = 3 

2 i/ i = 4 

if5<i<m + 3 

_ 3 . 2 fc+ m +i l j i = m + 4i 

3 . 2 fc+ m+ i ifi = m + 5 

ifm + 7<i<2m + 5 

3 . 2 2fc+2 m+ 2 j/j = 2m -(-6 



VFe /iaue in i/ie cose 



\,m = 0,s = 2 



^[2,0,1,*] = p 



[*]x* 



4 • r 



xfc 



8^3^ + 32-^1 



(7.6) 



^[2,0,1, k] = 



(1 ifi = 2 

—3 if i — 3 

-2 fc+1 + 2 i/i = 4 

-3-2 fc+1 i/i = 5 

2 fe+3 ifi = 6 

3-2 2k+3 ifi = 7 



We have in the case I = 1, m = 1, s = 2 



4».M.*] =r & .-I; , 



xfc 



s-rJ-!r" + 32.rJ-H 
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(7.7) 



^[2,1,1,*] 



1 if i = 2 
-3 if i = 3 

2 ifi = A 
-2 k + 2 ifi = 5 
-3-2 k+2 if i = 6 
2 fc + 4 ifi = 7 
if i = 8 
3-2 2k+5 ifi = 9 



We have in the case I = 1, m > 2, s = 2 



Tm + 2 

^[2,m,l,fc] _ p L m +3 



Xk 



4-r 



r m + 1 lx(r [m+2] . 

L m+3 J q r L m+2 J 

—8-1 „_o 



+ 32 • r 



m+2 
i-4 



(7.8) 



PFe have in the case 



1 ifi = 2 
—3 if i = 3 

2 i/i = 4 
i/ 5 < i < m + 3 

A [2, m ,l, fc ] = ^ _ 2k+m+1 ifi = m + A 

_ 3 . 2 fc+ m +i j/ i = m + 5 

2 fc+m + 3 i/i = m + 6 

ifm + 7<i<2m + 6 

3 . 2 2fc+2 m +3 jjj = 2 m + 7 

2,m = 0,s = 2 



A [2,0,2,k] = p 



(7.9) 



i [2,0,2,*:] 











4- 


-a- 


L i-3 


+ 32 




'1 


ifi = 


2 




-3 


ifi = 


3 




_ 2 fc+i + 2 


ifi = 


4 


= < 


5 • 2 fc+1 


ifi = 


5 




-5 ■ 2 fc+3 


ifi = 


6 




2*: + 5 


ifi = 


7 




3 • 2 2fe + 4 


ifi = 


8 



We have in the case I = 2, m = 1, s = 2 



^[2,1,2,*] _ p 



5 

i-2 



(7.10) 



^[2,l,2,fc] = < 





i 


xfc 






3 4 


1 


ifi 


= 2 


-3 


ifi 


= 3 


2 


ifi 


= 4 


_ 2 fc+2 


ifi 


= 5 


5 • 2 fc + 2 


ifi 


= 6 


-5 ■ 2 fc + 4 


ifi 


= 7 


2*: + 6 


ifi 


= 8 





ifi 


= 9 


3 • 2 2fe+6 


ifi 


= 10 
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We have in the case I = 2, m > 2, s = 2 



A [2,m,2,k] _ p 



[171+2] 
[m+4j 

i-2 



4-r 



[m+l 
[m+4 

i-3 



- 8 • r 



m+2 
m-|-3 



+ 32-r 



m 
m 

i-4 



(7.11) 



^[2,m,2,fc] = 



2 





tfi = 2 
if i = 3 
ifi = 4 

if 5 < i < m + 3 
i/ i = m + 4 
if i = m + 5 



_ 5 . 2 fc + m+3 if i = m + Q 



2^ + ^+5 





if i — m + 7 

ifm + 8<i<2m + 7 



3 . 2 2fc+2m+4 l f i = 2 m + 8 

We have in the case I > 3, m = 0, s = 2 

^ Ur W-_ 4 .pW-_ 8 .pM 



+ 32-r 



r 1 



(7.12) 



^[2,0J,fc] = 



-3 

_ 2 fc+i +2 
5 ■ 2 fe+1 

g _ 2*:+2i— 9 



tfi = 2 
ifi = 3 
if i = 4 
if i = 5 

if6<i<l + 3 



_ 5 . 2 fc+21-l if i = i + 4 

2 fe+2i+1 if i = 1 + 5 



g _ r,2fc+I+2 

We /wwe in i/ie case Z > 3, m = 1, s = 2 



if i = 1 + 6 



j|2,l,!,fc] = ptlj - _ 4 . p^J - _ g _ X. + ^ _ 



(7.13) 



A [2,l,l,k] = 



-3 
2 

_ 2 fc+2 

5 ■ 2 fc + 2 

g _ 2 fc+2i— 10 

_ 5 . 2 fc+2! 

2 fc+2i+2 





ifi = 2 
if i = 3 
ifi = 4 
if i = 5 
if i = 6 

if 7 < i < I + 4 
if i = 1 + 5 
ifi = 1 + 6 
ifi = l + 7 



3 . 2 2 fc+i +4 lfi = l + 8 

We have in the case I > 3, m > 2, s = 2 

I" m + 2 1 xfc I" m+1 1 xfe I" m+2 1 

A [2,m,l,k] ^ p[m+2+;J x _ ^ p [m+2+iJ xfc _ [ m + 1 +'J 



X/c 



+ 32 ■ I\_ 
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(7.14) 



A \2,m,l,k\ _ f 



1 


i/i = 2 


—3 


i/i = 3 


o 

I 


•f ■ 

i/i = 4 





i/5<i<m + 3 




i/ i = m + 4 


r ofc+m+1 


if i — m + 5 


^ Qk — m-\-2i — 9 


ifm + o<i<m + l + 6 


r r.k + m + 21-1 


if i = rn + I + 4 


2fc + m + 2! + l 


ifi — m + l + 5 





ifm + l + 6<i<2m + l + 5 


g _ 2 2fc + 2m + i + 2 


ifi = 2m + l + 6 



We have in the case I = 0, m = 0, s — 3 



^[3,0,0, fc] = p 



i-3 



12 ■ r ' 



(7.15) 



^[3,0,0,*] 



3 • 2 k+2 


3 • 2 2k+4 



+ 32 • r 

if i = 3 
if i = 4 
ifi = 5 
ifi = 6 
ifi = 7 
ifi = 8 
ifi = 9 



We have in the case I = 0, m > 1, s = 3 



i,0, fc] 



= r 



(7.16) 



^[3,m,0,fc] 



m+3j 
i-3 



-3 

2 




12 • r 



m + 2 
m+3j 

i-4 



+ 32 • r 



[m+2l 
[m+2j 



if i = 3 
ifi = 4 
ifi = 5 

if 6 < i < m + 5 



_ 3 . 2 fc+ m +2 j/ i = m + 6 

3 . 2 fc+ m +2 ifi = m + 7 

ifm + 8<i<2m + 8 

3. 2 2fc+ 2m +4 l/i = 2 m + 9 

We have in the case I = 1, m = 0, s = 3 



a! 3 



,0,1, fc] _ pi*] 



xfc 

= r, L ' 



(7.17) 



, [3,0,1, fc] 





Mxfc M 


4 • 




• rW +32.r^ 




'1 


if i = 3 




-3 


ifi = 4 




2 


if i = 5 




r,fc + 2 


ifi = § 


= < 


-3 • 2 fc + 2 


if i = 7 




2 fc+4 


ifi = 8 







ifi = 9 




3 . 2 2fc+5 


i/i = 10 
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We have in the case I = 1, m > 1, s = 3 

,[l#2]>- 



^[3,m,l,fc] p 



i-3 



m+2 

4 . r L m+4 J 

4 1 i-4 



+ 32-r 



i-5 



(7.18) 



^[3,m,l,fc] 





g _ 2 2fc + 2m + 5 

We ftove in Z/ze case Z = 2, m = 0, s = 3 



_ 2 fc+m+2 



if i = 3 
ifi = 4 
ifi = 5 

if 6 < i < m + 5 
if i — m + 6 



_ 3 . 2 fc+ m+ 2 jj i = m + 7 
2 fc+m + 4 i/i = m + 8 



i/m + 9<i<2m + 9 
if i = 2m + 10 



^[3,0, 2, fc] = p 



xfc 



-4-r 



(7.19) 



_ A [3,0,2,fc] 





rl 3 


xfc 






4 4 


1 


ifi 


= 3 


-3 


ifi 


= 4 


2 


ifi 


= 5 


_ 2 fc+2 


ifi 


= 6 


5 • 2 fc + 2 


ifi 


= 7 


-5 ■ 2 fc + 4 


ifi 


= 8 


r,fc+6 


ifi 


= 9 





ifi 


= 10 


3 • 2 2fe+6 


ifi 


= 11 



We have in the case I = 2, m > 1, s = 3 

\m+a] . [m+2] , 



= ^3 



(7.20) 



,4 



[3,m,2.fc] 



- 4 • r t L 4 

'1 

-3 

2 



_2?s + m+2 



\m+s] k [m+2] 

h+ 4 J +32 . r L m + 4 J 



- 8 • rj 

if i = "i 
ifi = 4 
i/i = 5 

«/6<i<m + 5 
if i — rn + 6 



5 . 2 fc+m+2 j/ i = m + 7 

_ 5 . 2 fc + m+4 j/j = m + 8 

2 fc+m + 6 i/i = m + 9 

i/m + 10 < i < 2m + 10 

3 . 2 2fc+2m+6 j/j = 2 m +ll 

We ftowe in t/ie case Z > 3, m = 0, s = 3 



^[3,0,1,*] _ p | 



,[3+1] xfc _ 4 _ r [s+i] xfe _ g . r [2+ J xfc + 32 . p t+J xfc 
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(7.21) 



A [3,0,l,k] = 



1 

-3 
2 

_2*: + 2 

5 • 2 fc + 2 

3 . 2 fc+ 2l -9 

-5 • 2 k+21 

2*: + 2i + 2 





ifi = 3 
ifi = 4 
ifi = 5 
ifi = 6 
ifi = 7 

if8<i<l + 5 
ifi = 6 + 1 
ifi = 7 + 1 
if 8 + 1 



3 . 2 2fe+i+4 lfi ^ Q + l 



We have in the case I > 3, m > 1, s = 3 



m+3 



m+2 



= r L m + 3 + ; J AK _ 4 . r L m+3+; J xfc _ 8 . r L m+2+i J 



m+3 



1. 



+ 32 • r 



m+2 
m+2 + (J 



Xfc 



(7.22) 



A [3,m,l,k] _ < 



2 


_2*:+m + 2 

g _ 2 fc + m + 2 

3 2^ — m+2i — 9 

g _ 2 fc + m+2i 

2*: + m + 2I + 2 





ifi = 3 
ifi = A 
ifi = 5 

if 6 < t < rn + 5 
i/ i = m + 6 
i/ i = m + 7 

ifm + 8<i<m + l + 5 

ifi = m + 6 + l 

ifi = m + 7 + l 

if m + 8 + I < i <2m + I + 8 



3 • 2 2k+2m+l+4 ifi = 2m + 9 + l 



We have in the case I = 0, m > 0, s > 4 



,4 



m + s 

s,m,0,fc] _ p |_ m + s J 



- 12 ■ r 



["m + s-ll 
[ m+s J 



(7.23) 



4 s 



•.,0, fe] 



2 






ifi = s 
if i = s + 1 
ifi = s + 2 

ifs + 3<i<m + 2s-l 

if i = m + 2s 

if i = m + 2s + 1 

i/ m + 2s + 2 < i < 2m + 3s 



3 . 2 2k+2s+2m-2 if { = 2m + 3 S 



We have in the case I = 1, m > 0, s > 4 



A; 



,i,fc] 



= r 



m + s xfr m+s-1 . 

Lm+ S + lJ xfc _ 4 ^ r |_m + S + lJX fc 



- 8 ■ r 



[m + 



J + 32 ■ r I J 



m+s 
2 



xfc 
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(7.24) 



A 



2 


[s,m,l,fc] _ J ^gfc + m + s-l 

^ Qk + m + s— 1 

2fc + m + s + l 



g i 22fc + 2s+2m-l 

We have in the case I = 2, m > 0, s > 4 



i/i = s 
i/ i = s -+- 1 
i/ 1 = s + 2 

i/s + 3<i<m + 2s-l 

if i = m + 2s 

i/ i = m + 2s + 1 

if i = m + 2s + 2 

i/ m + 2s + 3 < i < 2m + 3s 

if i — 2m + 3s + 1 



A 



s,m,2,k] 



= r 



m+s , m + s-1 

[m + s + 2j Xk [m+«+2j 



-8-r 



m + s 
[m + s + lj ■ 



+ 32-r 



[m + s— 1 
m+s+1 



(7.25) 



[s,m,2,fc] 



= < 



2 


2fc + rJ"i + s — 1 

2fc + rn + s + 3 

o 

g _ 2 2fc + 2s + 2m 

We have in the case I > 3, m > 0, s > 4 



j/i = s 
if i = s + 1 
i/ i = s + 2 

i/s + 3<i<m + 2s-l 

if i = m + 2s 

i/ i = m + 2s + 1 

»/ i = m + 2s + 2 

if i = m + 2s + 3 

if m + 2s + 4 < i < 2m + 3s + 1 

if i = 2m + 3s + 2 



. s,m, i,fc] _ p [m+s+l 
A i — 1 i-s 



4-r 



[m + s— 1 
m+s+Z 



8-r, 



m+s + Z — 1 



+ 32 ■ r. 



m + s — 1 

m + s + Z — ! 



(7.26) 



A 



[s,m,l,k] 



= < 



f l 

-3 

2 



2fc+m+s— i 

2fc+m+s— l 

g — m— 3s+2z — 3 

g _ 2^+^1+5+2^—3 

2*:+m + s + 2;-l 



2 _ 2 2fe + 2s + 2m + i_2 



ifi = s 

if i — s + 1 

if i = s + 2 

i/s + 3<i<m + 2s-l 
if i = m + 2s 
if i = m + 2s + 1 

i/m + 2s + 2<i<m + 2s + Z- l 

if i = m + 2s + I 

ifi = m + 2s + l + l 

if m + 2s + I + 2 < i < 2m + 3s + I 

if i = 2m + 3s + I 



Proof. By way of example we prove (|7.26|l 

Let s > 4, m > 0, I > 4, i = s + j, for < j < 2rn + 2s + I 

We can write 



(7.27) 

j^s ,m,l , fc] 



= r 



m+s 
[m + s + ;J ' 



^ p|_m + s + IJ _g.pL m ~ ' ' ' ' 



s+j ') ~* x J— 1 3-1 

From Theorem 3.13 (see section 3 in [2]) we obtain 



I" m + s-l 1 
, [m+s+i-lj ' 



for < j < 2m+2s+l 
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m+s xfc 

1 = A ^l, k] =r [m+s+l\ =1 

3 = 1 A[%r M = Xfc - 4 ■ r ( K : + } ] xk s ■ r | m+m ^-J x " = 9 - 12 = -3 



m+s , m+s-1 . m + s , m+s-1 

j = 2 a 18 ;™' 1 '* 1 = 4 m+s+i J - 4 • r| m+s+i J - 8 ■ r| m+3+i_1 J + 32 • r ( L m + s + ! - 1 J 



= 78 - 12 ■ 9 + 32 = 2 



3<j<m + s — 1 

m + s , m + s-1 , m+s . m + s-1 , 

,[s,m,l,k] _ J m + S + ; J . J m + s + i J o Jm + s + I-lJ , o Jm+s + !-lJ Xfc 

^s+j - L j 4 ' i J-l 8-i 3-l + ^' 1 3-2 

= (21 ■ 2 i] - 4 - 3 ■ 2 2] -' A ) - 12 • (21 • 2 3j - 7 - 3 • 2 2j ~ 5 ) + 32 • (21 • 2 33 ~ 10 - 3 ■ 2 2j " 7 ) = 
j — m + s 

m + s ,, m + s-1 , ' m+s , m + s-1 , 

A [s,m,l,k] _ r |m+s + ;J _ |_m + s + ij X fe _ [m + s + I - lj fc I m+s + l - ij X 

/1 2s + m — 1 m + s * ' 1 m+s-1 °' i m + s-l + 0Z ' 1 m + s-2 

^fc + m + s — 1 _^ 2^ 2^( m + s ) — ^ H 22(m + s)— 3^ ^ ^k + m+s — 2 _|_ 21 2 3 ( m + s ~ — 4 H 2^( m + s — 1)— 3^ 

g (2\ i^>(m + s — \)—4: ^ 2^( m + s — — 3 ^ _(_ 32 (21 2 3 ( m ^ s ~ 2 -*~ 4 3 2^(m + s — 2)— 3^ 2^ + m+s — 1 

j — m + s + 1 

m + s , m + s-1 , I m + s , m + s-1 , 

,[s,m,l,k] _ p |m+s + lJ _ [m + s + ij Xfe [m+s + I - lj Xk I m+s + ; - lj 

A 2a+m+l — 1 m+s + l 4 ' 1 m + s ' 1 m+s "t" • 1 m+s _x 

^ 2^ + m+s — ^ _|_ 21 ^2^ m ^^ s — ^ 2^m + 2s — 1^ ^ 2^ + m +s 4-21 ^2 3m ^ 3s ~ 2 2^m+2s — 1^ 

^2fc + m+s + 2 _|_ 22 2^ m ^^ s — ^ H 2^m+2s^ _|_ ^2^ + m+s + 3 _|_ 2^ 2 3m +3s — 2 ^ 2^m+2s^ ^ 2^ + m+s — 1 

j = m + s + 2 



m + s 



Xfc 



[m + s-ll , 
,|_m + s + ij • 



. [s,m,l,k] _ p [m+s + IJ Im + s + iJ [m+s + l-lj ,09 r L m + s + ' _1 

A 2s+m+2 — 1 m+s + 2 —4-1 m + s + 1 — » • 1 m+s + l + OZ • 1 m + s 

— (3 ■ 2 k+rn+s+1 4- 21 • (2 3m+3s+2 — 2 2m+2s + 2 )) _ (3 . 2 fc + m + s + 2 4- 21 ■ (2 3m+3s+1 — 2 2m+2s + 2 )) 

^ 2^+ m + s + 2 _|_ 21 ^2^ m ^^ s ^ 2 2 2m + 2s + -'-^ _j_ ^3 rjk + m + s + 3 _j_ 2^ ^2^ m +3s+l 2^m + 2s + l^ ^ ^k + m+s + l 

rn + s + 2<j<m + s + l- l 

|""! + i,lxfc f m i"T}lxfc [ ™+f Jxfc ["L+iy 1 ,^* 

^[s,m,i,fc] _ p|.m+s+ij _ 4> pL m + s+i J _ g . pL m + s +'- 1 J 4-32-r'" ^ 



^ . 2 fc— m— s + 2 ^~ 3 21 - (2 3j ~ 4 2 _ m— 4 ^ ~ (3 . 2 fc ~ m— s ^ 2:,— 2 4 21 - (2 3j ~ 5 — 2~ m— s + 3 ^~ 4 ^ 

— (3 • 2 fc ~ m ~ s+2; '~ 2 4- 21 ■ (2 3j ~ 4 — 2 — m— s+3: ' — 4 )) 4- (3 ■ 2 fc— m— s + 2 ^ - 1 ^_ 21 • (2 3: ' — 5 — 2~ m— s + 3j ^ 4 ^ 



fc — m — s+2j— 3 



= 3-2 
j = m + s + / 

m + s , m + s-1 , m+s , m + s-1 ,, 

4 [s,m,!,fc] _ r |.m+s + ;J X fc _ Jm + s + iJ Xfe [m + s + I - lj X fc lm + s + ;-lJ X ' t 

/1 m+2s + ! — 1 m + s + i ^^m + s + i-l °' i m + s + i-l + ^ Z ' 1 m + s + i-2 

— (ll 2 fe+m+s+2i ~ 3 + 21 2 3m+3s+3! ~ 4 — 53 2 2m+2s+3 ' -4 ) — (3 2 fc+m+s+2 ' -2 4- 21 ^2 3m+3s+3 ' -5 — 2 2m+2s+3! ~ 4 
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(ll 2 k+m+s+2l ~ 2 4 21 2 3m+3s+3 ' -4 — 53 2 2m+2s+3! ~ 4 ) + (3 2 k+m+s+2l ~ 1 4 21 (2 3m+3s+3! ~~ 5 — 2 2m+2s+3 '~ 4 )) 



k + m+s+2i-3 



= -5 • 2 
j = m + s + Z + l 

m + s , m+s-1 , 1 m + s , m+s-1 , 

A [s,m,l,k] _ r l™ + ° + l \ _ A r l m + s + l \ _a r [m.+ s + l-l\ Xfc lm + s + i -lJ Xfc 

/1 m+2s + ; + l — 1 m + s + I+1 * ' 1 m+s + i ' 1 m+s + I + JZ ' 1 m+s + I - 1 

— (21 (2 fc+m+s+2!_1 + 2 3m+3s+3 '~ 1 — 5 2 2m+2s+3 ' -1 )) — (ll 2 fc+m+s+2! + 21 2 3m+3s+3i ~ 2 — 53 2 2m+2s+3 '~ 1 ) 

— (21 • (2 fc+m+s+2 ' + 2 3m + 3s + 3i ~ 1 — 5 . 2 2m + 2s + 3 '~ 1 ^ ^_ (14 ■ 2 fc + m + s + 2i+1 4- 21 • 2 3m + 3s + 3!_2 — 53 . 2 2m + 2s + 3 '~ 1 ) 
_ 2 k + m + 3 + 21 - 1 

m + s + l + 2<j<2m + 2s + l- 2 

m + s , m + s-1 , ' m+s , m + s-1 , 

A [s,m,l,k\ _ r [m+s + l\ lm + s + iJ Xfe [m + s + l - ij X ^ |m+s + ;-lJ Xfc 

- 1 j 4 ' i J-l °' i 3-l + ^' 1 3-2 

_ . ^2 fc_2m_2s_!+3: ' _4 4 2 3 -'~ 4 — 5 ■ 2 4: *~ 2s ~ 2m ~'~ 5 )) — (21 • (2 fe ~ 2m ~ 2s ~ !+3j ~ 4 4 2 3j-s — 5 • 2 4 ^~ 2s ~ 2m ~'~ 6 )) 

— (21 ^ 2 fc — — 2s — ^ -t- 3 j — 3 _|_ 2 3 ^ -4 _ 5 2 4j ~ 2s ~ 2m ~ i ~ 5 )) 4 (21 p' i_2 '" _2s_1+3 -' _3 + 2 3:i_5 - 5 2 4 j~ 2s ~ 2m ~ ; ~ 6 ^ 
= 

j = 2m 4 2s 4 I 

m + s \ , m + s-1 , I m + s , m + s-1 , 

A [s,m,l,k] _ [m + s + l\ Xfc Jm + s + iJ X fe [rn+s + i-lj Xfc |m+s + ;-lJ Xfc 

/1 2ra+3s+! _ 1 2ra+2» + i ' 1 2m+2s+i-l °' 1 2m+2s + ;-l + 0Z ' 1 2m + 2s + I-2 

_ ^2 2fc + 2s + 2m + i_2 _ 3 2 fc + 4£! + 4m + 2 ' _4 + 2 6s + 6m + 3i_5 ^ _ ^2 2fc + 2s+2m + !_1 — 3 2 fc+4s+4m+2 '~ 4 4 2 6s + 6m + 3i ~ 6 )) 
_ ^2 2fc + 2s + 2m + ; _ 3 2 fe + 4s + 4m + 2i ~ 3 _|_ 2 6s + 6m + 3i_5 ^ _|_ ^2 2fc + 2s + 2m + ! + 1 _ 3 2 fc+4s+4m + 2 ' -3 + 2 6s + 6m + 3 ' -6 ^ 
_ g 2 2fc + 2s + 2m + ; - 2 



□ 



7.5. Computation of u>i(s, m, I, k + 1) — u^(s, m, I, k). 
Lemma 7.4. We have 

The case s = 2 

The case l = 0,m = 0,s~2,k>i 



(7.28) 



Wi(2,0,0,fc+1)-Wi(2,0,0,ft) - < 



2 k+1 ifi = 2 

-3-2 fc+1 ifi = 3 

_g . 2 2fe+2 + 2 fc+2 j/j=4 

9 • 2 2k + 2 ifi = 5 

21-2 3fe + 3 ifi = 6 
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The case I = 0, m = 1, s = 2, k > i 



(7.29) 



Wi(2,l,0,ft+1)-Wi(2,l,0,ft) = < 



(2 k+1 

_ 3 . 2 fc+i 

2*1+2 

_g . 2 2fe+3 
9 ■ 2 2fc + 3 



21 • 2 3fe+5 



if i = 2 
if i = 3 
if i = 4 
if i = 5 
ifi = 6 
if i = 7 
if i = 8 



The case I = 0, m > 2, s = 2, k > i 



(7.30) 0Ji(2,m,0,k + l)-0Ji(2,m,0,k) 



The case I = 1, to = 0, s = 2, k > i 



'2 k+1 ifi = 2 

-3-2 k+1 ifi = 3 

2 k + 2 ifi = 4 

if5<i<m + 3 

-9 • 2 2fe+m + 2 ifi = to + 4 

9 . 2 2fe+m+2 ifi= m + $ 

ifm + 7<i<2m + 5 

21. 2 3fe+2m+3 j/i = 2TO + 6 



(7.31) 



Wi(2,0,l,fc+1)-Wi(2,0,l,ft) - < 



f2 fc+1 tfi 
-3-2 fc+1 i/i 
-3 • 2 2fe + 2 + 2 fe + 2 1 



_g . 2 2/c+2 

3 • 2 2fc + 4 
21 • 2 3fc + 4 



ifi 
ifi 



The case I = 1, m = 1, s = 2, fc > i 



(7.32) 



Wi(2,l,l,ft+1)-Wi(2,l,l,ft) 



f2 fc+1 

-3 • 2 k+1 

2 fe+2 

_ 3 . 2 2fc+3 

_g . 2 2fc + 3 
3 • 2 2fc + 5 


21 • 2 3fc+6 



ifi 
ifi 
ifi 
if i 
ifi 
ifi 
ifi 
ifi 
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The case I = 1, m > 2, s = 2, k > i 



(7.33) Ui(2,m,l,k + 1)-Ui(2,m,l,k) = < 



' 2 k+1 
-3 • 2 k+1 
2 k+2 


g . 22fe+m+2 
_g . 22fe+m+2 
g , 22fc+m+4 



2^ . 23*:+2m+4 



*/« = 2 
ifi = 3 
ifi = 4 

if 5 < i < m + 3 

i/ i = to + 4 

if i = m + 5 

if i = to -\- 6 

ifm + 7<i< 2m + 6 

i/i = 2m + 7 



TTie case Z = 2, to = 0, s = 2, k > i 



(7.34) 



Wi(2,0,2,fc+1)-Wi(2,0,2,ft) = 



f2 fc+1 i/i = 2 

-3-2 fe+1 i/i = 3 

_ 3 . 2 2fe+2 + 2 fe+2 ifi = A 

15-2 2fe + 2 i/i = 5 

-15-2 2fc + 4 ifi = 6 

3-2 2fc + 6 tf* = 7 

21-2 3fe + 5 i/i = 8 



The case I = 2, m = 1, s = 2, k > i 



(7.35) 



Wi(2,l,2,fc+ 1) - Wi(2,l,2,ft) 



'2 fe+1 
-3 • 2 fe+1 
2 fc+2 

-3 • 2 2fe + 3 

15 • 2 2fc + 3 
_ 15 . 2 2fe+5 

3 • 2 2fe + 7 


21 • 2 3fc + 7 



ifi 
ifi 
ifi 
if i 
if i 
ifi 
ifi 
ifi 
ifi 



2 
3 
4 
5 
6 
7 
8 
9 
10 
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The case I = 2, to > 2, s = 2, k > i 



(7.36) uji(2,m,2,k + l) -(Ji(2,m,2,k) 



( 2 k+i 

-3 • 2 fe+1 

2 fe+2 



—3 • 2 2k+m+2 
15 • 2 2k+m+2 
— 15 • 2 2fe + m + 4 



2^ . 23^+2^+5 



tf* = 2 
ifi = 3 
if i = 4 

«/ 5 < i < to + 3 

i/ « = to + 4 

if i = m + 5 

if i = to + 6 

i/ i = to + 7 

z/TO + 8<i<2TO + 7 

ifi = 2m + 8 



The case I > 3, to = 0, s = 2, /c > i 



(7.37) Wj(2, 0, /, k + 1) - Wj(2, 0, 1, k) = < 



f 2 fc+i 

-3-2 fe+1 
-3 • 2 2fc + 2 + 2 fe + 2 
15 • 2 2fc + 2 

g . 22fc+2i-8 

-15 • 2 2fe + 2 ' 
g . 22fe+2i+2 

2^ . 2^^+^+3 



i/i = 2 
ifi = 3 
ifi = 4 
«/« = 5 

«/ 6 < i < / + 3 
ifi = 1 + 4 
ifi = 1 + 5 
ifi = 1 + 6 



The case I > 3, m = 1, s = 2, fc > i 



(7.38) 



Wi(2,l,/,fc+ 1) -LJi(2,l,l,k) = < 



f2 fe+1 

-3-2 fe+1 

2k+2 

-3 • 2 2fc + 3 
15 • 2 2fe + 3 

g . 22fc+2i-9 

— 15 • 2 2k+2l + 1 
g . 22fc+2i+3 



22 . 2^^+^+^ 



if i = 2 
ifi = 3 
ifi = 4 
ifi = 5 
if i = 6 

if 7 < i < I + 4 
i/ i = / + 5 
i/i = / + 6 
ifi = l + 7 
ifi = 1 + 8 
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The case I > 3, to > 2, s = 2, k > i 
(7.39) 



u)i(2, to, I, k + 1) — u>i(2, to, l,k) = < 



( 2 k+i 

-3 • 2 fe+1 
2fe+2 



—3 • 2 2,£ + m + 2 
15 • 2 2fe + m + 2 

g < 22fc — m+2i — 8 

— 15 • 2 2fc + m + 2 ' 
g . 22fc+m+2Z+2 



21 . 23fe+2m+Z+3 



if 1 = 2 

if i = 3 
if i = 4 

i/ 5 < i < m + 3 
if i = to + 4 
i/ z = to + 5 

i/to + 6<z<to + Z + 3 

ifi = m + l + 4 

if i = to + / + 5 

ifm + l + 6<i<2m + l + 5 

ifi = 2m + l + 6 



The case s = 3 

The case I = 0, to = 0, s = 3, k > i 



(7.40) 



w;(3,0,0, fc+1) -Wi(3,0,0, k) 



' 2 k+2 
-3 • 2 fe + 2 
2 fe+3 

_g . 2 2fc + 4 
9 • 2 2fc + 4 


21 • 2 3fc+6 



i/ i = 3 
if i = 4 
ifi = 5 
if i = 6 
if i = 7 
ifi = 8 
tf* = 9 



T/ie case Z = 0, to > 1, s = 3, fc > i 



(7.41) w i (3,m,0,fc + l)-a; i (3,m,0,A;) 



'2 fe + 2 i/z = 3 

-3-2 fc + 2 ifi = 4: 

2 k+3 ifi = 5 

i/6<i<m + 5 

-9 • 2 2fe+m + 4 i/i = to + 6 

g. 2 2fc+m+4 jy { = m + ? 

ifm + 8<i<2m + 8 

21-2 3k+2m+6 ifi = 2m + 9 
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The case I = 1, m = 0, s = 3, k > i 



(7.42) 



i(3,0,l,ft+l)-Wi(3,0,l,fc) 



( 2 fc+2 

-3 • 2 fe + 2 
2 fc+3 

-3 • 2 2fc + 4 
-9 • 2 2fc + 4 
3 • 2 2fc + 6 


21 • 2 3fe + 7 



if i = 3 
ifi = 4 
if i = 5 
ifi = 6 
if i = 7 
if i = 8 
tfi = 9 
i/i = 10 



T/ie case i = 1, m > 1, s = 3, k > i 



(7.43) LJi(3,m,l,k + l) -u>i(3,m,l,k) = < 



-3 • 2 k + 2 

2 fe+3 



—3 • 2 2 ' c +" l + 4 
—9 • 2 2 k+ m +4 



21 . 23fc+2m+7 



i/i = 3 
i/i = 4 
i/i = 5 

if6<i<m + 5 

ifi = m + 6 

ifi = m + 7 

if i = m + 8 

ifm + 9<i<2m + 9 

ifi = 2m + 10 



T/ie 



I = 2,m = 0,s = 3,fc 



(7.44) 



Wi(3,0,2,fc+ 1) - Wj(3,0,2, fc) 



'2 fe+2 
-3 • 2 fe + 2 
2 fc+3 

_ 3 . 2 2fe+4 

15 • 2 2fc + 4 

_ 15 . 2 2fc+6 

3 • 2 2fe + 8 


21 • 2 3fc+s 



ifi 
ifi 
ifi 
ifi 
if i 
ifi 
ifi 
ifi 
ifi 



3 
4 
5 
6 
7 
8 
9 

10 
11 
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The case I — 2, to > 1, s = 3, k > i 



(7.45) Ui(3,m,2,k+1)-Ui(3,m,2,k) = 



' 2 k + 2 
-3 • 2 fe + 2 
2 fe+3 


—3 • 2 2 k+ m +4 
15 • 2 2 ' c + m + 4 
— 15 • 2 2 k+ m +6 

g . 22fe+m+8 



22 . 2 3fe + 2m + 8 



if i = 2, 
ifi = 4 
ifi = 5 

i/6<i<m + 5 
if i = m + 6 
if i = to + 7 
ifi = m + 8 
ifi = m + 9 

ifm+ 10 < i < 2to+ 10 
i/ i = 2to +11 



TTie case Z > 3, to = 0, s = 3, k > i 



(7.46) Wi(3, 0, Z, fc + 1) - Wi(3, 0, Z, Zc) = < 



T/ie case Z > 3, to > 1, s = 3, Zc > i 



(7.47) 



w,(3, to, Z, Zc + 1) — Wj(3, to, Z, Zc) 



2 fe+2 


ifi 


= 3 


-3-2 fe + 2 


ifi 


= 4 


2 fe+3 


ifi 


= 5 


-3 • 2 2fc + 4 


ifi 


= 6 


15 • 2 2fe + 4 


ifi 


= 7 


g . 22fc+2i-10 


if 8 


< i < I + 5 


— 15 • 2 2fc+2 '+ 2 


ifi 


= 1 + 6 


g _ 22fc+2(+4 


ifi 


= 1 + 7 





ifi 


= 1 + 8 


2^ . 23^+^+6 


ifi 


= 1 + 9 



' 2<t+2 

-3 • 2 fe + 2 

2*1+3 



—3 • 2 2 ' c + m + 4 
15 • 2 2fe+m + 4 

g . 22fc-m+2i-10 

— 15 • 2 2fe +" l + 2i + 2 

g . 22fc+m+2i+4 



21 . 23fe+2m+;+6 



ifi = 3 
ifi = 4 
i/i = 5 

*/6<«<to + 5 
if i = m + 6 
if i = m + 7 

«/TO + 8<i<TO + Z + 5 

if i = m + I + 6 

ifi = m + l + 7 

ifm + l + 8<i<2m + l + 8 

if i = 2m + 1 + 9 



The case s > 4 
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The. 



I = 0,m > 0, s > 4, fc > i 



(7.48) 



u>i(s, to, 0, k+1)— u>i(s, to, 0, fc) 



' 2fe+s-i 
-3 • 2 fe+s ~ 1 





ifi = s 
if i = s + 1 
i/ i = s + 2 

«/ s + 3 < i < to + 2s - 1 



-9 • 2 2fe+2s+m - 2 if i = m + 2s 
9 • 2 2fc + 2s + m - 2 if i = to + 2s + 1 







i/ to + 2s + 2 < i < 2m + 3s - 1 



21 • 2 3fe+3;s + 2m - 3 i/ i = 2m + 3s 



The case I = 1, to > 0, s > 4, fc > i 



(7.49) 



Wj(s, to, 1, k + 1) — (Ji(s, to, 1, fc) = < 



' 2fe+s-i 
-3 • 2 fc+s ~ 1 



—3 • 2 2fe+2s + m ~ 2 
—9 • 2 2fe+2s + m ~ 2 



2^ . 23fc+3s+2m-2 



ifi = s 
if i = s + 1 
z/ i = s + 2 

i/ s + 3 < i < to + 2s - 1 

if i = m + 2s 

if i = to + 2s + 1 

if i = to + 2s + 2 

i/ to + 2s + 3 < « < 2to + 3s 

i/ i = 2to + 3s + 1 



T/ie case Z = 2, to > 0, s > 4, fc > i 



(7.50) 



LUi(s, m, 2, fc+1)— m, 2, fc) 



1 

-3 • 2 /c+s " 1 


—3 • 2 2fe+2s +" l ~ 2 
15 • 2 2k+2s+m ~ 2 

ig , c£Lk-\-2s+ra 

g . 22fc+2s+m+2 



21 • 2 3 k+3s+2m— i 



ifi = s 
if i = s + 1 
if i = s + 2 

«/ s + 3 < i < to + 2s - 1 

if i = m + 2s 

i/ i = to + 2s + 1 

if i = m + 2s + 2 

i/ i = m + 2s + 3 

if to + 2s + 4 < % < 2to + 3s + 1 

i/ i = 2to + 3s + 2 
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The case I > 3, to > 0, s > 4, k > i 



(7.51) 



u>i(s, m, I, k+\)~bJi(s, to, I, k) 



'ofe+s-l 



—3 ■ 2 2fe + 2s + m ~ 2 
15 • 2 2fc + 2s +" l ~ 2 



ifi = s 
if i = s + 1 
if i = s + 2 

i/ s + 3 < i < to + 2s - 1 
if i = m + 2s 
if i = to + 2s + 1 

i/ m + 2s + 2 < i < to + 2s + I - 1 



-15 • 2 2fc + 2s + m + 2 '- 4 if i = m + 2s + 1 

3 . 2 2fc+2 S +m+2i-2 ifi=m+2s + l + l 







ifm + 2s + l + 2<i<2m + 3s + l-l 



21 . 2 3fc+3 S +2m+i-3 i = 2m + 3s + / 



Proof. By way of example we prove (I7.51|l 
From (I7.2p we have 

Ui(s, m, Z, fc + 1) - Ui(s, m, I, k) = 2 k+s A l °' m ' l ' k+1] - 2 ft+s ~ 1 A l °> m ' l ' h] 
We now deduce from (|7.26[) 
i — s 

L0 s {s,m,l,k + 1) -uj s (s,m,l,k) = 2 k+s ■ 1 - 2 fe+s_1 ■ 1 = 2 fc+s_1 
i = s + l 



uj s+1 (s, m, I, k + 1) - ljs+i (s, m, I, k) = 2 k+a ■ (-3) - 2 k+a ' L ■ (-3) = -3 • 2 

j = 5 + 2 

oj s+ 2(s, m, Z, k + 1) — o; s+ 2(s, m, I, k) — 2 k+a 
s + 3<i<m + 2s-l 



k+a-l 



uji(s,m,l,k + 1) - LUi(s,m,l,k) = 2 k+s -0-2 
i = m + 2s 



= 



-.fc+s-l 



(-2 



fc + m+s — 1 \ 



w m+2s (s,ra,Z, k + 1) - w m+2s (s, m, Z, fc) = 2 ' 8 ■ (-2 m s ) — 2 
i = m + 2s + 1 

Lo m+ 2s+i {a, m, i, k + 1) - ^ m+2a +i(s, m, I, k) = 2 fc+s ■ (5 ■ 2 k+m+s ) - 2 k+s ~ 1 ■ (5 ■ 2 k+m+a ~ 1 
m + 2s + 2<i<m + 2s + l- l 

Ui(s, m, Z, fc + 1) - u t (s, m, I, k) = 2 k+s ■ (3 ■ 2 fe -™- 3s + 2! - 2 ) _ 2 k+s ~ 1 ■ (3 ■ 2 
i — m + 2s + I 

Lu m+ 2s+i{s, m,l, k + 1) - u m+ 2s+i(s,m,l, k) = 2 k+s ■ (-5 ■ 2 k+m+s+2l ~ 2 ) - 2 k+s ~ 1 
i = m + 2s + l + l 



3-2 



2fc+m+2s — 2 



2fc+m+2s-2 



k— m— 3s-t-2i — 3 \ 



15 ■ 2 



-,2k — 2s-m + 2i — 4 



-5-2 



fe + m+s + 2!-3\ 



-15 ■ 2 



2k+2s+m+2l-4 



cj m+2s+!+ i(s,m,Z,fc + 1) - w m+2s+i+ i(s,m,<, k) = 2 -2 -2 -2 )=3-2 

m + 2s + Z + 2<^<2m + 3s + Z- l 
^(s.m.Z.fc + l) - Wi(s,m,l,k) = 2 k+s ■0-2 k+s ~ 1 -0 = 
i = 2m + 3s + I 

Lu 2m+ 3s +l (a, m, Z, fc + 1) - cu 2m+3s+l (s, m, I, k) = 2 k+s ■ (3 ■ 2 2fc + 2s + 2m+; ) - 2 fc+s ~ 1 ■ (3 ■ 2 2fe + 2fl + 2m+i - 2 ) 

23^+3s + 2m + Z — 3 
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□ 



Computation of A fc r| + s J - 8 ■ A fc r^ , , | for ./' • 2s 



8.1. Notation. 
Definition 8.1. We define 



A fe r L 









s + m 




s+m 


a+m+l _ 


= r 


_ s + m +l 



x(fc+l) 



s + m. 
s + m + l 



A k uii(s, m,l) = Ui(s, m, I, k + 1) — LUi(s,m, I, k) 
.2. Introduction. We adapt the method used in Section 12 of [2] to compute expiicitly 



A fe r s L + s J - 8 • A k r^_{ for < j «S 2 



8.3. A reduction formula for Afcl^ - 8 ■ Afcl^-i for < j < 2s. 
Lemma 8.2. We have the following reduction formulas : 

(8.1) 



A k T^ - 8 • A k F^_[ = 4 



- 8 • A fe r 



J-s+2 



s — 2 s — 2 

+ A k u s+j (s,Q,Q) +^4 29 ~ 1 ■ A fc tj s _ 9+{j _ q+1) (s - q, l,q - 1) + ^ 4 2q ■ A fc o; s _ 9+ y_ 9) (s - g,0,g) /or < j < s - 1 

q = l 9=1 

(8.2) 



A fc r^. - 8 ■ A fc r 2 L * 1 x = 4 



Afcr) + s 3 J - 8 ■ A fc r 



i+2 



s-2 s-2 

+ A fc o;2 S +j(s,0,0) + ^4 2<7 ~ 1 ■ AfeW2(s- 9 )+(j+i)0 - 9, 1,5 - 1) + ' A fc^2(s-9)+j0 - 5,0,5) forO <j < s 

9=1 9=1 



Proof. From Definition 15. 1 1 and Definition 18 . 1 1 we obtain the following formula 
(8.3) 



A k uJi{s,m,l) = A k T 



s + m 
s+m+l 



4-A fe r\ L _i 



s + m-1 
s + m + t 



- 8 ■ A fc r t L _\ + "^- 1 J + 32 ■ A fc r|_ 3 +"+ ! - 1 
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The case i = s + j, < j < s — 1 
From (|8.3|) we obtain successively the following equations 



A fe r fl L + = J - 4 • A fe r s L = { = 8 



4 ■ 



A fc r s L * [ - 4 ■ A fc r 



+J-2 



A fe r s L + /_ 2 J - 4 • A fe r 



'+3-3 



A fe r s L + /_ 3 J - 4 • A fc r 3+J _ 4 



A fe r s L + /_ 4 J - 4 • A fc rj +J ._ 5 



A*r s L + |_ J ! - 4 • A fc r 



8 ■ 



'+3-2 



A fc r s L + ;_ 2 J - 4 • A fe r 



s+j-3 



A fe r 3 L + 7_V - 4 • A fe r s+J _ 4 



+ A fe w s+ j(s,0,0) 

+ A fc w s+J -_i(s- 1,1,0) 



= 4 J 



= 4 4 



s-l 
a — 1 



s+J-4 



s+j-5 



A fc r 



s — 1 . 
s+j — 5 



■4- A fc r 



s+j — 6 



+ A k U> a +j-2(s ~ 1, 0, 1) 



+ Afcw s+i _ 3 (s-2,l,l) 



+ A fe a; s+i _4(s - 2,0,2) 



4 2 p . 



-(p — l) | s-p 

s+j-(2p-l) ~~ "* ' "** s+j-2p 



= 4 



A fc r s L + /_ 2p - 4 • A fc r s+i _ (2p+1) 



2p-l 



A fc r 



s+j — 2p 



4- A fc r 



<2p 



Afer s L +j _ (2p+1) 4 ■ A fc r s+j ._ (2p+2) 



+ A fc Lj s+:/ _ (2p _ 1) (s -p, l,p - 1) 



+ A fc w s+j _2p(s - p, 0,p) 



By summing the left- hand side of the above equations we obtain: 



Afci^ -4.A fc r s L +J U + E 429-1 



9=1 



A fe r 



(9-1) 

a+j-(2g-i) 



- 4 ■ A k r s+j _ 2q 



9 = 1 



9-1 

A fe r s+ /_ 2q - 4 • A fc r s+j _ (29+1) 



s — q 

-(q-l) 



A fc r s y + ^4 2 '- 1 • A fc rL +J _- a< _J ) + £ 4 2 « • A fc r 



s+j-29 



9=1 



9=1 



E 429 - A ^i + /-29 
9=1 



-(9-1) 
3 +i-(2 ? -l) 



9=1 



= A fc r s L + 3 J + E 429-1 ' Afcr 
9=1 



8 — q 

-(9-1) 



s+i-(2 9 -l) 



+ E 429 ' A ^ + /-29 
9 = 1 



+ E 429 -A fc r 
9=1 



s+j-2q 



E 429 -A fc r 3+J _ 29 
9=1 



E 429 - A * r 
9=1 



+J-29 



E^ +1 -A fc r s L +jI(2 J +1) ~4.A fc rL + =_ 



9=1 



E 429+1 -A.r 



-9-1 

5 — 9 



9=0 
P+l 



E 42q_1 -A fc r 
9=1 



i +J-(2q+l) 



s — g 
-(9-1) 



+J-(2q-l) 



A fc r s L + ^ - 4 2p+1 ■ A fc r s L +J _2p-i 
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By summing the right-hand side of the above equations we obtain: 



A*r s L + = _J - 4 ■ A fc r s L + /_ 2 J 



+ A fc w s+J -(s,0,0) 



+ £ 4 2 ^ 



9=1 



A fc r 



»-(«-!) 
3-1 



4- A fe r 



+j-2q-l 



+ E 429 

9=1 



s+j-(2 9 +l) 



•4- A fc r 



s+j-(2g+2) 



+ A fc w s+; j_(2 g _i) (s - q, 1, 9 - 1) 

+ A k U) s+ j-2q{s - q, 0,1 



A fc r s L + = _{ - 4 ■ A fe r 



■+J-2 



+ A^ 3+J ( s ,o,o) + ^2.4 29 .A fe r s L +J ^ 1)j +]T2.4 29+1 .A fc r s+: (J , ( 

-9-1 



E 2 ■ 429+1 • A fc r |;-J 9+1) - £ 2 • 4 2 «- • A fe r L +;: j 2 J 



(2q+2) 



9=1 



9=1 



+ E^ 9 1 ' A kOJ 3 +j-(2 q -i){s - 9, 1,9 - 1) + E 4 ^ ' A fe ^ s+j -2« 3 (s - g,0, q) 



9=1 



9 = 1 



s — q 

-(5-1) 



■ A fc r s L + j_{ + A k u s+j (s, o, o) + ^ 2 • 4 29 • A fc r s L +i :^ J - E 2 ' 429+2 ' A * r 



9-1 
-9 
-1 

s+j-(2q+2) 



9 = 1 



9=0 



+ E 429 1 ' A kOJ s+ j-(2q-l)(s - 9, 1,9 - 1) + E 429 ' Afcaj s+3 -2« 3 (s - 9,0,9) 
9=1 9 = 1 



.[••I 



-(9-1) 



p+1 



= 8 • A fe r s L + j _j + A fc o; s+J ( s , 0, 0) + ]T 2 • 4 29 • A fe r s L +j r 2 l J - E 2 • 429 • A * r 

9=1 9=1 

+ E 429_1 ' A kOJ 3+j -(2q-i) (s - q, 1, 9 - 1) + E 429 ' AfcOJ s+i -29(s - 9, 0, q) 

9 = 1 9=1 



»-(«-!) 
s-1 

+3-29 



.[••I 



(P+1) 

J 

+j-2(p+l) 



= 8 • A fc r 3 L + j_{ + A fc w s+ j(«, 0, 0) - 2 • 4 2(p+1) • A fc r s L 

p p 
+ E 429_1 ' A fc^s+j-(29-i)( s - 9, 1,9 - 1) + E 429 ' ^kU a +j-2q(s - 9,0,9) 



9=1 
Therefore 



9=1 



(8.4) 



A fe r s L < : J - 4 2p+1 ■ A fc r 



fc 1 s+j-2p-l 



.[':'] 



(p+i) 

! — P 

3-1 

s+j-2(p+l) 



= 8 • A fe r s L + |_| + A k uj s+j (s, 0, 0) - 2 • 4 2(p+1) • A k T [ s 
p 1 

+ E 429-1 ' A fc^s+J-(29-l)( S - 9, 1,9 - 1) + E 429 ' A kUJs+]-2q(s - 9,0,9) 



9=1 



9=1 
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-(p+i) 

s — p 



(8.5) 

A fc rJ + : J - 8 ■ A fe r s+ , ; , 

- 4 2p+1 ■ AtT I- 3 J - 2 • 4 2(p +1) ■ At T L 
+ A fc tj s+:/ (s,0,0) + ^4 2g ~ 1 • A fc w s _ 9+(j _ q+1 ) (s - g, l,g - 1) + ^4 2<J ■ A fc w s _ 9+0 _ 9) (s - g,0,g) 

9=1 9 = 1 

Setting p = s -2 in (|8.5|l we obtain the formula (|8.ip . that is 



A fc r. 



+3 



•A fe r 



A fe r 



J-s+2 



+ A fc w s+J (s, 0,0)+^] 4 2q 1 • A k uj s _ q+U _ q+1) (s - q, 1, q - 1) + ]T 4 2<? ■ A*w s _, +Cj - 9 ) (s - g, 0, g) 

9=1 9 = 1 

The case i = 2s + j, < j < s 
Proceeding as in the first case we obtain 

(8.6) 



Afcr 2s +j - 8 • Afc^^.j 



4 2 - +1 .A fc r 2s4/ _,„ 



x _2-4 2(p+1) • A fc r 



(p+1) 

i—p 

5-1 

2s+j-2(p+l) 



+ A fc Lj 2s +j (s, 0, 0) + ^2 4 2<7 1 ' A fe LJ2( s -9)+o+i) (« - 9, 1, <? - 1) + ' A fc w 2(s _ 9)+j (s - g, 0, g) 

g=l 9=1 

Setting p = s -2 in (|8.6p we get the formula (|8.2p . that is : 



A fe r 2s ! ) . J . - 8 ■ A fe r 2s ^ j _ 1 



= 4" 



- j+3 



s-1 

J+2 



+ A fe tJ2 S +j(s,0,0) + ^4 2? 1 ■ A fc cj2( s _9) + ( J+ i)(s - g, l,g - 1) +^4 2? ■ A fe cj 2(s _ 9)+J (s - g,0,g) 
9=1 9=1 



8.4. An explicit formula for the difference 

Afer^J - 8 ■ A fc r s L + =_{ for < j < 2s. 
Lemma 8.3. We have for s > 5 



□ 



(8.7) 



Afcr J -i s+3 - 8 ■ A k r j _ g+2 





2 k 

9 ■ 2 fc 



if0<j<s-3 
if j = s-2 



if 3 
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i+3 



■ A fc r 



3+2 



2fc+l 

-15 ■ 2 2fe+1 + 3 ■ 2 k+3 

_g _ 22fc + 2j-l 

—33 • 2 2fc + 2s_5 

-159 ■ 2 2k+2s ~ 3 

-21 • 2 sk+s + 21 ■ 2 2fc+2s 



Proof. From Lemma ll.221 we deduce easily Lemma 
Lemma 8.4. We have : 



if 3 = 
if 3 = 1 

if 2 < j < s - 3 
ifj = s-2 
tfj =s-l 
if ' 3 = s 



□ 



(8.9) 



(8.10) A fc r 



2s+j 



■ A fc r 



2s+j-l 



'3-2 k+a ~ 1 if 3=0 

15-2 k+a - 1 if j = l 

^ 63 2 fe +s +3j_6 j/2<j<S-l 

_ 15 , 2 2fc+ 2s -2 _ 33 , 2 k+4s-6 ifj = Q 

-321 ■ 2 2fe+2s " 2 + 3 ■ 2 fc+4s_3 if j = l 

-315 ■ 2 2fc + 2s + 4 ^ 6 if 2 < j < s - 1 

-21 ■ 2 3fc+3s - 3 + 21 • 2 2fc+6s_6 if j = s 



Proof, proof of 



From the reduction formula (|8,l[l using Lemma 17.41 and the formula (|8.7[) we deduce 
The case j = 



A fc r s L s J - 8 • A h r L s _{ 



A fc r^ 3 - 8 ■ A fe r 



s — 2 s — 2 

+ A k u s (s,0,0) + ^2 Aq ~ 2 ■ A k u) a _ q+( _ q+1) (s - q, l,q - 1) + ^ 2 4<J ■ AfcW s _ 9+( _ g )(s - q, 0, g) 

9=1 9=1 

= AfcL^ (s, 0, 0) + 2 2 • A fc o; 3 _i(s - 1, 1, 0) = 2 k+s - 1 + 2 2 ■ 2 fe+s ~ 2 = 3 • 2 k+s ~ 1 
The case j = 1 



A fe r 



s + 1 



8 ■ A fc r« 



= 2" 



A fc r 



A fc r 



s-2 



3-2 



+ A k u> s+1 (s, 0, 0) + 2 49 2 ' A k u s _ q+{ ^ q+2 ) (s - g, 1, q - 1) + 53 2 49 ' A fc w s _ q+{ _ 9+1) (s - g, 0, g) 

9=1 9=1 
2 1 

= A fc o; s+1 (a, 0, 0) + ]T 2 49 " 2 • A fc w s _, +( _, +2) (a - g, 1, q - 1) + ]T 2 4<J • A fc a> s _ 9+( _, +1) (a - q, 0, g) 

9=1 9=1 

= A k io s+1 (s, 0, 0) + 2 2 ■ A k iu s - 1+1 (s - 1, 1, 0) + 2 6 • A fc a; s _2(s - 2, 1, 1) + 2 4 • A fc ^ s _i(s - 1, 0, 1) 



-3 • 2 fc+3_1 + 2 2 ■ (-3 • 2 K+3 ~ Z ) + 2° ■ 2 K+a ~° + 2" • 2 K+3 ~ Z = 15-2 



- ) k-\-s — 2\ . r>6 r>fc+s — 3 i r)4 + S — 2 



fc+a-1 
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The case j = 2 



A fc rJ + -J - 8 ■ A fc r s L , 



= 2 4 



A fe ri^ 5 - 8- A fc r 



s-1 

s+4 



s-2 s-2 

+ A k uj B+2 (s,0,0) + ^2 4q ~ 2 ■ A k ui 3 _ q+( _ q+3) (s - g, 1, q - 1) + ^ 2 4q ■ A k u s _ q+{ _ q+2) (s - q,0,q) 

9=1 g=l 
3 2 

= A k uj s+2 (s,0,0) + ^2 4<7_2 • A fe aj s _ 9+( _ 9+3) (s - g, l,g - 1) + ^2 4<J • A fc aj 3 _ 9+( _ q+2) (s - g, 0, q) 

9 = 1 9 = 1 

= A fc cjs+ 2 (s, 0, 0) + 2 2 • A fc cjs-i+ 2 (s - 1, 1, 0) + 2 6 • A fc u> s _ 2 +i(s - 2, 1, 1) + 2 10 ■ A k tu s -- A {s - 3, 1, 2) 
+ 2 4 • AfeCJs-i+i (s - 1, 0, 1) + 2 8 • A fe cjs- 2 (s - 2, 0, 2) 

= 2 fc+s + 2 2 ■ 2 k+a ~ 1 + 2 fi ■ (-3 • 2 k+s ~ :i ) + 2 10 • 2 fc+s ~ 4 + 2 4 ■ (-3 • 2 fc+s ~ 2 ) + 2 8 • 2 fc+s ~ 3 = 63-2' 
The case 3 < j < s — 3 



fc+s 



Afc^s-9+0-9+1) (« - 9, 1, 9 - 1) = 

<^> s - q + 3 < s - q + {j - q + 1) < 1 + 2 • (s - q) - 1 g < j - 2 
A fc aj s _ 9+0 _ g) (s - g, 0, g) = 

<S=^ s-g + 3<s-g+(j-g)<2-(s-g)-l q < j - 3 



A, r^- s ^ — s ■ A, r^- » -I 

^fc 1 s+j ^fc 1 s+3-l 

r.K-L - 



A fe r} _% J +3 - 8 ■ A fc r 



s+2 



s-2 s-2 

+ A fc w s+J -(s, 0, 0) + 4 2 "- 1 ■ A k oj s _ q+(j _ q+1) (s-q,l,q-l) + ^2 4 2<J • A k cu 3 

-9+0-9) 

9=1 9 = 1 

3 + 1 2 

= AfcaJs+ 3 (s, 0, 0) + 4 2<7_1 ■ AfcW s _, +(; ,-_, + i) (s - g, 1, g - 1) + ^ 

9 = 1 

3 + 1 3 

= A fc ajs+ 3 (s,0,0) + ^ 4 2<7_1 ■ A k u 3 _ q+(j _ q+1) (s - g, l,g - 1) + ^ 4 2<J ■ A k u> s _ q+(j _ q) (s - q, 0, g) 

9=3—1 9=3—2 



4 29 



9=1 



(s - g, 0, g) 

Afc^s-9 + (j-9)0 ~ 1,0, q) 



9=3-2 

_ p4(j-i)-2 _ 2 fc + s -(3-i) + 2 43 -2 ■ (-3 • 2 fc+(3 ~ j) ~ 1 ) + 2 4j+2 • 2 fc+3_(j+1)_1 ] 

,4( 3 -2) _ 2 fe + s -(3-2) _j_ 2 4 <3-i) . . 2 fc + s -(3- 1 )- 1 ^ _j_ 2 4j . 2 fe+ (s ~ j) ~ x ] = 63 • 2 k+s+3j ~~ e ' 

ie i = s -2 



+ [2 

The case j = s 



A fc w s _ q+{s _ q _ 1) (s - g, l,g - 1) = 

<S=^ s-g + 3<s-g+(s-g-l)<l + 2-(s-g)-l <^=> g < s - 4 

Afc03 s _ 9 + ( s _ q _ 2 )(s - 9,0,9) = 

<S=^ s-g + 3<s-g+(s-g-2)<2-(s-g)-l <^=> g < s - 5 
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A fe r 2 /_ 2 - 8 • A k T2 s l 3 ' 



A k r[ s J - 8 ■ A fc r ( L 3 1 



s—2 s — 2 

+ A fe Lj 2s -2(s,0, 0) + ^2 4<J_2 ■ A fc oj s _ q+(s _ (? _ 1) (s - g, l,g - 1) + ^ 2 4<J ■ A k Lu s ^ q+(s _ q _ 2 ) (s - q, 0, g) 
9 = 1 9 = i 

3—2 s — 2 

= 2 4s ~ 6 -2 k +A fc w 2s _ 2 (s,0,0)+ ^ 2 49 " 2 •A fc w s _, +(s _,_ 1) (s-g,l,g-l)+ ^ 2 4 " ■ A fc o; s _ q+(s _ 9 _ 2) (s - g, 0, q) 

q — s — 3 q=s — 4 

_ 2^+48-6 _|_ ^2 4 ( s - 3 )- 2 . 2 k+s -( s ~ 3 ) _|_ 2 4 ( 3 ^ 2 )- 2 . . r,fc+s-(s-2)-l 

+ 2 <HS-3J . (_ 3 .2 



(-3-2 K 

4(s-4) _ 9 fc+s-(s-4) _,_ 9 4(s-3) _ f_q _ fc+s-(s-3)-l^ g 4 ^" 2 ) . 2 fc + s ~( s - 2 )- 1 l 



[2^°— 11 • 2 
: 63 • 2 fc+4 "- 12 
The case j = s -1 



A fc w s „ q+{s _ 9) (s - q, l,g - 1) = 

s-q + 3<s-q + (s-q)<l + 2-(s-q)-l <^> g < s - 3 
A fc o; s _ I j +(s _ ? _ 1 ) (s - g, 0, g) = 

-£=>• s - g + 3 < s - g + (s - g - 1) < 2 ■ (s - q) - 1 q < s - 4 



AfclVJi - 8 • A fc r 



A fc r 2 L s J - 8 ■ A fc r} 3 1 



+ A fe Lj 2s _i(s,0,0) + ^2 4<J 2 ■ A fc oj s _ q+(s „ g) (s - g, l,g - 1) + ^ 2 4<J • A fc w s _,j +(s _ 9 _ 1) (s - g, 0, g) 



9=1 



A fc r 2 L s 1 - 8 ■ A fc r{ 



+ A fc w 2s _i(s,0, 0) + ^ 2 4<J 2 ■ A fc ^ 3 _ 9+(s _ q) (s - g, l,g - 1) 



9=s-2 



+ ]jP 2 49 • A fc Lj s _ 9+(s _ g _ 1) (s - g,0,g) 

q=s — 3 

_ 2 fc + 4s -6 g 2 fc + 2 4 ' 3 ~ 2 - ) ~ 2 ■ 2 fc+s ~( s ~ 2 ' -|_ 2 4 ' 3 " 3 ' . 2 k+s + 2 4 ' s ~ 2 ' ■ (—3 ■ 2 fc+1 ) — 63 • 2 fc+4s_9 
proof of (|H7TU|) 

From the reduction formula (|8,2|l using Lemma 17.41 and the formula (|8.8[) we deduce 
The case j = 



A fc r 2 L / J - 8 • A fc r a L , »i 



AfcTi • J - 8 • A fc r 



s—2 s — 2 

+ A k L02s{s, 0, 0) + ][] 4 2<? " 4 ■ A fc o; 2(s _ q)+1 (s - g, 1, g - 1) + ^ 4 2<J ■ A fc w 2(s _ g) (s - g, 0, g) 

9=1 9=1 
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= 2* s_ 

3-2 



[3 • 2 



2fe+l 



g 2^^+25 — 2 _j_ 2^ ^ g 2^fc+2s — 3| 



",2fc+2(s-q) + l-2 



+ ^2 49 - 2 -h3-2 2 

q=2 

_ 2 2fc + 2s_2 _ 33 2 fc+4s ~ 6 

The case j = 1 



] + Y^2 4q ■ [-3 • 2 2fc+2 ( s - 9 >- 2 ] + 2 4s - 8 ■ [-3 • 2 2fc+2 + 2 fc+2 ] 



We have 



A fc r 



A^ 2s +i(s,0,0) = 9-2 2fc+2a - 2 
A k uj 2(s _ 1)+2 (s - 1, 1,0) = 9 • 2 2fc+2s - 3 
A fc ^ 2(s _ 2)+2 (s - 2, 1, 1) = -9 • 2 2fc+2s - 5 
A k cu 2 ^ q)+2 (s - q, 1, q - 1) = 15 • 2 2fc+2 ^>- 1 
A fc[ ^ 2(s _ 1)+1 ( S - 1, 0, 1) = -9 ■ 2 2fc+2s - 4 
A k L0 2{s _ q)+1 {s - q,Q,q) = 15 ■ 2 2fc+2 ^>- 2 

" ■ A fc r[ s : 



if3<g<s-2 



if 2 < q < s - 2 





l 

2 


| • J - 8 • A fc r : 





2s+l 

s-2 3-2 

+ A fc oj 2s+ i(s,0, 0) + ^2 4<7 ~ 2 ■ A fc aj 2(s _ 9)+2 (s - g, l,g - 1) + ^ 2 4q • A k Lu 2(s _ q)+1 - 9, 0, g) 

9 = 1 g=l 

= 2 4s ~ 6 • (3 • 2 2fc+1 - 17 • 2 fc+1 ) + 9 ■ 2 2fc+2s - 2 + 2 2 • 9 • 2 2fc+2s - 3 + 2 6 ■ (-9 ■ 2 2fc+2s - 5 ) 
+ ]T 2 4q - 2 • 15 • 2 2fc + 2 ( 3 - 9 '- 1 + 2 4 • (-9 ■ 2 2fc+2s - 4 ) + ^ 2 49 • 15 • 2 2fe+2 ( s -^- 2 

q— 3 q—2 

— 15 2 2fc+4s— 5 + 3 2 fc+4s— a — 81 2 2fc+2s_2 -+- 15 2 2fc+4s— 5 — 5 2 2fc+2s+a — 5 2 2fc+2s ~ t ~ 2 



—321 ^k-\-2s — 2 . g 2^ + ^ s — ^ 

The case 2 < j < s - 4 



A fc r 2 L /4 - 8 • Afcri^ij 



= 2 4 



A/T^ - 8 ■ A fc r j+ S 2 1 



+ A k uj 2s+j (s, 0, 0) + ^2 2 • A fe ^ 2 ( s - 9 ) + ( i+ i) {s-q,\,q 

9 = 1 

We have 



1) + 2 *" ' A fe ^ 2(s _ 9)+j (s - g, 0, g) 



A k u> 2a+j (s, 0, 0) = if 2 < j < s - 4, 
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A k u) 2(s _ q)+(j+1) (s - q, l,q - 1) = 



'0 if 1 < g < .7 - 1 

g . 2 2k+2s-3 ]iq=j 

_ 15 . 2 2fc +2s -5 ifg=j + l 

g . 2 2 fc + 2s -2 9 + 2i-3 if g > j + 2 , 



AfcW 2 ( 3 _ 9 ) +j (s - q,0, 



(0 if 1 < g < J - 2 

3 . 2 2 fc+2s -2 if g = j - 1 

_ 15 . 2 2 fc+ 2s-4 i{q=j 

g . 2 2fc + 2 s -2 9+ 2i-4 if g > J ' + 1. 



s — 2 s — 2 

^2 4<? ~ 2 ' A fc^2( s - 9 )+(j+i)(s -9,1,5-1) = ^2 4<J ~ 2 • A fc tj 2{s _ 9)+{j+1) (s - g, 1, g - 1) 

9=1 9= j 

s-2 

_ 9 4j-2 /o 9 2fc+2s-3\ , 4(j + l)-2 (_-,r 2fc+2s-5\ , \^ 4q-2 Q r,2fc+2s-2q+2j-3 



(3 • 2 ZK+ ' s - > ) + T 



(-15-2 



= 3-2 
and 



2fe+2s+4j-5 



-15-2 



2fc+2s+4j-3 



+ 9-2 



) + rq ~" ■ 9 ' r 

q=j + 2 

s-2 

2/ : 2j-5 2 2q _ 3 r,2fc+4s+2j-7 



-105-2 



2fc+2s+4j- 



9=j+2 



s—2 s-2 

^2 4<? ■ A k u 2(a _ q)+j (s - q, 0,g) = ^ 2 4q ■ A k u 2{s _ q)+j (s - q, 0, g) 

9=1 9=J-1 

s-2 

_ 2 4(j-l) . (-3 . 2 2fc+2s-2-j _|_ 2 4j _ (_X5 . 2 2fc+2s-4-j _|_ ^ 2 4<? • 9 • 2 2fc+2s ~ 2<J+2j ~ 4 



9=J + 1 

s-2 

3 _ 2 2fe+2s+4j-6 _ _ 2 2fc+2s+4j-4 _|_ g _ 2 2fc+2s+2j-4 ^ 2 2g 

9=3+1 

Combining the above results we obtain for 2 < j < s — 4 



3 _ 2 2fe+4s+2j-6 _ -j^Qg _ 2 2fc+2s+4j- 



A fe r 2s+j _ 8 ' A fe r 2s+j-l 



[•:'] 

2s+j- 

A fc r} + : J - s-Afcrj+V 1 - 



s-2 s-2 

+ A k aj2s +j (s,0, 0) + ^2 4<? ~ 2 ■ A fc w 2 ( s -,)+(j+i)(s - g, l,g - 1) +^2 4<? ■ A fe a;2(s- 9 )+j(s - <?,0,g) 

q=l q=l 



-9 • 2 



2fc+4s+2j-7 



+ (3 • 2 2fc + 4a + 2 ^ 7 - 105 ■ 2 2fc+2s+4j - 5 ) + (3 • 2 



2fc+4s+2j-6 



105 ■ 2 



2fc+2s+4j-6 



2fc+2s+4j-6 



= -315 • 2 
The case j = s -3 

A fe r 2s + (s-3) _ 8 ' A 1 - I 



.[':'] 
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+ A fc ^ 2s +( s -3) (S, 0, 0) + ^2 2 ' A fc^2( s -q) + ( s -2) (s - q, 1, q - 1) + ^2 ' A k^2( s -q)+( s -3) (« ~ 9, 0, <?) 

g=l 9 = 1 

We have 

Afcw 2s+{s _ 3) (s, 0, 0) = if j = s - 3, 

{0 if 1 < g < s - 4 

3 . 2 2 fe + 2s -3 jf ? = g _ 3 

_ 15 . 2 2 fc+2s -5 ifg = s _ 2 , 



Afe^2( s _ 9 ) + ( S _3) (s - 9, 0, q) = < 



(0 ifl<g<s-5 

g . 2 2 fc+2s -2 if g = g _ 4 

_ 15 . 2 2fc +2s -4 if? = s _ 3 

9 ■ 2 2fc+2s - 6 if q = s - 2, 



s — 2 s — 2 

249_2 ' Afc^2( s - 9 )+( s -2) (s - g, 1, q - 1) = ^ 2 4<7 ~ 2 • A fc aj2( s - q ) + ( s - 2 ) (s - g, 1, g - 1) 

g = l q=s — 3 

_ 2 4 ( s -S)-2 . ^3 . r,2fc+2s-3^ _|_ r,4(s-2)-2 _ (_15 . 2 2 fc+2s-5-j _ _ 2 2fe+6s-17 



^2 4<J ■ AfcW2( s -9)+( s -3)(s - g, 0,g) = 2^ 2 iq ■ A k Lu 2 ( s - q )+(s-3)(s - q,0,q) 

q — \ q—s — i 



y4(s-4) /o 9 2fe+2s-2x , 4(s-3) 



^3 2 ZK ^' zs ^ z ~j _j_ 2 4 l s — ( — 15 2 2 fc+2s — 4^ _j_ 2 4(s — 2) ^-g 2 2fc+2s — 6^ gy 2 



,2fc+6s-18 



As before we deduce from the above results 



8- A fe r 



2s+(s~4) 



A fc r s L • J - 8 • Afcl 1 ^ 1 



+ A fc ^ 2s +( s -3) (s, 0,0) + ^ 2 4q 2 ■ A fc aj 2 ( s -q)+( s -2) (s - q, 1, g - 1) + ^ 2 4q ■ A fc aj2( s -q)+( s -3) (s - q, 0, q) 

q=l 9 = 1 

— —9 2 2fc+6s ~ 13 — 57 2 2fc + 6s ~ 17 _|_ 2 2fc+6s-18 _ _3^g 2 2fc+6s-18 

The case j = s -2 

A fe r 2 / +(s _ 2) - 8 ■ A fe r 2s ^ (s _ 3) 



A^V - 8 ■ A fc r 



+ A fc aj 2s +( s -2) (s, 0,0) + ^ 2 4q 2 • A fc w 2 ( s - 9 )+( s -i) (s - g, 1, g - 1) + ^ 2 4q • A fc aj 2 ( s -q)+( s -2) (s - g, 0, q) 
We have 



9=1 



A fe w 2s +( s -2) (s, 0, 0) = if j = s - 2, 
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.0 if 1 < q < s - 3 

A fc w 2(3 _ 9)+(s _ 1) (s - g, 1, q - 1) = -j 3 2 2 fe+2s _ 3 if g = g _ 2 



A fe ^2( s - 9 )+( s -2) (s - 9, 0, q) = < 



if 1 < q < s - 4 

3 . 2 2fc+ 2s -2 if ? = s _ g 

_ 15 . 2 2fe +2s -4 if? = s _ 2 , 



s — 2 s — 2 

^2 4<7 ~ 2 • A fc o; 2(3 _ g)+(3 _ 1) (s - g,l,g- 1) = 24<7 ~ 2 ' A fc^2( s - g )+( s -i) (s - g, l,g - 1) 

9 = 1 q=s-2 



-,4(s-2)-2 2fc+2s-3 



(3 -2^+^) = 3-2 



2fc+6s-13 



* — z s — z 

^2 4<J • A fc w 2 ( s - q )+( s -2)(s - 9, 0,g) = ^ 2 4<J • A fc o;2( s -q)+( s -2)(s-g, 0,<?) 

9 = 1 q = s — 3 

_ 2 4 (s-3) ^3 2 2fc + 2s_2 ^) _|_ 2 4 ' s_2 ' ( — 15 2 2fc+2s ~ 4 ) — 3 2 2fc+6s ~ 14 — 15 2 2fc+6s ~ 12 — — 57 2 
As before we deduce from the above results 

M hi 



= 2 4 



,2fc+6s-14 



AaT^ - 8 ■ A fc r 



s-2 s-2 

+ A fc aj 2 s+(s-2) (s, 0,0) + ^ 2 4q ~ 2 • A fc o;2( s -g)+( s -i) (s - q, 1, q - 1) + ^ 2 4q • A fc aj 2 ( s -q)+( s -2) (« - 9, 0, q) 



9=1 

—33 2 2fc+6s_11 + 3 2 2fe+6s ~ 13 — 57 2 2fe+6s ~ 14 
: -315 • 2 2fc+6s - 14 
The case j = s 



i L s J 



A fc r 2 L / J - 8 ■ A fc r 



2s+(s-l) 



= 2 4 



A fc r s y - 8-A fc r s L + V lJ 



s-2 s-2 

+ A k uj [is (s,0,0) + ^22 4q ~ 2 • A fc tj2(s-q)+s+i(s - q, l,g - 1) + ^2 4<J ■ A fc ^ 2 (s- 9 )+s(s - g, 0, g) 

q=l 9 = 1 

We have 



A fc ^3s(s,0,0) = 21-2 3fc+3s - 3 , 
A fc c,2(s- 9 ) + s + i( S - g, 1,9 - 1) = 21 • 2 3fc+3 ( s -"+«- 2 
A fcWa(i _, )+ .( fl - g, 0, g) = 21 • 2 3fc + 3 (^>+«- 3 



if i < g < s - 2, 
if 1 < q < s - 2, 



]T 2 4 "- 2 • A fc c 2( s- 9)+ s +1 (s - q, 1, g - 1) = £ 2 4 «- 2 • 21 • 2 ™-^- 2 
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= 21-2 



a-2 s-3 

;/. f 3s-4 _ 21 2 3fe+3s_2 2 2(J — 7 2 3fe+5s ~ 6 — 7 2 3fc+3s_2 

3=1 9 =0 



]T2-'"-'-' - .\ 



9=1 



;^ 2(s _ 9)+s (s-g,0,g)=^2 49 -21-2 

9 = 1 



3fc+3(s-9) + 9-3 



s-3 

3fc+3s — 1 \ s r>2g — ~3fc-f-5s — 5 



2^ 2 3fc+3s— 3 ^ ^ 21 2 3 ^^ 3s— * ^ s 2 2<? 7 2 

9=1 9=0 

As before we deduce from the above results 



7-2 



3fc+3s-l 



A fe r 2 L / + J s - 8 ■ A fc r 



= 2 4 



2s+(s-l) 



A fe r^ 3 J - s • A fc r s L ; 2 - 



+ A k u 3s (s,0,0) + ^2 2 4q 2 ■ A k uj 2(s - q)+s+1 (s - g, l,q - 1) + ^ 2 4<J ■ A fe o; 2(s _ 9)+s (s - g,0, g) 

9=1 9 = 1 

2^ 2^^+^ s— ^ _j_ 21 2^+6s— 6 _i_ 21 2 3 ^^ 3s— 3 _(_ 7 2^+5s— 6 7 2^+3s— 2 ^_ y 2^+55—5 y 2^^+35—1 

2j^ c^Zk+Qs — Q 2^ 2^^+^ s — ^ 

□ 



9. An explicit formula for Afcl^ a 1 , for < i < 3s 

9.1. Notation. 

Definition 9.1. We recall the formula obtained in Section [8] (see H8,3j l): 



5 + m-l 

A k Ui(s,m,l) = A fe I\ L s+m+l J - 4 • Afcr}.^" 1 ^ 



■ A fc r 1 L _' 1 +m+, ~ 1 J + 32 ■ A fc r l L j 2 + " l+1 - 1 



9.2. Introduction. Using the results concerning A k uJi(s, m, I) obtained in Lemma 17.41 we 



adapt the method of Section 12 in [2] to compute A^r} 3 for ^ i ^ 3s applying succes- 
sively the formula [ 



9.3. Computation of A^T 
Lemma 9.2. We have 



+ m + l 
8+j 



= r 



3+m |x(fc + l) 

s + m + l 



S+j 



for j =0,1,2. 



(9.1) 



A fc r 



er + m 



2&+s — 1 
3 • 2 k+3 ~ 1 



ifm>l,l>0 
ifm = 0,l>l 



(9.2) 



A fc r 



s + m 
s + m, + l 



= < 



'9 . 2 fc + s - 1 


ifm 


> 2, I > 


17 • 2 fc+s - 1 


if m 


= 1,1 > 1 


33 2 fc +s _i 


ifm 


= 1,Z = 


147 ■ 2 k+s ~ 1 


ifm 


= 0,Z = 


71 ■ 2 h+B ~ 1 


if m 


= (M = 1 


39 2 fc +s _i 


ifm 


= o,; > 2, 
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(9.3) 



A fc r 



fc 1 s+2 



' 7Q p 
fO ■ A 


fe+s— 1 




i/m 


> o, t > U 


i in 
11U • 


ofc + s — 

z 


i 


i/m 


— Z, £ ^ 1 


1 1A 
1(4- 


ofc + S — 
Z 


i 


z/m 


— Z, £ — U 


iyo • 


z 


i 


i/m 


= 1, £ > Z 


ozo ■ 


Q&+S — 

z 


i 


i/m 


1 7 i 

— 1, £ — 1 


< 

DoU • 


Z 


i 


z/m 


— 1 , £ — U 


438 • 




i 




— o / > 3 


694- 


2fc+s— 


i 


i/m 


= 0, / = 2 


1302 


2^+5 


-l 


ifm 


= 0, / = 1 


2646 


2^+s 


-l 


ifm 


= 0, / = 



Proof. The proof is based on Lemma 17.41 and (|6.33|l . 

We remark that to obtain the result in one case we are using some of the results in the 
precedent cases, 
proof of ipn]l 



The case m > 1 , 1 > 

A fc r? 



s + m 

s+m+l 



8 • A*r. L _ a ; 



s + m + 1-1 



■32- A fc r s L _T" +1_1 



since A fc r s L _T m+ J = J = A fe r 



B+m-l 
8-2 



= A k uJs(s,m,l) = 2 k+s 1 

[ 1 

= we get A fc rj a+m+1 J = 2 



fe+s— 1 



The case m = 0, Z > 1 



A fc r s L 



4 • A fe r s L _^ 



A A r s L _T~ 1J +32- A fc r 



S+I-l 

-2 



= A k u) a (s,0,l) = 2 k 



since AfcT^ 



s + (l-l) 

s— 2 



and A&r s L _7 



2 fc+3 " 2 we get A fc r, L 3+1 



3 ■ 2 



fc + s-l 



The case m — 0, 1 — 

A fc r s L s — 4 • A fc r s L _f J - 8 • A fc r s L _j 1 + 32 • A fc r s L _ 2 



A fe w s (s,0,0) =2 fc 



fc+s-l 



since A fc r s L _J J = 2 fc+s ~ 2 , A fc r s L _ 2 3 J = we get A fe r s L s J = 2 fc+3 ~ 1 + 12 ■ 2 k+s - 2 = 7 ■ 2 fc+s " 1 



proof of JO 



The case m > 2, Z > 



A fc r 



s + m 
s + m + l 



-4- A fc r 



o + m-l 

S+m+< 



since A^F 



s + m-1 
s + m + l 



A fc r 



8 ■ A fc r a L 3+m+l 1 J + 32 ■ A fc r 8 L _i 

T ' ' and A k r\'j 



= AkUJa+i (s, m, Z) = — 3 • 2 k 



_ fc + s-l„„j A ^[s+tl+l-l 



s+1 



we get AfcF 
The case m = 1 , 1 > 1 



A fc ri;r iiJ - i-a,i\ 1 



8 ■ AsTs 



.■+1 

s + l 



32 ■ A fc r 



A fe ws+i(s,l,0 = -3-2 



fc + s-l 
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we get AkT 



+ m+! 
s + 1 



>' 1 ! A fc r| *+' J = 2 fc+s " 1 and A fc r s L i+ ! 1 = 



= 12 ■ 2 k+s ' 1 + 8 • 2 k+s ~ 1 - 3 • 2 k+s ~ 1 = 17 ■ 2 fc+s_1 



s+1 



.[!] 



The case m = 1, I = 

4 ■ A fc r| 3+1 1 - 8 • A fe r s L s+1 J + 32 • A fc r s LV = A fc w s +i(v 1.0) = -3 ■ 2 
Mm-.- A; P S L a+1 ^ = 3 • 2 fe+s - 1 and A fc rjjJ = we get AfclV^ 
The case m = 0, / = 

AkTsli -4-A fc r| : J - 8-A fc r| ■ J +32-A fe r s LY = A fc oj s+ i(s,0,0) = -3 ■ 2 fe+s - 1 



-.fc + 3-l 



36 • 2 fc+s_1 - 3 • 2 k+s ~ 1 



since A fc r s L 3 1 = 33 ■ 2 fc+s " 2 and A fe r s L _i J = 3 • 2 k+3 ~ z we get A fc r 



-,/c + s — 2 



= 12-33-2 



k+s-2 



32 • 3 • 2 k+a ~ 2 - 3 • 2 k+a ' 1 = 147 • 2 fe+s ~ 1 



The case m — 0,1 — 1 



Afcl^ 1 J - 4 • A fc r 3 - 



8-A fe r s LsJ +32-A fc r 3 L _! 1 = A fe w a+ i(s,0,l) = -3-2 



fc+s-1 



since AiT 



fcl s 



17-2 fe+s - 2 , A fc r s L 3 J = 7 • 2 fc+s ~ 1 and A k T l s _l J = 2 fc+s " 2 we get 



■jfe+s— 2 



■jfe + S-l 



-»fc + S — 2 q r)fc + S— 1 



■jfe + S-l 



The case m = 0, / > 2 



A*ritf ' J - 4 • A fc r.- 



8- A fc r s Ls +'- 1J +32- A fc r s L _i J = A fc w a+ i(s,0,0 = -3-2 



-.fc + 3-l 



since A^T 



= 17-2 



fe+s " 2 , A fc r s u+1 - lJ =3-2 fc+s - 1 and A fc r s L _T 



A fc r, L ft' 1 = 4 • 17 • 2 fc+s " 2 + 8 • 3 ■ 2 fc+s ~ 1 - 32 • 2 fc+s ~ 2 - 3 • 2 k+s ~ 1 = 39 • 2 k+3 ~ 1 



proof of JO 



The case m > 3, / > 



A fe r s L ; 2 +m+ ' J - 4 ■ A k v l s }} z+] J - 8 ■ A fc r s L ;+"' 



32 • A fc r 



s+m-l 
s + m + 1-1 



since A^T 



s + m-l 
s + m + 1 



A fe r 



a+m-H-l 



s + m-l 
s + m + 1-1 



= A fe w s+ 2 (s,m,l) 

^k+s—l 



we get AiT 



fc 1 s+2 



s+-~m+! 



= 12 ■ 9 • 2 k+a ~ 1 - 32 • 2 k+s ~ 1 + 2 k+s = 78 • 2 k+a ' 1 



The case m = 2, Z > 1 
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A fe r|;+ 2+i J - 4 • A fc r s L ;+ 2+! J - 8 ■ A fc r s L ; 1 +2+1 - 1 J + 32 ■ A k rl s+i+1 J = A k u s+2 (s, 2,1) = 2 



-ife + s 



since A k r 



S + 1 
+ 2 + 1 

s+1 



= 17-2 



fc+s-l 



A fc r, 



s + 2 
+ i+l 
s + 1 



g^^" 1 and A k F. 



s + 1 
» + < + ! 



, fc+s-l 



s + 2 

we get A fc r s L + s ^ 2+1 



= 4 • 17 • 2 k+s ~ 1 + 8 • 9 • 2 k+s ~ 1 - 32 • 2 k+s ~ 1 + 2 k+s = 110 ■ 2 k+s ~ 1 



The case m = 2, 1 — 



A fc r 



fc 1 s+2 



-4- A fc r 



'fc 1 s + 1 



s + 1 



8- A fc r 



'fc 1 s + 1 



s+1 s+1 , 

1 1 + 32 ■ A fc ri s+1 J = A fc a; s + 2 ( S , 2, 0) = 2 k+s 



since A^T^ 



s + 1 
s + 2 



= 17 • 2 k+s - 1 and A fc IV 



s + 1 
s + 1 



= 2 



,fc+s-l 



s + 2 
s + 2 



we get A fc r s L + S 2 
The case m = 1 , 1 > 2 

A fc r 



: 12 • 17 ■ 2 fc+s ~ 1 - 32 • 2 k+s ~ 1 + 2 k+s = 174 • 2 



fc+s-l 



s + 1 



- s+2 



2 * ^fc 1 s + 1 



;• A fc r 



fc 1 s + 1 



s + 1 
s + ( 



-i[ s+i+; ] 



since A fc r s L + \+ 1+; J = 39 • 2 k+a -\ Afcl^' J = 17 • 2 k+s - 1 and A fc r s L 3 +' J = 3 • 2 k+s ~ 1 



+ 32-A fc rH lJ =A fc w s+2 (s,l,/) = 2 
i L s+i J 



we get A fc r| + 3 2 ^+ ! J = 4 • 39 • 2 fc+s ~ 1 + 8 • 17 • 2 fc+3 " 1 - 32 ■ 3 ■ 2 fc+s ~ 1 + 2 k+s = 198-2 



fc + s-l 



The case m = 1 , 1 = 1 



A fe r 



s+1 
s + 2 
+2 



-i [ s + 2 ] 



4 ■ A fe r s L + 3 + 2 J - 8 ■ Afcl^ 1 J + 32 ■ A fc ri '+ 1 J = A fc u, s+2 (s, 1, 1) = 2 
f S 1 

tL s + 2 J 



r<fc + S 



since A fc ri + 3 + 2 ^ = 39 ■ 2 k+s ~\ A fc r| + °+ i ^ = 33 ■ 2 fc+s ~ 1 and A fc ri s + 1 ^ =3-2 



r,fc + S-l 



s + 1 

we get A fc r s L + s + 2 



: 4 • 39 ■ 2 fc+s ~ 1 + 8 ■ 33 ■ 2 k+s ' 1 - 32 • 3 • 2 k+s ~ 1 + 2 k+s = 326-2 



,fc+s-l 



The case m = 1, I = 



A fc r 



f s 1 f s 1 M 

i L s + 1 J _ o A pL s + 1 J i qo . A , p L s J 



■ + T J - 4 ■ Afcr^+Y 1 1 - 8 ■ Afcl^ 1 J + 32 ■ A fc r s L s 1 = A fc cjs+ 2 (s, 1, 0) = 2 
since Afcl^ 1 ^ = 71 • 2 fc+s ~\ and A fc r| ^ = 7 • 2 fc+s ~ 1 

s + 1 

12 • 71 ■ 2 fc+s ~ 1 - 32 • 7 • 2 fc+3 ~ 1 + 2 k+s = 630 • 2 k+s ~ 1 



fc+s 



s + 1 

we get AfcT^ 1 



The case m = 0, 1 > 3 



Afcr 3 L + s +' - 4 ■ A fc r 



+i 

s + 1 



8- A fc rl + '+'-^ +32- A fc r 



s + I-1 



= A fc cjs+ 2 (s,0,/) = 2 



fc+s 
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since A fc r s L + 7 J =198-2 



fe+ "- 2 , Afcr^'- 1 J = 39 ■ 2 k+3 ~ 1 and A fc r s L J =17-2 



k + s- 



we set A k T^ 1 1 = 4 • 198 ■ 2 k+s ' 2 + 8 ■ 39 • 2 K+3_1 - 32 ■ 17 ■ 2 K+a ~ z + 2 K+S = 438 • 2 



-\fc+S — 2 | r»fc + S 



fc + 8 



The case m = 0, 1 = 2 



- 3+2 



■4 - A fc r 



A^r^Y 1 J + 32 • A fc ri 



= A k Lo s+2 (s,0,2) = 2 



k+a 



since AfcrL^ 



198 • 2 fc+s_2 , AkT^ 1 - 



71 • 2 k+3 ~ 1 and A fc r} s+1 



17 • 2 



fc+s-2 



we get A k r l s ^+ 2 1 = 4 • 198 • 2 fc+s ~ 2 + 8 • 71 • 2 fc+s - 1 - 32 ■ 17 ■ 2 k+s ~ 2 + 2 k+s = 694-2 



k+s 



The case m = 0, 1 = 1 



A fc r 3 L + r J - 4-A fc ri +1 



A fc r 3 L + V +32-A fc r 3 L 3 J = A fe a; s+2 (s,0,l) = 2 



since A fc r,: +1 



326 ■ 2 k+a ~ 2 , Afcr^ = 147 ■ 2 fc+s_1 and A fe r 



we get A fc r L '+ 1 J = 4 • 326 ■ 2 fc+s ~ 2 + 8 • 147 • 2 k+a ' 1 



33-2 



fc+s-2 



32 • 33 • 2 fe+s " 2 + 2 k+a = 1302 • 2 k 



The case m = 0, 1 — 

J - 8 • A fc r| + J 1 + 32 • A fc r 

r j-i "1 

since A fc I\ L , f J = 630 ■ 2 fc+s " 2 , andA^T^ 3 ' 



A fc r 3 L + V - 4 • A fc r s+1 



A fe u; s+ 2(s,0,0) = 2 



fc + s 



71 • 2 



fc+s-2 



-jfc + S — 2 . r>fc + S 



□ 



9.4. Computation of A k T s+ j 
Lemma 9.3. We have 



s+j-3 



, for < j < s — 1. 



(9.4) 



A fc r s L + V - 2 M • A fc r s+J _ 3 



7 • 2 fc+s - 1 i/ j = 

147 • 2 fc+s ~ 1 i/i = 1 

427 ■ 2 fc+s if 3=2 

1.441 .2 fc+s+3j - 6 ?/3<j<s-l 



Proo/. We use Lemma El Lemma l9~2l (f6T33]l and J8J) 

The case j = 



A k r. 



A fc r 



7-2 



fc+s-l 
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The case j = 1 



A k F a ^ 1 - 2 • A fe r s -_ 2 



1 J = A fc r s L + V =147-2 



fc + s-1 



The case j = 2 



A k T^ - 8 ■ A k T L 3+ l 1 =63-2 



k + s 



4-A fc r s L , | J -32-A fe r s L 3 1 +A k io s+2 (s, 0,0) =63-2 



k+s 



A k T L s+ { 1 - 8 ■ A fc r s L 3 1 = 2~ 2 ■ [63 • 2 k+s - A k cu s+2 (s, 0, 0)] = 2" 2 ■ [63 • 2 fc+s - 2 fc+s ] = 31-2 



k + s c\k+s 



•.k + s-l 



4- A fc r s L 3 J - 32 ■ Afc^LT 1 



+ A fc w s+ i(s-l,l,0)=31-2 



k+s-l 



A fc r s L 3 1 - 8 ■ A fe r 



- fT/ 1 J = 2~ 2 ■ [31 • 2 k+s - 1 - A k cu s+1 (s - 1, 1, 0)] = 2-' 2 ■ [31 • 2 k+s - 1 - 2 fc+s ~ 1 ] = 15 ■ 2 k+s ~ 2 
We then obtain the following equalities, 

63 • 2 k+s 
2 3 ■ 31 ■ 2 fc+s ~ 1 



[ 


ll 






A fc r s y - 


3- A fc 


p L s 

1 s + l 


s + 1 


- 8 


A fc r 


[«] 

s 


,[?] 


- 8 


A fc r 


s-1 
s-1 

s-1 

-1 



Summing the above equalities we get 



U s J 



A fe r s L + s 2 J - 2 9 ■ Afc^Jf 1 J = 2 k+s ■ [63 + 31 • 2 2 + 15 ■ 2 4 ] = 427-2 



The case 3 < j < s — 1 



A fe r s L + V - 8 ■ A fc r s L + j_{ =63-2 



fc+s+3j-6 



4 ■ A fc r s L +j »_J - 32 ■ A fc r s L + /_ 2 J + A k cu s+J (s, 0, 0) = 63 • 2 fc+s+3j - 6 

hi 1 ! [Jill 

Afcry _j - 8 ■ A k rll?J = 2~ 2 • [63 • 2 k+s+3j - 6 - A k u> s+j (s, 0, 0)] = 2~ 2 ■ [63 • 2 fe+s+3j - 6 - 0] = 63 ■ 2 k+s+3j - 8 
t 



4 ■ A fc r s L + /_ 2 J - 32 • A fc r 



>+j-3 



+ A k u> 3+j -i(s - 1,1,0) =63-2 



fc+s+3i-8 



Afer s+ /_ 2 



8 ■ Afcrjjr/ 1 J = 2~ 2 • [63 • 2 fc+s+3: '- 8 - AkUJs+j-iis - 1, 1,0)] = [63 ■ 2 fc + s + 3 '- 10 - 0] = 63 ■ 2 fc + s + 3 '- 10 
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We then obtain the following equalities 



A fc r s L + V - 8 • A k r l a+ °_{ =63-2 



k+s+3j-6 



2 A ■ (A fc r s L + =_{ - s ■ A fc r s+ . , 
■ A fe r 



s+J-2 



a+j-3 



= 2 3 • 63 • 2 fc+3+3i - 8 



Summing the above equalities we get 



63-2 



fc+s+3j-6 



[1 +2 + 2 2 ] = 63-7-2 



k+s+3j-6 



441 • 2 



fc+s+3j-6 



□ 



9.5. Computation of AkTa+J for < j < s — 1. 
Lemma 9.4. We /la^e 



(9.5) 

A fc r 



[f] _ r 7 . 2 fe+ s -i ^ j- = 

s+i ~ 1 147 • [5 • 2 k+s+4: >~ 7 - 2 k + s+s i- 6 ] = 147 ■ (5 ■ 2 J ~ 1 - 1) • 2 k+s +^' 6 if 1 < j < s - 1 



Proof. We obtain from 
The case j = 

The case j = 1 

The case j = 2 



A fe r s L ' 1 = 7 • 2 K 



A fc r s L + V =147-2 



fc+s-l 



A fe r s L + s 2 J = 427 ■ 2 fc+s + 2 9 • Afcl^r 1 J = 427 ■ 2 k+s + 2 9 ■ -7 • 2 fc+3 " 2 



1323 ■ 2 



fe + s 



The case 3 < j < s - 1, jsO (mod 2) 



A*!^ - 2 y • A fe r 



s+j-3 



s+j-3 



-2 _ 

s+j—6 



(2 9 ) 2 • (A fc r 



;- 6 J-2 9 .A fc r 



-3 
-3 
s+j-9 



441 ■ 2 k+s+3j ~ 6 
) = 441 • 2 k+< - s ~ 1)+3< - J ~ 2) ~ 6 . 2 9 
) = 441 ■ 2 fc +( s - 2 ) +3 ( j - 4 '- 6 . (2 9 ) 2 
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■ (A,r 



>-(j-2) 
+i-3(*-2) 



2 J ■ A fc r L 



s+J-3(|-l) 



(2 9 )i 



fA fe r L 



(i-i) 

+j-3(i-i) 



2 9 ■ A fc r 



(2 9 )* • (A fe r 



2 9 - A fc r 



-(*) 
-(4) 

3 -(i + D 

s-(|+l) 

— (*+l) 



We obtain by summing the above equations 



441-2 



fc+(s-(|-2)+3(j-(j-4))-6 



427-2 



r ) =7-2 



(2" 



- 1 .(2 9 )! 



(2 9 



A fc r L s J _ 44]^ . 2 fc +( 3 - d )+ 3 (j- 2d )- 6 . 2 qd + 427 • 2 ft+s ~ 2+ 1 . (2 9 ) 2 _1 + 7- 2 fc+s_ 2 _1 . ( 

d=0 

2 * 

_ 44-^ _ 2 fc + s +3j— 6 ^ ' 2 2d _|_ 427 . 2 fc + s + 4 -' — 8 _|_ 7 . 2 fc + s + 4 ^ -1 



= 441-2 



fc+s+3j 



_ 6 2^ 2 - 1 
2 2 - 1 



427-2 



k + s + ij-S j _ 2*: + s + 4j-l 



= 147-2 



fe+s+4j-8 



147 ■ 2 



fe+s+3j-6 



+ 427-2 



= -147-2 



fc+s+3j-6 



+ 735-2 



k+s+Aj-7 



k+s+ij-7 r,k+s+3j-6-i 



= 147 • [5 • 2 

The case 3 < j < s — 1, j = 1 (mod 2) 
Similarly to the proof in the case j ' = (mod 2) 



9.6. Computation of A k T^ - 2 9 • A fc r 2 L / + " 
Lemma 9.5. We have 



for < j < s. 



(9.6) A fe r 2 L /J - 2 9 - A fc r 2 L / + ^_ 



+j-3 



' 21 ■ 2 2k+2s - 2 - 231 ■ 2 fc+4s " 6 if j = 

-2373 ■ 2 2fe+2s - 2 + 21 ■ 2 fc+4s - 3 if j = 1 

7 • 315 ■ 2 2fc+2s+4 J- 6 if 2 < j < s - 1 

-441 ■ 2 3ft+3s ~ 3 + 147 ■ 2 2ft+6s ~ 6 if j = s 



Proof. We use Lemma (|8TlO)l and ifO 

The case j = 



A fe r 2 L 



A^r^i^ = -15 ■ 2 2fe+2s " 2 - 33 ■ 2 k+4 "- 6 



4-A»ri,^ J - 32 - A fc r 2 L .J 2 J + A^ 2s (s,0,0) = „ 15 . 2 2fc + 23 - 2 _33-2 fc+4s - 6 



A fc r 



fc 1 2a-l ' 



8 • A fe r 



fc 1 2s-2 



2~ 2 • [-15 ■ 2 2k 
2" 2 ■ [-15 ■ 2 2fc+2s_2 - 33 ■ 2 fc+4s " 6 +9-2 



2fc+2s-2 



2fe+2s-2i 



33-2 fc+4s - 6 -A fc u;2 S (s,0,0)] 
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[-] 

4 ■ A fe r 2 L s _ s 2 1 - 32 ■ A fc r 

t 

[-] 



s-l 

2s-3 



J + A fc w 2s -i(s - 1, 1, 0) = -3 • 2 2fc+2s - 3 -33-2 



->fc+4s-8 



, x J = 2~ 2 ■ [-3 ■ 2 



2fc+2s-3 



- 33 •2* +4s - 8 -A fc w 2 .-i(a- 1,1,0)] 



_ j_g 2 2fc + 2s_3 _ 33 2 fc + 4s_8 -|- g 2 2fc+2s ~ 3 ] — _3 2 2fc+2s ~ 4 — 33 2 fc+4s ~ 1() 
We then obtain the following equalities 

A k v[} ^ - 8 ■ A fe rj J J = -15 • 2 2fc+2s - 2 - 33 • 2 k+4s - 6 

r s — 1 n r« = ij 

2 3 • (Afc^ J - 8 ■ A fc r 2 L s ^ 2 J ) = 2 3 ■ [-3 • 2 2fc+2s - 3 - 33 ■ 2 fc+4s ~ 8 ] 

2 6 • (A fc r 2 L 3 _» 2 J - 8 • A fc r 2 L s r3 J ) = 2 6 • [3 • 2 2fe+2s ~ 4 - 33 ■ 2 fc+4s - 10 ] 
Summing the above equalities we get 

A k rl s J -2 9 -A fc r 2 L s r 3 1 J = 2 2fc+2s - 2 -[-15-12+48]+2 fc+4s - 6 -[-33-33-2-33-2 2 ] = 21-2 2fc+2s - 2 -231-2 ,c+4s 



The case j = 1 



.[ = ] 



A fc r 2 L / + J i - 8 ■ A fc r 2 L s 3 1 = -321 ■ 2 2fc + 23 - 2 + 3 • 2 fc+4s ~ 3 
t 



fc+4s-3 



4 • A fc r 2 L s 3 1 - 32 • A fe r 2 L s _\ 1 + A fe cj 2s+1 (s, 0, 0) = -321 • 2 2K+2S ~ 2 +3-2' 
t 

A k rl • J - 8 • A k rl_\ J = 2- 2 • [-321 • 2 2fc+2s - 2 + 3 • 2 fc+4s - 3 - A k oj 2s+1 (s, 0, 0)] 



= 2~ 2 • [-321 • 22k + 2s - 2 + 3 • 2 K+4S ~ 3 - 9 ■ 2 2K+2S ~ 2 ] = -165 • 2^ +zs - A +3-2 
t 

4 • A k Tl_\ J - 32 • A^l" 1 J + A k io 2s (s - 1, 1, 0) = -165 • 2 2fe+2s - 3 + 3 • 2 fc+4s - 5 
t 



-,fc+4s-5 



A fc r 2 L s _\ 1 - 8 ■ A k F^S 2 J = 2- 2 • [-165 • 2 2fc+2s - 3 + 3 • 2 fe+4s - 5 - A k uj 2s (s - 1, 1, 0)] 
2 _ 2 [ 165 2 2 ^^ 2s ~ 3 -j- 3 2^^ 4s— ^ g 2 2 ^+ 2s— 3j 2 2 ^+ 2s— 4 _j_ 3 ^k+is—i 

We then obtain the following equalities 



A fc r 



2s+l 



A fc r 



fe 1 2s 



32^ 2 2 ^ + 2s — 2 _|_ 3 ^k + As — Z 



2 3 • (A fc r 2 L s ' 1 - 8 • A k r± s _\ 1 ) = 2 3 ■ [-165 • 2 2fc+2s - 3 + 3 • 2 fc+4s ~ 5 ] 



2 6 • [-87 • 2 2fe+2s ~ 4 + 3 ■ 2 fc+4s ~ 7 ] 



2 6 • (A fe r 2 L s _\ 1 - 8 • A fe r 
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Summing the above equalities we get 



Aklivl - 2 9 • AkTi'Si 1 = 2 2k+2 *" 2 ■ [-321 + (-165) • 2" + ( -87) ■ 2 1 ] + 2 n ' 5 ■ [:: f :j ■ 2 - :i ■ 2 
= -2373 ■ 2 2fc+2s - 2 + 21 • 2 fc+4s ~ 3 
The case 2 < j < s - 1 

A fc rJ/J. - 8 ■ AferLlJ, = -315 ■ 2 2fc+2s+4j - 6 



4 ■ Afcri.^ij - 32 • A fc r 2 L s+ ^._ J 2 + A k uj 2s+j {s, 0, 0) = -315 • 2 2k+2s+4j - 6 
t 



AfclV .i x - 8 ■ A fc r 2 L s+ ^ = 2- 2 • [-315 • 2 2fc+2s+4j - 6 - A fc u, 2s+j ( S , 0, 0)] 
= 2~ 2 • [-315 • 22fc + 2s + 4j - 6 - 0] = -315 • 2 2k+2s+4j ~ s 
t 



4 ■ A fc r 2 L s /_ 2 J - 32 ■ A fc r 2 L / + 7_ J , + A k Lu 2 s +] -i{s - 1, 1,0) = -315 • 2 2fc+2s +'W- 8 
t 

A fc rW 2 _ 8 . A fe rl; = /J 3 = 2~ 2 • [-315 • 2 2fe+2s+4j - 8 - A kU3 . +i -i{* - 1, 1, 0)] 



= T' 1 • [-315 ■ 2 2fc + 2s+4j - 8 - 0] = -315 • 2 



-,2fc+2s+4j-10 



We then obtain the following equalities 



A k F 2s s +j - 8 • A fc r 2s ^_ 1 

i L s J Q.A.T 1 - s J 



-315 • 2 2fc+23 + 4 ^" 6 

-,2fc+2 s +4j-8i 



2 3 • {AkTi^ - 8 ■ A fc r 2 L s+ = 3 J 2 ) = 2 3 ■ [-315 • 2 2 
t ■ (A fc r 2 L s+ ^J 2 - 8 ■ A k rt + -;_{) = 2 e ■ [-315 • 2 2fc+2s+4 ^ 10 ] 



Summing the above equalities we get 



A fc r 2 L / + J . - 2 J ■ A fc r. 



2a+j-3 



-315 • 2 2fc+2s + 43 - 6 • [1 + 2 + 2 2 ] = 7 ■ (-315) • 2 2fc+2s+4j - 



The case j = s 

A fc r 3 L / J - 8 • A fc rL_ s ! J = -21 • 2 3fc+3s - 3 + 21 ■ 2 2fc+6s 

t 



4 ■ A fc r ^ J - 32 • A fc r 3 L s _= 2 J + A k uj Ss {a, 0, 0) = -21 • 2 3fc+3s - 3 + 21 ■ 2 2fc+6s - 6 
t 
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.[••I 



A fe r 3s j: 1 - 



k L 3s-2 



= 2 -2 ■ [-21 ■ 2 



3fc+ 3 S -3 + 21 . 2 2fe+6 3 -6 _ Afc ^ 3s ( Si 0, 0)] 



= 2~ 2 ■ [-21 ■ 2 

[:zi 
Ar [?l 



3/c+3s-3 



+ 21-2 



2fc+6s-6 



21-2 



3fc+3s-3i 



-21 2^k^ s— ^ ^_ 21 2^+6 s 



32 ■ A fe r 



fe 1 3s-3 



1 J + A fc w 3s -i (s - 1, 1, 0) = -21 • 2 3fc+3s - 4 + 21 • 2 



-,2fc+6s-8 



A fe r 



k 1 3s-3 



= 2~ 2 ■ [-21 • 2 



3 fc+3s -4 + 21 , 2 2fc+6 S -8 _ AkUJ3g _^ s _ 1; X) 0)] 



2 — 2 r 2 ^ 2 3fc+3s— 4 _j_ 2 ^ 2 2fc+6s — 8 2 ^ 2 3fc+3s — 4i 2 ^ 2 3fc+3s — 5 . 2 ^ r)2fc+6s — 10 



We then obtain the following equalities 



Afer 3 / - 8 • A fc r 3s j: 1 

2 3 • (AkTi^ -8- A fc r 



i fe 1 3s-2 



2 5 • (A fe r 3 L s _» 2 J - 8 • A fc r 



fc 1 3s-3 



2 :i • [-21 ■ 2 3fe+3s " 4 + 21-2 



26 r 2^ 2^^+^ s_ 5 _|_ 21 2^^+^ s— 



Summing the above equalities we get 



.[;] 



A fc r 3 L / 1 - 2 a • A fc r 



fci 3(8-1) 



= -21 ■ 2 6k+JS - i • [1 + T + 2 4 ] + 21 ■ 2 2k+bs ~" ■ [1 + 2 + 2 2 ] 



-441 2^k~i~3s— 3 _|_ y 21 2^+6s — ® —(21)^ 2^' c "'"^ s— ^ -(-7 21 2^k~i~6s — ® 



□ 



9.7. Computation of AfeFj/^ /or < j < s. 
Lemma 9.6. PFe /iai;e 



(9.7) 



'21 • [2 2k+2s ~ 2 + 35 • 2 k+5s - 7 -39-2 



fc+4s-6l 



Afcr 2 L / + J . = { 105 • [3 ■ 2 2fe+2s + 4 -'- 6 + 7 ■ 2 fc + 5s + 4 ^ 7 - 31 ■ 2 fe + 43 + 5 J- 8 ] if 1 < j < s - 1 



2s+j 

rj 2 3fc+3s — 3 2 ^ _ 2 2fc+6s — 6 _^ rj 2 fc+9s— 8 

Proof. The case j = 

We have from (|9.5p with s — * s — 1, j = (s — 1) — 1 



if 3 = s 



AfcF^lg 1 — A fc r 



fci (8-l)+(s-2) 



= 147 • (5 ■ 2 s " 3 - 1) ■ 2 k+4s ~ 13 = 147 ■ 5 • 2 fc+5s ~ 16 - 147 • 2 fc+4s ~ 13 



We then deduce from f|9.6|) with j = 



(9.8) A fc r 2 L / J = 2 9 • AkT&Sa J + 21 ■ 2 2fc+2s ~ 2 -231-2 



~.k+4s-6 
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147 • 5 • 2 k+5a - 7 - 147 ■ 2 k+43 ~ 4 + 21 • 2 2k+2s ~ 2 - 231 ■ 2 fc+4s " 6 



= 21 ■ [2 
The case j = 1 

From (19.811 with s 



2fc+2s-2 



+ 35-2* 



39-2 



fc+4s — 6] 



1 we obtain 



^i'-a J = A k T^ s Z\j = 21 ■ [2 2fc+2s " 4 + 35-2 



fc+5s-12 



39 ■ 2 K 



We then deduce from (|9.6[l with j = 1 



(9.9) A fc r£/ + J i = 2 y ■ A^r^ 1 J - 2373 ■ 2 2fc+2s ~ 2 + 21 ■ 2 fc+4s - 3 
= 21 ■ [2 2fc+2s+5 + 35 • 2 fc+5s ~ 3 - 39 • 2 fc+4s ~ 1 ] - 21 • 113 ■ 2 2 
= 105 • [3 • 2 2fc+2s " 2 + 7 • 2 fc+5s - 3 - 31 • 2 fc+4s_3 ] 
The case j = 2 

From (19.911 with s — > s — 1 we obtain 



+ 21 • 2 K 



_ -^Qg _ jg _ 22fe+2(s-i)-2 _j_ r, _ 2 fc + 5 ( 3 - 1 )- 3 _ 32 . 2 fc+4 ( s ~ 1 )~ 3 ] 



2(s-l) + 

105 ■ [3 ■ 2 2fc+2s_4 + 7 • 2 fe+5s - 8 - 31 ■ 2 fc+4s_7 ] 



We then deduce from (|9,6[1 with j = 2 



(9.io) A fe r 2 L / + J 2 = 2 9 ■ A fc r 2 L { ;:iJ +1 + 7 ■ (-315) ■ 2 2fc+2s+2 

= 2 9 • 105 ■ [3 • 2 2fe+2a - 4 + 7 ■ 2 fc+5s ~ 8 - 31 • 2 fc+4s " 7 



] + 105 ■ (-21) -2 



2fc+2s+2 



We observe that 



i, J +1 = 2 12 • 105 • [3 ■ 2 



16 • A fc _ 3 r a - (8 _ 1) - + 

. [3 . 2^+2s+2 rj _ 2^+ 5s + 1 32 . 2^+ 4s +2| 



2(fc-3)+2(s-l)-2 ^_ y 2 fc - 3 + 5 ( s - 1 )- 3 



31-2 



fc-3+4(s-l)-3i 



From (|9.10[) and the the above equation we deduce 

] 



(9.11) 

The case 2 < j < s - 1 

We have for 1 < j < s — 2 



A fc r 



2s+2 



i6 3 • A fc _ 3 r 



fe - 31 2(s-l) + l 



(9.12) 



2(s-j) + l 
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We show (I9.12p by induction on j. 
By (|OTTT) {Hj) holds for j = 1. 

We shall show that (Hj) holds implies that (Hj+i) holds. 
We have 



2s+l+(j + l) 



2 9 ■ A fc r 



-i 

2s+l+(j + l)-3 



+ 7- (-315) -2 



2k+2s+4(j+2)- 



2 9 ■ A fc r. 



= 2 M 



a(s-i)+i+j 
12j ■ A 



+ 7 • (-315) ■ 2 2fc 



2k+2s+4j+2 



5-1-3 



fe-3j r 2(s-(j + l)) + l + 7 ' (~ 315 ) ' 2 



2fc+2s+4j+2 



,127+9 



• 105 -3-2 



2(fe-3j)+2(s-l-j)-2 



+ 7-2 



k-3j+5(s-l-j)-3 



31-2 



fc-3j+4( 3 -l-j)-3l 



+ 21 ■ (-105) -2 



2fc+2s+4j+2 



105 ■ [3 • 2 2fc+2fl+4 ^+ 2 + 7-2 



fc+5s+4j + l 



31-2 



fc+4s+5j+21 



On the other hand 



16 



-O+i) 
-O+i) 
-O+i) 



30+1) A 

• Afc_ 3 (j + i)l 2(s _ (j + 1)) + 1 

2 12j + 12 _ _ fg _ 2 2(fc-3(j + l)) + 2(s-j-l)-2 7 _ 2&-3y+l)+5(s-j-l)-3 _ _ 2 fc-3(j + l)+4(s-j-l)-3l 



= 105- 3-2 



2fc+2s+4j+2 



7-2 



fc+5s+4j'+l 



31-2 



fc+4s+5j+2] 



We have now proved that for < j < s — 2 we have 



) 2fc+2s+4j-2 y 2 fc + 5a +4j-3 



31-2 



fc+4a+5j-3] 



The case j = s 

We have successively 



A fc r 



fc 1 3s 



2 9 ■ A fe r 



3(3-1) 



-441 ■ 2 3fc+3s_3 + 147-2 



2fc+6s-6 



2 9 ■ (A fc r l J - 2 9 ■ A fc r 



3(s-2) 



(2 9 ) 2 • (A fc r 



3(s-2) 



2 9 • A fc r 



-3 . 
3(s-3) 



441-2 



441-2 



3fc+3(s-l)-3 j^y _ 22fc+6(s-l)-6^ _ g9 

■■:/. +3(s-2)-3 _j_ _ 22fc+6(s-2)-6^ _ (2 9 ) 2 



(2 9 ) 8 " 2 - (A fc r 



( a -2) 
(s-2) 
(s-2) 

3( s -( s -2)) 



2 9 ■ A fe r 



(s-l) 
(s-l) 
(s-l) 

3(3-( S -l)) 



441 ■ 2 



3fc+3(s-(s-2))-3 



+147-2 



2fc+6(s-(s-2))-6\ £2 9 y~ 2 



We obtain by summing the above equations 



A fc r 3 L / J = V ( - 441 • 2 3fc+3 ( s - d >- 3 + 147 ■ 2 2k+6{s - d) - 6 ) ■ (2 9 ) d + (2 9 ) s_1 ■ A fc r 3 L 1 
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(2 9 ) S_ 1 ■ AfcF 1 + ^ ^ 441 • <2^ k +' As +& d ~3 _j_ ^r, _ 2^k+3d+Qs — 6 

s — 2 a-2 

2^s—9 21 2 2 ^ + 7 2 k ^~ iy ) 441 2 3 ^ 3s— 3 ^ s 2^ -4- 147 2^^^^ s— ^ ^ ^ 2 3 



^ 2 3fc + 9s_9 _ 21 2 2fe+9s_9 



, 7 _ 2 fc+9s-8 _ 2 



d=0 

r>6s — 6 

,3fc+3s-3 z 



2 6 - 1 



-+147-2 



,2fc+6s- 



-»3s — 3 



2 3 - 1 



r, 2 3fe + 9 " _9 

^ 23fc+3s — 3 



2^ 2 2fe+9s_9 _|_ 7 2 fc+9s_s _ 7 2 3fc+9s_9 
2^ 2 2 ^+6s— 6 y 2^"t" 9s— 8 



+ 7-2 



,3fc+3s-3 



Lemma 9.7. VFe /lave 



+ 21-2 



,2fc+9s-9 



21-2 



□ 



,2fc+6s-9 



(9.13) A k rL '. J = ^ 



Ofe+S— 2 



i/i = 

i/J = 1 

»/2 < j < » - 1 

9 • 2 2fc+2s ~ 3 + 21 ■ 35 ■ 2 fe+5s - 10 - 393 ■ 2 fc+4s " 8 if 3 = s 
_ 159 ■ 2 2k+2s ' 3 + 735 ■ 2 k+5s - (i - 1629 ■ 2 fc+4s - 5 if j = s + 1 



33 ■ 2 fc+s - 2 

7- (105 ■ 2 J - 2 - 15) ■ 2 fc + s+3 J- 8 

)2/c+2s— 3 1 01 Qp; o&+5s — 10 



(9.14) 
[ 

A fc r 



2s+j-l 



105 ■ (3 ■ 2 2k+2s+ ^- s + 7 ■ 2 k+5s+4 i- 10 - 31 ■ 2 fc + 4s + 5 J- 11 ) i/2 < j < s - 1 
r, _ 2 3fc + 3s_4 _ 21 • 2 2fc + 6s ~ 8 _|- 7 . 2 fc + 9s ~ n 



(9.15) A k T 



i+J-2 



= < 



'3 2^~^ S— ^ 
71 2^ c ~'~ s — ^ 
21 ■ (35 ■ 2 j ~ 2 



2^+5+3^' — ] 



if 3 = s 

if 3 = 1 
if j = 2 

*/3 < j < a- 1 



3 • 2 2fc+2s - 4 + 735 • 2 fc+5s - 13 - 45 ■ 2 fc+4s " 8 if j = s 



81 • 2 



,2fc+2s-4 



+ 735-2 



,fe+5s-9 



-51-2 



,fc+4s-3 



if 3 = s + 1 



(9.16) 

[ ] _ / 315 ■ 2 2fe + 2s+4j - 10 + 735 ■ 2 fc + 5s + 4 ^- 13 - 3255 ■ 2 fc + 4s + 5 ^- 14 if 2 < j < s - 1 

Afcl 2s +j-2 - < ?- 2 3 *: + 3 s-5 _ 21 . 2 2k + 6a - 10 _|_ 7 . 2 fc + 9s - 14 j — s 

Proof, proof of (pT3jl . (j9A4|) 

Combining (|8.9|l , (|8.10|l and (|9.5|l , (|9.7p give the desired formulas, 
proof of |9~15| . |9~16T) 



We obtain from (18.311 with m = I = 



4 • A fc r s L = { = 8 



A fc r s L + =_{ - 4 • A fe r s+J _ 2 



(9.17) 



32 • A,r 3 L + ? 2 J = 12 • A fc L 3 = { - A fc r s L = J + A k u s+j (s, 0, 0) 



Akl^ - 4 ■ A fc rv . i x = 8 ■ 



A fe r 2 L ■ - 4 • A fc r 



2s+j-2 



+ A fc w 2s +j(s,0,0) 



(9.18) 
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(pJ5l> . (pA6|) follows now from (pTf)l . (|OT8)l and $LM 



□ 



10. An explicit formula for T 
10.1. Notation. 



for s < i < 3s, k > i 



Definition 10.1. We recall that V 



denote the number of rank i matrices of the form 



Oil 


OL2 


0.3 


O.k — 1 


Ctfc 


a> 


«3 


a 4 




«fc+l 


tts — 1 


OLs 


Ols + l 








Ots+1 


Q-s + 2 


Qs+fc-2 


Cts + k-1 


0i 


02 


03 ■ 


• /3fc-l 


0k 


02 


03 


04 • 


0k 


0k + l 




0s 


0s+l ■ 


0s+k-3 


0s+k~2 


0s 


0s+l 


0s+2 . 


0s+k-2 


0B+k-l 


7i 


72 


73 


7fc-i 


7fc 


72 


73 


74 


7fc 


7fc+i 


ls-1 


7s 


7s+i • 


7s+fc-3 


7s+fc-2 


7= 


7s+i 


7s+2 • 


7s+fc-2 


7s+fc-i 



V 

10.2. Introduction. We adapt the method of Sections 13, 14, 15, 16 and 17 in [2] to 
compute 

[six* 

r| s for s ^ i ^ inf (3s, k) using the results obtained in Section [6] and Section [9] 



10.3. Computation of T 



s+j 



for j = 0,1,2, j<s-l, k>s + j. 



We have respectively from (|6.1|l and (16. 2|) with m = Z = 

inf(3s,fc) , , 



(10.1) 



(10.2) 



E r 



inf(3s,fc) 

E r. 



= r 

and 



t^ — i 22^+3 s — 3 _i_ 2^^ — 3 2^^ _ ^ 



We get respectively from (|6,39[) and (|6.40|) 

(10.3) ]Tr 



= 7 ■ 2 43 " 6 - 3 • 2 3s ~ 5 if fc > s 



and 



(10.4) 



£r}* J • 2- 4 = 15 -2 



3 S -6_ 7 . 2 2 3 -5 if k>s 
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Lemma 10.2. We have 



(10.5) 



r\°i k = 7-2 k+ "- 1 - 7- 2 2s + 105 ■ 2 4s ~ 6 -21 • 2 3s ~ 5 if k > s + 1, s>2 



(10.6) 



| XS =2 6,-3_ 7 . 2 4 s -6 +3 . 2 3 S -5 s > 2 



(10.7) 

! \ Xk 

?s+i = 147 • 2 fc+s_1 + 105 ■ 2 4s ~ 2 - 21 ■ 2 3s ~ 2 - 315 • 2 2s if k > s + 2, s>2 
(10.8) 

1 X (s + 1) 

1^ = 2 6s - 7 ■ 2 4s ~ 2 + 3 ■ 2 3s ~ 2 if s > 2 

(10.9) 

S xfc 

r i+2 = 147 • 9 • 2 fe+a + 21 • [5 • 2 4s+2 - 2 3s+1 - 275 • 2 2s+1 ] if k > s + 3, s > 
(10.10) 

! x(s+2) 

= 2 6,+3 _ 7 , 2 4s+2 + g _ 2 3 S +1 + ? . 2 2 S+ 1 ^ s > 2 

(10.11) 

r M X < S+3) =2 6 S +e_ 7 , 2 4 S +6 +3 . 2 3a+4 + 21 , 2 2 s +5 s > 3 



Proof. Proof of (TT03T) 
By (|6T42|) . we get 



x (s+l) 

(10.12) r s LaJ = 105 ■ 2 4s ~ 6 - 21 • 2 3s " 5 

We have from (|9.5|l with j=0, k > s 



x(fe+l) S xfe 

1 fe+S— 1 



(10.13) AfcTs s = r s s -r s LsJ =7-2 

We obtain from (|10.12[) and (|10.13|l for k > s + 1 



i— s+l i=s-\-l 

t 



X(fc + 1) 1 X(s + 1) 

r s L,J - r| a J = 7 ■ 2 k+s - 7 ■ 2 2s 



(10.14) T s LsJ = 7-2 fc+s ~ 1 - 7-2 2s + 105 • 2 4s " 6 - 21 • 2 3s " 5 for k > s + 2 
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It follows from (|10.12[) that (|10.14j) is valid for k > s + 1 
proof of (fTTIB)) By (pll"]) with m = I = 0, i = s. 

proof of (fTTT7| and (|10.10j) We get respectively from (Il0~l"j) and (fT0~2j) with fe = s + 2 

. x(s+2) 

(10.15) I3 r * =2 6s + 3 

i=0 

and 

8+2 [l 1x0+2) 

(10.16) 5Z r » . 2 -* = 2 53+1 + 2 3s+3 - 2 2s+1 . 

i=0 

Applying (FTTH)) and ( fTU3| l with = s + 2 we get from (|10.15|l 



s+2 



x(s+2) I x(s+2) ! x(s+2) ! x(s+2) 



E r * =E r * + rH +r s y +r 



s+2 



i=0 i=0 



. x(s+2) I x(s+2) 

(7 • 2 4s " 6 - 3 • 2 3s " 5 ) + (7 ■ 2 2s+1 - 7 ■ 2 2s + 105 • 2 4s " 6 - 21 • 2 3s " 5 ) + V [ a ^ + F [ S ^J = 2 6s+3 



Hence we obtain from the above equation 



x(s+2) % x(s+2) 

(10.17) T L S ^ +Fs+2 = 2 6s + 3 _ 7 . 2 4s ~ 2 + 3 ■ 2 3s ~ 2 - 7 • 2 2s 

Applying (IT0~4|) and (fT0~5)) with k = s + 2 we get from (|10.16|l 



I X (s+2) I XO+2) S X0+2) I XO+2) I X (s+2) 

£i\ L * J .2- ! = E r l •2- l + ri sJ •2" s + r s L + s 1 J -2- (s+1) +r s L + s 2 J . 2 -< s + 2 

i=0 i = 

= (15 ■ 2 33 " 6 - 7 ■ 2 2s " 5 ) + (7 ■ 2 s + 105 ■ 2 3s " 6 - 21 • 2 2s " 5 ) 



S x(s+2) , , S x(s+2) 

_l_pL»J . 2~( 3+1 ) -f r'- s ' ■ 2 _(s+2) = 2 5s+1 + 2 3s+3 — 2 2s+1 

We then get from the above equation 



S x(s+2) 3 x(s+2) 

pU^J ■ 2~ (s+1) +r s L + s 2 J ■ 2- ys ^ z > = 2""^ +49 ■ 2 os_ ' 3 - 9 ■ 2" s ~° - 7- 2 s 



(10.18) 

[slx(s+2) \i lx(s+2) 

2-r s y +r s L + s 2 J = 2 6s+3 +49-2 4s " 1 -9-2 35 - 1 - 7 ■ 2 2s+2 

Now we deduce from (|10.17p and (|10.18p 



x(s+2) 

(10.19) i\ L + 7 = 105 ■ 2 4s " 2 - 21 • 2 3s ~ 2 - 21 • 2 2s 



x(s+2) 

(10.20) r s L + s 2 J = 2 6s+3 - 7 ■ 2 4s+2 + 3 ■ 2 3fl+1 + 7 • 2 2s+1 



We have from ([93)1 with j = 1, k > s + 2 



I;] 



x(fe+l) S xfc 



(io.2i) A fc r s L + \ J = r s L + \ J - r s y = 147 • 2 fc+s " 3 
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We obtain from (|10.21|) and (|10.19|) for fc > s + 2 



k 



E ( r 3 L +i +1) - r i+i ) = E 147 - 2fc+s ; 

i — s + 2 i — s + 1 

t 



- x(fc+l) I x(s+2) 

r^ J - = 147 ■ 2 fc+s - 147 ■ 2 2s+1 

$ 

(10.22) 

X fe 

■ s + 1 



I\ L + V = 147 ■ 2 k+a ~ 1 - 147 ■ 2 2s+1 + [105 • 2 4s ~ 2 - 21 • 2 3s ~ 2 - 21 • 2 2s l for fe > s + 3 



It follows from (|10.19|) that (|10.22|) is valid for k > s + 2 
proof of (fT0~B)) 

By (plTj) with m = I = 0, i = s. 

Proof of (fiu3|) and (|10.11|) . We get respectively from (flu"!) and (TT0~2")| with fc = s + 3 



s+3 



(10.23) E r 



x(s+3) 



and 

s+3 



„ x(s+3) 

(10.24) E F i ■ 2 ~* = 2 5S+3 + 233+6 - 2 2S+3 - 

Applying (1103)) . (TT0~5l) and ([107)1 with fc = s + 3 we get from (|10.23p 



x(s+3) I x(s+3) ! x(s+3) S x(s+3) 



E r * = E r * + r * + r i+i + r i+a + r »+3 

i=0 i=0 

= (7 ■ 2 4s - 6 - 3 ■ 2 3fl ~ 5 ) + (21 ■ 2 2s + 105 ■ 2 4s " 6 - 21 ■ 2 3s " 5 ) 



, x(s+3) ! x(s+3) 

+ (147 ■ 2 2s+2 + 105 ■ 2 4s ~ 2 - 21 • 2 3s ~ 2 - 315 ■ 2 2s ) + T a L + ' 2 J + r s L + s 3 J = 2 6s+6 

Hence we obtain from the above equation 



. x(s+3) I X(s+3) 

(10.25) r s L + a 2 J + r s L + 3 3 J = 2 6s+6 - 7 ■ 2 4s+2 + 3 ■ 2 3s+1 - 147 ■ 2 2s+i 

Applying tilTH)) . (TT031l and flEt with fc = s + 3 we get from (I10.24|l 



, X0+3) . iZ^ S x(s+3) . I x(s+3) I x(s+3) 

^r} sJ -2- l = E r ! -2- l + r s UJ •2- s + r a L + s 1 J . 2 -< s+1 > 



i=0 i = 



x(s+3) ! x(s+3) 

+ ru } ■ 2- {s+2) + r [• J . 2 -( 3+3 > 



s+3 

-,2s-5 



(15 ■ 2 3s ~ b - 7 ■ 2 is_J ) + (21 ■ 2 s + 105 ■ 2 3s_b - 21 ■ 2 is ~ J ) + (147 ■ 2 S+1 + 105 ■ 2 3s ~ 3 - 21 ■ 2 2s ~ 3 - 315 ■ 2 s 



x(s+3) S x(s+3) 
_|_ pL s J 2 _ ( s + 2) | p L a J 2 — C^+s) 2^ s + 3 ^_ 2^ s +6 2^ s + 3 
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We then get from the above equation 



I x(s+3) I x(s+3) 

r LsJ . 2 -(s+2) + r U . 2 -( 3 +3) =2 5s+3 +49-2 3s -9-2 2s " 1 -315-2 s - 1 

t 

(10.26) 

! x(s+3) S x(s+3) 

2 • r s L + 3 2 J + r s L + 3 3 J = 2 6s+6 + 49 • 2 4s+3 - 9 ■ 2 3s+2 - 315 ■ 2 2s+2 

Now we deduce from (110. 25|) and (|10.26|) 



.[•] 



x(s+3) 



(10.27) = 21 • [5 ■ 2 4s+2 - 2 3s+1 - 23 • 2 2s+1] 



x(s+3) 

(10.28) T L a ^ = 2 6s+6 - 7 ■ 2 4s+6 + 3 ■ 2 3s+4 + 21 ■ 2 2 

We have from ([93} with j = 2, k > s + 3 



x(fc + l) 

(10.29) A k T^J = T^J - r s L + s 2 J = 147 • 9 • 2 k+s 

We obtain from (|10.29|l and (|10.27l) for k > s + 3 

»— , - x(i + l) ! xi JL 

E ( r .+2 - r i+a )= E 147-9-2 fc+s 



. X (fc + 1) I X (s + 3) 

r L«J _ r M = 147 . 9 . 2 fe + s +! _ 147 . 9 . 2 2s+3 



(10.30) r s L + s 2 J = 147 ■ 9 ■ 2 k+s + 21 • [5 ■ 2 4s+2 - 2 3s+1 - 275 • 2 2s+1 ] for k > s + 4 
It follows from (|10.27p that (|10.30|) is valid for k > s + 3 



□ 

Xfc 

10.4. An explicit formula for for 1 < j ' < s — 1, fc > s + j. 

Lemma 10.3. VFe /lave 

(10.31) 

rjjj = 147 ■ (5 • 2 J " 4 - 1) ■ 2 fc+s+3i - 6 

+ 21 • [5 • 2 4s+4j - 6 - 2 3s+3j - 5 - (155 • 2 j ~ 1 - 35) ■ 2 2s+4j ~ 7 ] for 1 < j < s - 1, k > s + j + 1. 

(10.32) 

rlfj X (S+J> = 2 6s+3j ~ 3 + 7 ■ 2 2s+5j " 8 - 7 ■ 2 2s+4j " 7 - 7 • 2 4s+4j ~ 6 + 3 ■ 2 3s+3 ^ 5 for 1 < j < s. 

Proof. The proof is by strong induction, that is: 
If 

• (-ffi) is true, and 

• for all j > 1, (Hi) A (H 2 ) A ... A (H 3 ) implies (H ]+1 ) 
then (Hj) is true for all j > 1. 
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(Hi) is true 
Indeed from (|10,7p we have 

[ S 1 xfc 

^l+i = 147 ■ 2 k+a ~ 1 + 105 ■ 2 4s ~ 2 - 21 ■ 2 3s_2 - 315 ■ 2 2s if k > s + 2, s > 2 
and (Hj) with j=l gives 

147 ■ (5 - 1) ■ 2 k+s - 3 + 21 ■ [5 ■ 2 4s ~ 2 - 2 3s ~ 2 - (155 - 35) ■ 2 2s ~ 3 ] = T 



x(s + l) „™„ 

Prom (fTTTHT) we see that r s L + Y is equal to (|10.32p with j=l. 

(Hi) implies (Hz) 



Recall the proof of flQ"$Jl . 



xfc 



(PU^|) r^ 2 J = 147 ■ 9 ■ 2 k+s + 21 ■ [5 • 2 4s+2 - 2 3s+1 - 275 ■ 2 2s+1 ] if k > s + 3, s > 3. 
(i/j) with j = 2 gives 



147 • (5 ■ 2 - 1) ■ 2 fc+s + 21 • [5 • 2 4s+2 - 2 3a+1 - (155 • 2 - 35) • 2 2s+1 ] = V 



xfc 



s+2 



x(s+2) 

From (|10.10|) we see that T^ 2 S is equal to (I10.32[l with j=2. 

(Hi) A (ffa) A ... A (iTj) implies (H J+1 ) 
We get respectively from (fiTTI) and (fT0T2]) with k = s+j+2 



s+j+2 

(10.33) Yl r 



X (s+j+2) 

6s+3j+3 



s+j+2 



X (s+j+2) 



(10.34) E r r J • 2" 1 = 2 



and 



-t _ 5s+2j+l , Q 3s+3j+3 r,2s+2j+l 



i=0 



We have respectively from (|10.3[) and ()10.4|) with k=s+j+2 



- X (s+j+2) 

(10.35) E r * = 7 ■ 243_6 ~ 3 ■ 233 " 5 



i=0 

s-1 



- X (s+j+2) 

(10.36) .2" 1 = 15-2 3s ~ 6 -7-2 2s ' 5 

By (flCT5"j) with k=s+j+2 



(10.37) T S L 3 J X(s+ '' +2) = 7 . 2 2 »+i+ 1 _ 7 . 2 2s + 105 • 2 4s " 6 - 21 • 2 3s " 5 



X (s+j+2) 

(10.38) r 3 LsJ • 2~ s = 7 ■ 2 S+J+1 - 7- 2 s + 105 ■ 2 3s ~ 6 - 21 ■ 2 2s ~ 5 

We get from (H q ) with k = s+j+2 and 1 < q < j 

I X (s+j+2) 

r s [ + ', J = 147 • (5 • 2 9 - 1 - 1) ■ 2 ( s+j +V+ s+3c >- (i + 21 • [5 • 2 4s+49 " 6 - 2 3s+3q - 5 - (155 • 2 q ~ x - 35) • 2 2s+4<? - 7 ] 
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t 

(10.39) 

I x (s+j+2) 

r UJ = 2 5<J . [ _ 3255 ■ 2 2s " 8 ] + 2 4q ■ [735 ■ 2 2s+J ~ 5 + 105 ■ 2 4s ' 6 + 735 • 2 2s ~ 7 ] + 2 3q ■ [ - 147 ■ 2 2s+J " 4 - 21 ■ 2 3 

(10.40) 

» X (s+j+2) 

rJ; J ■ 2- (s+,j) = 2 4q ■ [ - 3255 • 2 S ~ 8 ] + 2 3q • [735 ■ 2 S+J ' 5 + 105 • 2 3s ~ 6 + 735 ■ 2 s ' 7 ] +2 2q ■[- 147 ■ 2 3+J - 4 

We obtain from JTUSU, (HTH?) and floT55) l. 

s+j+2 rjj x(s+J+2 ) s-1 ffl x ( s+ j +2 ) [s]x(s+j+2) * [slx(s+j+2) [slx( S + 3 +2) [slx(s+j+2) 



E r H = E r r +ri sJ + E r i+V + r s +i + i + r 



s+j+2 



i=0 i=0 9=1 

= (7 . 2 4s " 6 - 3 • 2 3s " 5 ) + (7 • 2 2s+j+1 - 7 ■ 2 2s + 105 ■ 2 4s ~ 6 - 21 ■ 2 3s 



3 

3q 



+ [ - 3255 • 2 2s ~ 8 ] ■ E 25q + [735 • 2 2s+j " 5 + 105 • 2 4s " 6 + 735 ■ 2 2s " 7 ] ■ ^] 2 4? + [ - 147 ■ 2 2s+j " 4 - 21 • 2 3s ~ 5 ] ■ £ 2 

9=1 9=1 9 = 1 



X (s+j+2) I X (s+j+2) 



plij ipLsJ r>6s+3j+3 

1 ' 1 s+j+1 T 1 s+j+2 — z 

t 

(10.41) 

\ S\x (s+j+2) S X (s+j+2) 

pL » J _|_ pL s J _ 2 6s +3j+ 3 _ g^ . 2 2s + 5 J -3 _|_ 35 . 2 2s + 4 J -3 _ 7 . 2 4s + 4 J -2 _|_ 3 . 2 3s + 3 J -2 

We get in the same way from (|10.34[1 , (|10.36p . (|10.38p and (|10.40l) . 

s ±it 2 Mx(s+j+2) . ^ rsi X (s+j+2) rsi X (s+j+2) ^ r 1 1 X ( S +j+2> 
E ir J -2-" = Er}" J -2- 8 + rs UJ ■2" s + E r i+ 9 . 2 -( s +«' 

i=0 i=0 9=1 



« X (s+j+2) ! X (s+j+2) 

j. pL s J n — (s+J + l) , p[ij 9 -(s+j+2) 

1" 1 s+j + 1 ' Z T 1 s+j + 2 ' Z 

= (15 • 2 3s ~ 6 - 7 ■ 2 2s ~ 5 ) + (7 • 2 s+j+1 - 7 ■ 2 s + 105 • 2 3s ~ 6 - 21 ■ 2 2s " 5 ) 



j 

2q 



' - 3255 • 2 3 " 8 ] ■ E 2 49 + [735 • 2 a+J ~ 5 + 105 • 2 3s ~ 6 + 735 ■ 2 S ~ 7 ] ■ ^] 2 3q + [ - 147 ■ 2 S+J ~ 4 - 21 ■ 2 2s ~ 5 ] ■ E 2 

9=1 9=1 9=1 



s X (s+j+2) , 1 X (s+j + 2) 

+ T + • 2" (s+i+1) + J +2 • 2" (s+J+2) = 2 5s+2j+1 + 2 3s+3j+3 - 2 2s+2j+1 



» X (s+j+2) * X (s+j+2) ,,.,„, 

rLsJ n-( s +3 + 1 ) I rUJ o-(s+J+2) 

1 s+j + 1 ' z 1" 1 s+j+2 ' z 

_ 25 s + 2 j+i _|_ . 2 3s + 3 J -3 _ 203 • 2 s+4j ~ 4 -+ 91 . 2 3+3j ~ 4 — 9 . 2 2s + 2 - 7- 3 



(10.42) 

' 1 x (s+j+2) I I I x (s+j+2) 



2 ■ r s L ^ J +1 + T s L + 7 +2 = 2 6s+3j+3 + 49 ■ 2 4s+4j " 1 - 203 • 2 2s+5j ~ 2 + 91 • 2 2s+4j " 2 - 9 ■ 2 3s+3j " 1 

Hence by (|10.41l> . (|10.42|) we deduce 



, „,. * sH f, J +1 = 105 ■ 2 4s+4j ~ 2 - 315 • 2 2s+5j - 3 + 147 ■ 2 2s+43 " 3 - 21 ■ 2 3s+3j - 2 
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I x (s+j+2) 

(10 44) r'- a \ = 2 6s+3j+3 + 7 . 2 2a+5j+2 - 7 • 2 2s+ij+1 - 7 ■ 2 4a+4j+2 + 3 ■ 2 3a+ ' i3+l 

We have from ([9~5jl with j — > j + 1, J + 1 < s - 1, fc > s + j + 2 



.[!] 



x(fc+i) g xfc 



(io.45) A fc r s y +1 = r s L + V +1 = 147 • (5 • 2? - 1) • 2 ft+s+3j - 3 

We obtain from (|10.45[1 and (|10.43l) for fc > s + j + 2 

« \ t v /"o _1_ 1 "1 § -ve- » « 



E ( r ^+i <l+1> - r »+i+i") - E 147 • (5 ■ 2 J - 1) ■ 2 fc+s ; ' ' 

i—s+j+2 i — s+j+2 



I X(fc + 1) I x(s+j + 2) 

- r^J+i = 147 ■ (5 ■ 2 3 - 1) ■ 2 fc+s+3j " 2 - 147 • (5 • 2 3 - 1) • 2 2s+4j " 1 

(10.46) 



.[!]' 



X k 

r s L + 7 + i = 147 ' ( 5 ' 2" ~ l ) ■ 2 fc+s+3j - 3 - 147 • (5 ■ 2 J - 1) ■ 2 2s+4j - 1 
+ 105 ■ 2 4s+4 -'- 2 - 315 • 2 2s+5j " 3 + 147 ■ 2 2s+4j " 3 - 21 ■ 2 3s+3j - 2 for k > s + j + 3 



It follows from (|10.43p that (|10.46p is valid for k > s + j + 2 
By (|10.31|) we have with j -> j + 1 



(10.47) 

x k 



-jfc+s+3.3 — 3 



(#i+i) r s +Ai =147-(5-2 J -l)-2* 

+ 21 ■ [5 • 2 4s+4j " 2 - 2 3s+3j " 2 - (155 • 2 3 - 35) • 2 2s+4j ~ 3 ] for 1 < j + 1 < s - 1, k > s + j + 2. 

By comparing 1 )10.460 with 1)10.470 we see that (Hj+i) holds. 



□ 



xfc I x(2s+l) 

10.5. Explicit formulas for r 2 / where k > 2s + 1 and for F^s+i 

Lemma 10.4. We have 



(10.48) 



2s 



-,2fc+2s-2 _j_ 2^ . ^gg . 2 k + 5s - 7 

7 ■ [15 • 2 8s ~ 6 - 465 ■ 2 7s ~ 8 + 349 ■ 2 6s_7 l for k > 2s + 1. 



(10.49) r 2 L / + ( X(2S+1) = 2 9s - 7 • 2 8s " 2 + 7 • 2 7s " 3 - 2 6s " 3 
Proof. We get respectively from (|10.43|1 and (|10.44p with j = s-1 



(10.50) r 2 L / J X <2S+1) = 105 • 2 8s ~ 6 - 315 • 2 7s ~ 8 + 63 • 2 6s " 7 

X (2s+l) 



(10.51) = 2 9s + 7 ■ 2 7s " 3 - 7 • 2 8s " 2 - 2 6s " 3 

We have from (f9~7) with j = and k > 2s + 1 



x(fe+l) 

(io.52) A fe r 2 L / 1 = r 2 L / 1 - r 2 L / J = 21 • (2 2fc+2s - 2 + 35 • 2 fe+5s - 7 - 39 • 2 fc+4a - 6 ^ 
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We obtain from (|10.52|l for k > 2s + 1 and (110.5011 



I] (r 2 L / J X <l+1> - r|/ J X ') = ^ 21 ■ (2 2l+2s ~ 2 + 35 • 2 l+5s ~ 7 - 39 ■ 2 l+4s " 6 ) 

i=2s+l i—2s+l 
t 

r 1 1 x (A+i) * * 

4' J = 21 ■ 2 2s ~ 2 ■ 2 2 ' + ( 735 ' 25S ~ 7 - 819 ' 2 4S_6 ) ' 2 ! + 105 ■ 2 8s_6 " 315 • 2 7s ~ s + 63 ■ 2 6s ~ 7 

i = 2s + l i = 2s + l 

= 7 ■ 2 2fc+2s + 735 ■ 2 fc+5s - 6 - 819 • 2 fc+4s ~ 5 + 105 ■ 2 8s ~ 6 - 3255 • 2 7s ~ 8 + 2443 • 2 6s " 7 
t 

(10.53) 

r[; J = 7 • 2 2fc+2s " 2 + 21 ■ [35 ■ 2 fc+5s " 7 - 39 • 2 fe+4s ~ 6 ] + 7 ■ [15 ■ 2 8s " 6 - 465 ■ 2 7s " 8 + 349 • 2 6s - 7 ] for k > 2s + 2 
From f|10.51l) we see that (|10.53j) is valid for k = 2s+l. 

□ 

X (2s+2) 



10.6. Explicit formulas for r^J+i where k > 2s + 2 and for ^23+2 
Lemma 10.5. We have 



I;] 



xfc 



(10.54) = 105 ■ (2 2fc+2s - 2 + 7 • 2 fc+5fl " 3 - 31 ■ 2 fc+4s " 3 ) 

+ 105 ■ (2 8s_2 - 31 ■ 2 7s ~ 3 +93 • 2 6s " 3 ) for k>2s + 2. 

x(2s+2) 



(10.55) r 2 L / + J 2 ' = 2 9s+3 - 7 • 2 8s+2 + 7 • 2 7s+2 - 2 6s+3 

Proof. We get respectively from ijluTT) and (TTUT^]) for k = 2s+2 



2 £+ 2 I X (2s+2) 

(10.56) Yl F i = 2 9s+3 



and 



2s+2 



. x(2s+2) 

(10.57) 53 r < 2 - I=2 7 s+ l +2 6 S +3_ 2 4 s +l^ 

i=0 

We have from (fT03]l . $MiM with k = 2s+2 



, x(2s+2) 

(10.58) 2Z r » =7.2 4s " 6 -3-2 3s " 5 



i=0 

3-1 



_ x(2s+2) 

(10.59) 2l r * .2"' = 15-2 3s " 6 -7-2 2s " 5 

i=0 

By (fl075]) with k=2s+2 



x(2s+2) 

(10.60) r 3 L 3 1 = 427 ■ 2 3s ~ 5 - 7 ■ 2 2s + 105 • 2 4s " 6 



x(2s+2) 

(10.61) T s LsJ • 2" s = 427 • 2 2s " 5 - 7 ■ 2 s + 105 • 2 3s " 6 
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We obtain from (|10.31[1 with j — > q and k > 2s 
(10.62) 

9 = 1 
a-1 

= 2 4<J [ 735 • 2 fc+s " 7 + 105 ■ 2 4s - 6 + 735 • 2 2s " 7 ] 

9 = 1 

a-1 s-1 

+ Y 239 [ - 147 ■ 2fc+s ~ 6 ~ 21 ■ 2 3s_5 ] + Y 259 [ - 3255 ■ 22s ~ 8 l 

9=1 9=1 

= 49 ■ 2 h+5s ~ 7 - 7 ■ 2 h+s ~ 1 - 21 ■ 2 fc+4s " 6 + 7 ■ 2 8s_6 + 37 • 2 6s ~ 7 - 7 • 2 4s ~ 2 - 105 • 2 7s ~ 8 + 3 ■ 2 3s ~ 2 + 7 ■ 2 2s 
(10.63) 

xp r U . 2 -( S+ 9) 

9 = 1 

s-1 

= ^ 2 3q [735 • 2 fc ~ 7 + 105 • 2 3s_6 + 735 • 2 s " 7 ] 

9 = 1 

s-1 s-1 

+ Y 229 [ - 147 ■ 2k ~ 6 - 21 ■ 22s ~ 5 l + 1] 249 [ - 3255 • 2S ~ 8 ] 

9 = 1 g=l 

= 105 ■ 2 k+3s ' 7 - 49 • 2 fc+2s " 6 - 7 ■ 2 fc ~ 1 - 217 • 2 5s ~ 8 + 15 ■ 2 6s ~ 6 + 77 ■ 2 4s ~ 7 - 15 ■ 2 3s ~ 3 + 7 • 2 2s ~ 3 + 7 ■ 2 s 



From (|10.62|) and (110.63^ with k = 2k+2 we obtain 



s-1 



(io.64) ]Tr 



x(2s+2) 



9 
9 = 1 

= 287 ■ 2 7s ~ 8 - 53 • 2 3s " 2 - 131 ■ 2 6s ~ 7 + 7 ■ 2 8s ~ 6 - 7 ■ 2 4s ~ 2 + 7 • 2 2s 

s-1 



„ - x(2s+2) 

(10.65) Y T s+o - 2 



9 = 1 

= 623 • 2 5s ~ 8 + 15 • 2 6s " 6 - 315 • 2 4s_7 - 105 ■ 2 2s ~ 3 - 15 • 2 3s " 3 + 7 ■ 2 s 



We get from (|10.48|l with k = 2s+2 



x(2s+2) 

(10.66) r 2 L / J = 105 • 2 8s ~ 6 + 2625 ■ 2 7s ~ 8 - 525 • 2 6 



x(2s+2) 

(10.67) r 2 L / J • 2~ 2s = 105 • 2 6s ~ 6 + 2625 • 2 5s ~ 8 - 525 • 2 4s " 7 

We obtain from (HT5B) . flD35) , (fTTIrJOl . (fT0~6T|) and (fT0~B6l) . 



2s+2 



x(2s+2) ! x(2s+2) £zi 1 x(2s+2) ! x (2s+2) ! x (2s+2) 1 x (2s+2) 



E r * =Y T * + r * +E r i+9 + r 2 L / J +r 2 L sVi + r 

i=0 i=0 9=1 

= ( 7 . 2 4s - 6 - 3 ■ 2 3s ~ 5 ) + (427 ■ 2 3s ~ 5 - 7 ■ 2 2s + 105 • 2 4s " 6 ) 
+ (287 ■ 2 7s " 8 - 53 ■ 2 3s " 2 - 131 • 2 6s " 7 + 7 • 2 8s " 6 - 7 • 2 4s " 2 + 7 • 2 2s 



. x(2s+2) 1 x(2s+2) 

(105 • 2 8s " 6 + 2625 • 2 7s " 8 - 525 • 2 6s " 7 ) + r 2 L / + { + r 2 L / + J 2 = 2 9s+3 
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x(2s+2) I x(2s+2) 

(10.68) + r 2 L / + J 2 = 2 9s+3 - 7 ■ 2 8s ~ 2 - 91 ■ 2 7s ~ 3 + 41 • 2 6s " 3 

We get in the same way from p0,57)l . (|lU.59p , l|10.6ip . (|10.65l) and (|1U.67|) 

s_1 T 5 x(2s+2) . S x(2s+2) iz3 1 x(2s+2) 



E r r J -2-^^rH .2- 4 +ri- J •-' • X 1 • 

i=0 i=0 ij=1 

[s]x(2 s +2) [s|x(2 s +2) |~slx(2 3 +2) 

+ r UJ 2 _ 2s + r M 2 _ (2s+1)+r M 2 . 2 -(2 S+ 2) 

= (15 ■ 2 3s " 6 - 7 • 2 2a - 5 ) + (427 ■ 2 2s ~ 5 - 7 ■ 2 s + 105 ■ 2 3s " 6 ) 

+ (623 • 2 5s " 8 + 15 ■ 2 6s " 6 - 315 • 2 4s ~ 7 - 105 • 2 2s ~ 3 - 15 • 2 3s " 3 + 7 • 2 s ) 



. x(2s+2) I x(2s+2) 

+ (105 • 2 6s - B + 2625 • 2 5s " 8 - 525 • 2 4s " 7 ) + r 2 L / + { • 2" (2s+1) + r 2 L / + J 2 ■ 2" (2s+2) = 2 7s+1 + 2 6s+3 - 2 4s+1 



x(2a+2) i x(2s+2) 

(10.69) 2 ■ + r 2 L / + J 2 = 2 9s+3 + 49 ■ 2 8s ~ 1 - 203 • 2 7s ~ 2 + 73 ■ 2 6s ~ 2 
Hence by (fT0~68]> . (fT0~69| 

! x(2s+2) 

(10.70) F l 2 ; + [ = 105 • (2 8s ~ 2 - 3 ■ 2 7s ~ 3 + 2 6s " 3 ) 

! x(2s+2) 

(10.71) r 2 L / + J 2 = 2 9s+3 - 7 • 2 8s+2 + 7 ■ 2 7s+2 - 2 6s+3 
We have from (f9~7) with j = 1 and k > 2s + 2 



X (fc + 1) I xfc 

(10.72) A k T^/ + [ = T^ + [ - T^; + [ = 105 • (3 ■ 2 2fc+2s - 2 + 7 • 2 fc+53 ~ 3 - 31 • 2 fc+4s " 3 ) 

We obtain from (|10.72[1 for k > 2s + 2 and (|10.70l) 

( r L+i X<l+1) - r 2/+i )= 105 ■ (3-2 2l+2s - 2 + 7-2 I+5s - 3 -31-2 I+4s - 3 ) 

i=2s+2 i=2s+2 
t 

k k 



! X(fe+1) S x(2s + 2) 

rl%[ - r 2 L / + l = 315 ■ 2 2s ^ 2 ■ 22! + ( 735 ■ 25s ~ 3 - 3255 ■ 24s ~ 3 ) ' H 2 * 

i=2s+2 i=2s+2 

= 105 ■ 2 2fc+2s + 735 • 2 fc+53 " 2 - 3255 ■ 2 fc+4s " 2 - 735 ■ 2 7s_1 + 2415 ■ 2 63 " 1 



| xfc 
- 2s + l 



IVJi = 105 ■ 2 2fc+2s_2 + 735 • 2 fc+5s " 3 - 3255 • 2 fc+4s " 3 - 735 ■ 2 7s_1 + 2415 • 2 6s_1 + 105 • (2 8s ~ 2 - 3 ■ 2 7s " 3 + 2 6s " 3 ) 



(10.73) 

[s X k 
- 28+1 = 105 • (2 2fc+2s ~ 2 + 7 • 2 fc+5s ~ 3 - 31 ■ 2 fc+4s " 3 ) + 105 ■ (2 8s ~ 2 - 31 • 2 7s " 3 + 93 ■ 2 6s ~ 3 ) for k > 2s + 3 

From (|10.70|) we see that (|10.73p is valid for k = 2s+2. 

□ 
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xfc i x(2s+3) 

10.7. Explicit formulas for r^V^ where k > 2s + 3 and for rJ^V 3 
Lemma 10.6. We have 



X k 

->fc+4s+2\ 



(10.74) r 2 L 4 J 2 = 105 • (2 2ft+2s+2 + 7 ■ 2 fc+5s+1 - 31 • 2 k 

+ 105 ■ (2 8s+2 - 31 • 2 7s+2 + 93 ■ 2 6s+3 ) for k > 2s + 3. 



x(2s+3) 

(10.75) r 2 L / + J 3 =2 as+D -7'2 os+D +7-2' 



X k 

-.3 



x(fe-3) 



(10.76) r 2 L / + J 2 = 16 J ■ r 3 L ( ;:ij J +1 for k>2s + 2. 

Proof. We get respectively from (ITTHj) and (fTTO|) for k = 2s+3 



_ x(2s+3) 

(10.77) 53 V i = 298+6 



and 



2s+3 



. . . x(2s+3) 

(10.78) Y] T i ■ 2 ~ i = 278+3 + 2 6s+6 _2 4s+3 . 

i=0 

We have from (fT03|l . (|TCl4|l with k= 2s+3 



- x(2s+3) 

(10.79) r i = 7.2 4s " 6 -3-2 3s " 5 



s=0 

s-1 



- x(2s+3) 

(10.80) 5] r } . 2" 1 = 15 • 2 3s ~ 6 - 7 ■ 2 2s " 5 

i=0 

By (flCT5|) with k=2s+3 



x(2s+3) 

(10.81) r s L 3 1 = 875 ■ 2 3s ~ 5 - 7 ■ 2 2s + 105 • 2 4s " 6 



x(2s+3) 

(10.82) r s LsJ ■ 2~ s = 875 • 2 2s ~ 5 - 7- 2 s + 105 • 2 3s ~ 

From (|10.62|) and (|10.63j) with k = 2k+3 we obtain 



(10.83) J2 T 



x (2s+3) 



s+q 
9 = 1 

= 7 . 2 8s ~ 6 + 679 ■ 2 7s ~ 8 - 299 • 2 6s ' 7 - 7 • 2 4s " 2 - 109 • 2 3s ~ 2 + 7 ■ 2 2s 

x(2s+3) 



3-1 

(10.84) J2 T s+<! ' ' 2 

9=1 



= 1463 ■ 2 5s ~ s + 15 • 2 6s ~ 6 - 707 • 2 4s " 7 - 15 • 2 3s " 3 - 217 • 2 2s ~ 3 + 7 • 2 s 



We get from (110.48|) with k = 2s+3 



. x(2s+3) 

(10.85) r 2 L / 1 = 105- 2 8s " 6 + 8505 • 2 7s " 8 + 3675 ■ 2 6s " 7 
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x(2s+3) 

(10.86) r 2 L / J • 2' 2s = 105 ■ 2 6s ~ 6 + 8505 ■ 2 5s ~ 8 + 3675 • 2 4s_7 

We get from (|10.54jl with k = 2s+3 



(10.87) 



■ 2s + l 



x(2s+3) 
X (2s+3) 



(10.88) • 2~ (2s+1) = 105 ■ 2 63 - 3 + 26 25 • 2 5s ~ 4 - 2835 ■ 2 4s ~ 4 

We obtain from (fTOTTtl . ijlUTf^ . (fT078T|l . (fT0~83j) . (fi"0~85j) and (fT0~87l) . 



2s+3 



x(2s+3) S x(2s+3) S x(2s+3) 



i=0 i=0 g=l 



s + q 

|^IJx(2s+3) |^!Jx(2s+3) |^Sjx(2s+3) |^ 1 J X (2s+3) 

= (7 . 2 4s ~ 6 - 3 • 2 3s ~ 5 ) + (875 ■ 2 3s ~ 5 - 7 ■ 2 2s + 105 ■ 2 4s ~ 6 ) 

+ (7 ■ 2 8s " 6 + 679 ■ 2 7s " 8 - 299 • 2 6s " 7 - 7 • 2 4s " 2 - 109 • 2 3s " 2 + 7 ■ 2 2s ) 

+ (105 ■ 2 8s ~ 6 + 8505 • 2 7s ~ 8 + 3675 • 2 6s ~ 7 ) + (105 ■ 2 8s ~ 2 + 2625 ■ 2 7s ~ 3 - 2835 • 2 6s " 3 ) 

x(2s+3) ! x(2s+3) 



ipLsJ I nLsJ r>9s+6 

' 1 2s+2 ' 1 2s+3 — z 



- x(2s+3) ! x(2s+3) 

(10.89) r 2 L / + J 2 +r 2 L / + J 3 = 2 9s+6 -7-2 8s+2 -91-2 7s+2 +41-2 6s+3 

We get in the same way from (|10.78[) . (|10.80p . (|10.82|l . (110.8411 . (|10.86[l and (110. 88|) 

2s + 3 rslx(2s+3) . 8-1 fslx(2s+3) . fslx(2s+3) [ ! 1 X (2s+3) 



X) r * • 2_1 = E r * -2-' + ^^ . 2 - s + ^ri A J -2 

i=0 i = <J=1 



|ilx(2»+3) |f|x(2 s +3) |!|x(2s+3) |l|x(2 s +3) 

,-pLaJ .2 _2s j_pLfJ . 2~( 2s + 1 ) _i_ pL « J . 2~( 2s + 2 ) _i_ pL » J . 2~( 2s + 3 ) 

2s 2s - } - ! 2s- 1-2 2s~~f~3 

= (15 ■ 2 3s ~ 6 - 7 ■ 2 2s ~ 5 ) + (875 ■ 2 2s ~ 5 - 7 ■ 2 s + 105 ■ 2 3s ~ 6 ) 

+ (1463 • 2 5s " 8 + 15 • 2 6s " 6 - 707 ■ 2 4s " 7 - 15 • 2 3s " 3 - 217 ■ 2 2s ~ 3 + 7 ■ 2 s ) 

+ (105 • 2 6s " 6 + 8505 • 2 5s " 8 + 3675 ■ 2 4s ~ 7 ) + (105 ■ 2 6s " 3 + 2625 ■ 2 5s ~ 4 - 2835 • 2 4s " 4 ) + r\')^ ■ 2- (2a+2) 

[ ! 1 x(2s+3) 

_l_ pL a J _ 2 _ < 2s + 3 ) — 2 7s+3 4. 2 6s+6 — 2 4s+3 



x(2s+3) S x(2s+3) 



(10.90) 2-rj/J 2 +r 2 L 4 J 3 > " 2 i|: ' -;-!")• 2" - ~ 203 • 2 7 ' ' ?:> • 2" 1 

Hence by (fT089|> . {TO90j) 



_ x(2s+3) 

(10.91) r 2 L / + J 2 = 105 • (2 8s+2 - 3 ■ 2 7s+2 + 2 6s+3 ) 



x(2s+3) 

(10.92) r 2 L / + J 3 = 2 9s+6 - 7 ■ 2 8s+6 + 7 ■ 2 7s+7 - 2 6s+9 
We have from l[9~7)l with j = 2 and k > 2s + 3 

X (fc + 1) i Xfc 

(10.93) A fc r 2 L / + J 2 = r 2 L / + J 2 - r 2 L / + J 2 = 105 ■ (3 • 2 2fc+2s+2 + 7 • 2 fc+5s+1 - 31 • 2 fc+4s+2 ) 
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We obtain from (|10.93)1 for k > 2s + 3 and (I10.91|l 

E ( r Lla ~ r L+2 Xl ) = E 105 • (3 ■ 2 2 < +2s+2 + 7 • 2 l+5s+1 - 31 ■ 2 l+4s+2 ) 

i=2s+3 i=2s+3 
t 

\ 1 1 x(fc+l) | I 1 x(2s+3) k k 

r L+2 - r L+2 = 315 ■ 2 2s+2 ■ ^ 2 + ( 735 ■ 25S+1 ~ 3255 ■ 24S+2 ) ■ Yl 2 * 

i=2s+3 i=2s+3 

= 105 • 2 2fc+2s+4 + 735 ■ 2 fe+5s+2 - 3255 • 2 fe+4s+3 - 735 • 2 7s+4 + 2415 ■ 2 6s+5 



1 x(fc+l) 

rL+2 = 105 ' 2 2fc+2s+4 + 735 • 2 fc+5s+2 - 3255 ■ 2 fc+4s+3 - 735 ■ 2 7s+4 + 2415 • 2 6s+5 + 105 • (2 8s+2 - 3 • 2 7s+2 + 2 6s+3 ) 



(10.94) 

f S jx* 

- 2s+2 



r 9 L „V, = 105- (2 2fc+2s+2 +7-2 fc+5s+1 -31 -2 fc+4s+2 ) +105- (2 S3+2 -31-2 7s+2 + 93-2 6s+3 ) for k > 2s + 4 



From (|10.91[) we see that (|10.94|) is valid for k = 2s+3. It remains to prove (|10.76l) . 
We have respectively from (110. 49p with s — > s — 1 and (|10.55p 



16 3 -r 



x(2(s-l)+l) 

— 2 12 ■ (2 9 ' s ~ 1) — 7 ■ 2 8 ( s ~ 1) ~ 2 + 7 • 2 7 ( s ~ 1 ' -3 — 2 6 ( s-1 ' -3 ) 



x(2s+3) 



2s+3 

We get respectively from (|10.54[l with s — ► s - 1, k —> k - 3, fc > 2s + 3 and (|10.74[> 



i6 3 ■ r 



-1 x(fc-3) 

-l J — 2 12 ■ 105 • (2 2 ' fc_3 ' +2 ' s_1 '~ 2 + 7 • 2 fc_3+5 ( 3_1 ) -3 — 31 • 2 fc_3+4 ( s_1 ' -3 ^ 

2 12 . 1Q5 . ( 2 8(s-l)-2 _ 31 . 2 T(.-l)-3 + g 3 . 2 8(.-l)-SJ 

: 105 ■ (2 2fc+2s + 2 + 7 ■ 2 fc+5s+1 - 31 ■ 2 fc+4s+2 ) + 105 • (2 8s+2 - 31 • 2 7s+2 + 93 • 2 6s+3 ) = T 



xfc 



2s+2 



□ 

xfc 

10.8. Un explicit reduction formula for rJ;/ +1+ j for < j < s — 1, k> 2s + l+j. 
Lemma 10.7. We have for < j < s - 2, k > 2s + 2 + j 

(10.95) 

[llxfc l-j x(fc-3j) 

m rL /+ J 1+i = i6 3j .rL ( ;-J +1 

= 2 12j ■ 105 • (2 2(fc_3; ' )+2(3_j)_2 + 7 ■ 2 k ~ 3j+5is ~ j ^~ 3 — 31 • 2 fc ~ 3j ' +4(3 ~ J ''~ 3 ) 

+ 2 12j • 105 ■ (2 8(s - j) - 2 - 31 ■ 2 7(s_j) " 3 + 93 • 2 6(s - j) - 3 ) 
_ -^gg _ ^k+2s+Aj-2 _|_ j _ 2 fc + 5s + 4 J- 3 _ 32 . 2 fc + 4s + 5 J- 3 ^ 

+ 105 • (2 Sa+Aj - 2 - 31 • 2 7s+5j ~ 3 + 93 • 2 6s+6j - 3 ) 
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Lemma 10.8. We have for < j < s — 1. 



(10.96) 



x(2s+l+j) 



2s+l+j 



16 



33 



-j x(2(<r-j)+l) 



,12) 



2(s-j) + l 

o9("-i) 



->9s+3j 



7-2 



7-2 

Ss+4j-2 



8(s-j)-2 



+ 7-2 



7(s-j)-3 6(s-j)-3\ 



+ 7-2 



7s+5j — 3 r)6s+6j — 3 



We /lane /or fc > 3s. 
(10.97) 



16 



3(s-l) 



■ r 



1 x(fc-3(s-l)) 



2l2s-12 ^2 3 *:-9s+9 y 2 2fc_6s + 6 _|_ 7 2 fe_3s+4 _ 2 3 ) 
23fc+3s-3 _ j 2 2fc + 6s_6 _)_ 7 2 fc+9s_8 _ 2 12s ~ 9 



Proo/. Proof of (fT0~95j) and (j!0.96|) 

The proof is by strong induction, that is: 

If 

• (-Ho) is true, and 

• for all j > 1, (ff ) A (-Hi) A ... A (Hj) implies {H j+1 ) 
then (Hj) is true for all j > 1. 

(ffo) is true 
Obviously 

(Ho) (-Hi) Immediately by the proof of (|10.76|) 
(Hp) A (-Hi) A ... A (Hj) implies (H j+1 ) 



We are going to show that (Hj+i) is true assuming that (H q ) is true for all < q < j 

X(fc-3(j+l)) 



= 16 



3(j+l) 



-O+i) 
-O+i) 

"(3 + 1) . 

2(s-(j + l)) + l 



(Hj+i) r 2 ; +1+{j+1) 

= 2 12j + 12 _ 1Q5 . ^ 2 2(k-3U + l))+2(s-(j + l))-2 + 7 i 2 fc-3y+l)+5(s-(j+l))-3 _ 31 , 2 fc - 3 (:i + l)+4(s-(j + l))-3-j 
_|_ 2 12j + 12 _ 1Q5 , ^ 2 8( s -(i+ 1 ))- 2 _ 31 . 2 7 ( s -(j' + 1 ))- 3 4- 93 . 2 6 ( S -W + 1 ))- 3 ) 

_ ^Qg _ £2 2k + 2s + 4 i+ 2 _|_ 7 . 2 fc + 5s + 4 J +1 _ 3i . 2 fc+4s+5 J+ 2 ) 
+ 105 ■ (2 8s+4j '+ 2 - 31 ■ 2 7s+5j+2 + 93 ■ 2 6s+6j+3 ) 
We get respectively from (TToT)) and (flTE?)) for k = 2s+j+3 



(10.98) 



(10.99) 



2s+j+3 

E r 

i=0 



x(2s+j+3) 



= 2 



9s+3j+6 



and 



2s+i+3 

E r 

i=0 



x(2s+j+3) 



2" 1 



? 7s+2j+3 , 26S+33+6 



-,4s+2j+3 



We have from JT03J, ([104)) with k= 2s+j+3 



(10.100) 



„ . 1 x(2s+j+3) 

Vr^ = 7 • 2 4s_6 - 3 ■ 2 3a ~ 5 
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s-1 



. x(2s+j+3) 

(10.101) r * . = 15 • 2 3s " 6 - 7 ■ 2 2s " 5 

i=0 

By (fT05|) with k=2s+j+3 



x(2s+j+3) 

(10.102) r s LsJ = 7 ■ 2 3s+J+2 - 7 ■ 2 2s + 105 ■ 2 4s ~ 6 - 21 • 2 3s ~ 5 



\x(2a+j + 3) 

(10.103) r s LsJ • 2~ s = 7 • 2 2s+J+2 - 7 ■ 2 s + 105 ■ 2 3s ~ 6 - 21 ■ 2 2s ~ 5 

From (110.621) and (|10.63p with k = 2k+j+3 we obtain 

(10.104) 

«-i [s] 

9 = 1 

= 49 • 2 7s+J " 4 - 7 • 2 3s " H+2 - 21 ■ 2 6s+ - J ~ 3 + 7 ■ 2 8s_6 - 105 ■ 2 7s ~ 8 + 37 • 2 6s ~ 7 - 7 ■ 2 4s ~ 2 + 3 ■ 2 3s " 2 + 7 • 2 2s 
(10.105) 

s-l 



x(2s+i+3) 

o-(s + 9) 



9 = 1 

= 105 ■ 2 5s+J '~ 4 - 49 ■ 2 4s+J ~ 3 - 7 ■ 2 2s+j+2 + 15 ■ 2 6s " 6 - 217 ■ 2 5s ~ 8 + 77 ■ 2 4s_7 - 15 • 2 3s ~ 3 + 7 • 2 2s ~ 3 + 7 -2 s 
We get from (|10.48|) with k = 2s+j+3 

(10.106) 

4* J = 7 ■ 2 6s+2j+4 + 735 ■ 2 7s+J " 4 - 819 ■ 2 6s+i - 3 + 105 • 2 8s " 6 - 3255 ■ 2 7s ~ 8 + 2443 • 2 6s " 7 

(10.107) 

J X (2s+j+3) 

4* J • 2" 2s = 7 ■ 2 4s+2j+4 + 735 • 2 5s+J - 4 - 819 • 2 4s+J " 3 + 105 • 2 6s " 6 - 3255 • 2 5s " 8 + 2443 ■ 2 4s " 7 

From the induction hypothesis (H q ) for < q < j we get by (|10.95p with k = 2s+j+3. 



(10.108) ]Tr 



1_ ! x(2s+j+3) 



2s+l+9 



9 = 



_ -^gg _ ^2 2 ( 2s +J+ 3 )+ 2s+4 9- 2 4 7 . 2< 2s +J+ 3 )+ 5s + 4 9-3 _ 3^ . 2( 2s +j'+ 3 )+ 4s + 5 9-3-j 

9=0 
3 

+ V 105 ■ (2 8s+4 «- 2 - 31 ■ 2 7s+3q ~ 3 + 93 • 2 6s+69 " 3 ) 

9=0 

_ g-^ _ 2 7s + 5 i+ 2 _ 42 ■ 2 6s+6; '+ 3 + 7 . 2 8s+4j '+ 2 _ 7 . 2 6s+2 J+ 4 
- 49 • 2 7s+3 + 105 ■ 2 6s+J - 7 ■ 2 8s ~ 2 + 105 ■ 2 7s ~ 3 - 155 • 2 6s " 3 



(10.109) 

_ J _ ! x(2s+j+3) 



9=0 



105 ■ (2 2 ^ 2s+: ' +3 ' +2s+4 ' ?-2- ' 2s+:L+ ' 7:i + 7 ■ 2 (2s+J+3)+53+49 ~ 3 ~( 2s+1+9 ^ _ 31 . 2< 2s+: ' +3 )+ 4s + 59 ~ 3 ~( 2s + 1 +' J > ) 

9=0 
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■ E 1° 5 ' (2 8s+49 ~ 2 ~ (2s+1+9) — 31 ■ 2 73+59 " 3 ~ (23+1+<j) +93-2 



6s+6q-3-(2a+l+q)\ 



9=0 

= E 105 ■ (2 4s +^+ 3+3 « + 7 ■ 2 5s+J+3q - 1 - 31 ■ 2 4s+ -' +49 - 1 ) + ^2 105 • (2 6s+3<? - 3 - 31 ■ 2 5a+iq ~ 4 + 93 ■ 2 4s+5? - 4 ) 

9 = q=0 

= 203 ■ 2 5s+4i - 73 ■ 2 4s+5j+1 - 15 ■ 2 4s+2j+3 + 15 • 2 6s+3j - 15 ■ 2 6s " 3 
- 105 ■ 2 5s+J - 1 + 217 ■ 2 4s+J - 1 + 217 • 2 5s " 4 - 315 ■ 2 4s " 4 

We obtain from (fTUm (ITtnUOl . (fT0~TT]2l . (fTTTTMlt . (fT0~T0B1) and (fT0~TUg1) . 

2 s +j+3 r s j x(23+i+3) s-1 [fix (2s+j+3) [ I 1 x(2s+j+3) iZ 1 [ I 1 X (2 s +j+3) 

E r H = E r H + r * + E r i+v 

i=0 i = 9 = 1 

Ijx (2s+j+3) -L, [j j X (2s+j+3) |^ ! J X (2s+j+3) [ % } X (2s+j+3) 

+ -T 2s + 2_^^2s+l+q + T2S+J+2 + ^2s+j+3 

9=0 

= (7 . 2 4s " 6 - 3 • 2 3s " 5 ) + (7 ■ 2 3s+j+2 - 7 ■ 2 2s + 105 ■ 2 4s_6 - 21 • 2 3s " 5 ) 
+ (287 • 2 7s ~ 8 - 53 ■ 2 3s ~ 2 - 131 • 2 6s " 7 + 7 ■ 2 8s ~ 6 - 7 • 2 4s " 2 + 7 • 2 2s ) 

+ (49 ■ 2 7s+J ~ 4 - 7 ■ 2 3s+J+2 - 21 • 2 6s+J " 3 + 7 • 2 8s " 6 - 105 ■ 2 7s ~ 8 + 37 • 2 6s ~ 7 - 7 • 2 4s " 2 + 3 • 2 3s " 2 + 7 ■ 2 2s ) 
+ (7 • 2 6s+2j+4 + 735 • 2 7s+ - 7 " 4 - 819 • 2 6s+j " 3 + 105 • 2 8s " 6 - 3255 • 2 7s " 8 + 2443 ■ 2 6s ~ 7 ) 
+ (91 ■ 2 7s+5j+2 — 41 ■ 2 6a+6 3 +3 + 7 ■ 2 8s+4: > +2 — 7 • 2 6a+2j+i 



_ x(2s+j+3) % x(2s+j+3) 

- 49 ■ 2 7s+j + 105 • 2 6s+ - 7 - 7 • 2 8s " 2 + 105 ■ 2 7s ~ 3 - 155 ■ 2 6s " 3 ) + r 2 L / + J i+2 + r 2 L / + J J+3 = 2 9s+3i+6 

t 

(10.110) 

S x(2s+j+3) S x(2s+j+3) 

pLsJ _^pL = J = 2 9s+3 J+ 6 _ 7 . 2 8s+4 J+ 2 _ 91 . 2 7a+bj+2 + 41 . 2 6s + 6j ' +3 

We get in the same way from CSIMJ, (|10.101|l . GEM]), (|10.105|) . (|10.10'r|) and (|10.109i . 



2s+j+3 



x(2s+j+3) tri I x(2s+j+3) . ! x(2s+j+3) Jzi ! X (2s+j+3) 



i=0 i=0 9=1 



S x(2s+j+3) i J x(2s+j+3) ,,,,,,, f x(2s+j+3) S \x(2 s +j+3) lo .-,„s 

pLsJ 9 -2s , V^pLsJ n-(2s+l+9) i r L s J 9 -(2s+j+2) , r [ s J 9 -(2s+j+3) 

-■-2s £ ' 2a+l+9 ' 2s+j+2 ' z "T" 1 2s+3+3 ' z 

9=0 

: (15 ■ 2 3s ~ 6 - 7 • 2 2s ~ 5 ) + (7 ■ 2 2s+J+2 - 7 • 2 s + 105 ■ 2 3s ~ 6 - 21 ■ 2 2s " 5 ) 
(105 • 2 5s+j " 4 - 49 ■ 2 4s+J " 3 - 7 • 2 2s+j+2 + 15 ■ 2 6s " 6 - 217 ■ 2 5s " 8 + 77 • 2 4s " 7 - 15 • 2 3s " 3 + 7 • 2 2s " 3 + 7 • 2 s ) 
(7 • 2 4s+2j+4 + 735 • 2 5s+ - 7 " 4 - 819 • 2 4s+j " 3 + 105 • 2 6s " 6 - 3255 • 2 5s " 8 + 2443 ■ 2 4s " 7 ) 
(203 • 2 5s+4j - 73 ■ 2 4s+5j+1 - 15 • 2 4a+2j+:i + 15 • 2 6s+3j - 15 • 2 6s " 3 
105 ■ 2 5s+J - 1 + 217 ■ 2 4s+J ~ 1 + 217 ■ 2 5s ~ 4 - 315 ■ 2 4s " 4 ) 



1 x(2s+j+3) , 1 x(2s+j+3) 

F L»J n-(2s++j+2) r L s J -(2s+j+3) _ 7s+2j+3 , r,6s+3j+6 4s+2j+3 

' 1 2s+i+2 ' z T 1 2s+i+3 ' z — z T L z 



pL I \ x(2s+J+3) _ 2 _( 2s+j+2 ) r [ J J x( 2s +J'+ 3 ) ^ 2 _ (2s+j+3) _ 2?s+2j+3 , 73 _ 2 4s+5j+i _ . 2 5s + 4 3 i 49 . 2 6s + 3 ^' 
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(10.111) 

! x(2s+j+3) I x(2s+j+3) 

2 ■ r 2 L / + J J+2 + r 2 L / + J J+3 = 2 9s+3j+6 + 73 ■ 2 6s+6j+4 - 203 • 2 7s+5j+3 + m ■ 2 8s+4j+3 

Hence by (|10.110|) , (|10.111l) 



I s x(2s+j+3) 

(10.112) ri+j+2 = 105 ■ (2 6s+63+3 - 3 ■ 2 7s+53+2 + 2 8s+4j+2 ) 



I s x(2s+j+3) 

(10.113) r a/+j-+3 = 2 9s+3j+6 - 7 • 2 Ss+4j+6 + 7 ■ 2 7s+5j+7 - 2 6s+6j+9 

We have from ((9~?)l with j -» j + 2, j + 2 < s - 1 and fc > 2s + j + 3 

(10.114) 



A fe r 2 L / + J J+2 = r [ 2 } + \ x + [ k+1) - riy * 2 = 105 ■ (3 ■ 2 2fc+2s+4 ^ 2 + 7 • 2 fc+5s+4 ^ +1 - 31 • 2 k+4s+5j+2 } 

We obtain from (|10.114|) for fc > 2s + j + 3 and (|10.112|) 

k r?i x( i +1) i k 



( F i+j+2 - r L s + i +2 )= E 105 • (3 ■ 2 2l+2s+4j+2 + 7 • 2 l+5s+4j+1 ~ 31 • 2 I+4s+5j+2 ) 

i=2s+j+3 i=2s+j+3 
t 



, 2 / + J 3 . +2 -r 2 L /4+2 = 315 ■ 2 2s+4j + 2 • £ 2 2 ' + (735 ■ 2 5s+4j+1 - 3255 ■ 2 4fl+5 ^+ 2 ) • £ 

i = 2s+j + + 3 i=2s+j 

= 105 ■ 2 2fc+2s+4j '+ 4 + 735 ■ 2 fc+5s+4j+2 - 3255 ■ 2 fc+4s+5j+3 - 735 ■ 2 7s+5j+4 + 2415 • 2 6s+6j+5 



r 2 L / + J i+2 = 105 • 2 2fc+2s+4 ''+ 2 + 735 • 2 k+5s+i]+1 ~ 3255 • 2 k+4s+5 '+ 2 - 735 • 2 7s+5 ^+ 4 + 2415 ■ 2 6s+6i+5 



m . ( 2 6 S +6i+3 _ 3 . 2 7s +5j +2 + 2 8 S +4,+2x for k > 2 S + j + 4, 



(10.115) 



xfc 



p[ s ] "" _ -j^gg . ^2 2fc + 2s + 4 J+ 2 j_ 7 . 2 fc + 5s + 4 -?+ 1 _ . 2 fc + 4s+5 J+ 2 ) 
+ 105 • (2 8s+4j+2 - 31 ■ 2 7s+5j+2 + 93 • 2 6s+6j+3 ) for fe>2s+j + 4 
From (110.1121) we see that (|10.115|) is valid for k = 2s+j+3. 

Proof of (|10.97j) 

We then obtain from (|10.110p with j = s-2 



(10.116) 

p [ s ] X ' 3s+1 ^ _ ^12s _ r, _ 28s+4(s-2) + 2 _ . 2 7s +5(s-2) + 2 _j_ ^ _ 26s+6(s-2)+3 _ g-^g _ 2l2s-9 



We have from (|9.7|l with j = s and fc > 3s + 1 



I x(fe+l) 



(io.ii7) A fc r 3 L / J =r 3 

We obtain from (|10.117[) for fc > 3s + 1 and (|10.116[) 



p|_ s J tj 2^^+35 — 3 2^ (^Zk+tis — 6 _^ rj 2^+9 s — 8 



i=3s + l 



x(i+l) 



i=3s + l 
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x(fc + l) 



x(3s + l) Kj /v 

T 3 L / J = 7 • 2 3s ~ 3 • V 2 3i - 21 • 2 6a " 6 ■ V 2 2i + 7 ■ 2 9s " 8 • V 2' 



i = 3s + l 



i=3s+l 



i = 3s + l 



2 3 fe+3s -3 _ rj . 2 2fc+6s-6 + 7 . 2 fc+9 S "8 _ 7g . 2 12s-7 + 3^ , 2 12 S -9 for fc > 3s + 2 



t 

(10.118) 



L S J Q-ik-^'JlS — 3 rj 2 



i ^ 2fe+9s-8 _ 2 12s -9 



2«fc-t- > -■> -■ r>2fc+6s — 6 

From (|10.116|) we see that (|10.118|) is valid for k = 3s+l. 
Theorem 10.9. We have 



□ 



(10.119) 



(10.120) 

[tlx* 
r L.J 



n 

105 ■ 2 41 " 6 



7-2 



.fc+s-l 



21 ■ 2 3i ~ 5 
- 7 • 2 2s + 105 • 2 4 



21 ■ 2 3s " 5 



ifi = 0, 

ifl<i<s-l, k>i + l, 
if i = s, k > s + 1, s > 1, 



147-(5-2 i_1 - 1) ■ 2 fc + s+3 J- 6 

+21 ■ [5 ■ 2 4s+4j '- 6 - 2 3s+3j - 5 - (155 ■ 2 3 '- 1 - 35) ■ 2 2s+4j - 7 ] ifi = s + j, l<j< 
7 ■ 2 2k+23 -' 2 + 21 ■ [35 • 2 k+5a 



1, k>s + j + l, 



,fc+4s-61 



-39-2 

+7 ■ [15 • 2 8s " 6 - 465 • 2 7s " 8 + 349 ■ 2 6s ~ 7 ] 

105 • (2 2fc + 23 + 4 J~ 2 -f 7 . 2 fc + 5s + 4 J -3 _ 31 . 2 fc + 4s + 5 -? -3 ) 

+105 ■ (2 8s+4j - 2 - 31 • 2 7s+5j - 3 + 93 • 2 6s+6j - 3 ) 



ifi = 2s, fc > 2s + 1, 



r)3fc + 3s — 3 



r)3s+3« — 3 



7 • 2 4i ~ 6 + 3 ■ 2 3 



?/ z = 2s + 1 + j, fc > 2s + 2 + j, 
< j < a - 2, 
if i — 3s, fc > 3s 



if 1 < i < s + 1, 



2 6 3 +3j-3 + 7 . 2 2s+5j-8 _ ? . 2 2 S +4 3 -7 _ j . 2 4s+4j-6 + 3 . 2 3s+3j-5 ^ j = s + ^ 1 < j < S + 1, 

We /wwe for < j < s - 2, fc > 2s + 2 + j 



i/ i = 2s + 1 + j, < j < s - 1, 



(10.121) 



p L s 1 _ i f-oj p 



3 3j 
,12j 



x(k-3j) 
2(s-j) + l 



= 2 L ^ J ■ 105 • (2 2 ^ fc ~ 3:, ' +2 '' s_: ^~ 2 + 7 ■ 2 fc ~ 3 - ,+5 '- s ~-')~ 3 — 31 • 2 fe-3 '' +4 ( s- -') -3 ') 



+ 2 12j • 105 • (2 8(s " i) - 2 



31-2 7(s " i)_3 + 93-2 6(s ~ j) " 3 ) 



= 105 • (2 
+ 105 ■ (2 



2fc+2s+4j-2 , 7 2 fc + 5s + 4 J-3 



31-2 



fe+4s+5j-3\ 



8s+4j-2 



31-2 



7s+5j-3 



+ 93-2 



6s+6j-3\ 



We have for < j < s — 1. 



(10.122) 



x(2s+l+j) 



2s+l+i 



i6 3j • r. 



J j x(2(s-j) + l) 



2(s-j) + l 



12j / 9(«-j) 



■(2 

->9s+3j 



-7-2' 



(s-j)-2 



+ 7-2 



7(s-j)-3 



-i)-3> 



7-2 



8s+4j-2 , 7 _ 2 7 s+5j-3 



^6s+6j — 3 
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We have for k > 3s. 



.[!] = 



(10.123) r 3 L / J = i6 3(3_1) -r 



j j x(fc-3(s-l)) 

— ±XJ ' x 3 

_ 2I23-12 ^2 3fc_9s + 9 _ 7 2 2fc ~ 6s + 6 _|_ 7 2 fc ~ 3s+4 — 2 3 ) 
_ 23 fc +3s-3 _ y 2 2fc + 6s_6 _|_ 7 2 fe + 9s-8 _ 2 12s ~ 9 



Theorem 10.10. Let q be a rational integer > 1, then 
(10.124) 



de 9 y<fc-l de 9 Z<s-l de 9 [7<s-l de 9 V<s-l 



(10.125) 



inf(3s,fc) [|l xfc 

/ fl 9 (^ )? ,C)dtd7 7 dC = 2 (3s+fc ^.2-" +;i - E r ' - 2 " 
JPxPxP ,_ n 



Theorem 10.11. We denote by R q (k,s) the number of solutions 
(Yi, Zi, Ui, Vi, . . . , Y q , Z q , Uq, V q ) of the polynomial equations 

C YlZl + Y2Z2 + ...+ YqZq = 0, 

I Y 1 U 1 +Y 2 U 2 + ...+Y q U q =0, 

{ Y 1 V 1 +Y 2 V 2 + ...+Y q Vq = 0, 

satisfying the degree conditions 

degYi < k — 1, degZi < s — 1, degUi < s — 1, degV, < s — 1 /or 1 < i < 
T/ien 
(10.126) 

R q (k,s)= f g q ktS {t,n,Odtdndi = 2 { 

JPxPxP 

Example. s=l, fc>i + lfor0<i<2 



inf(3s,fc) 

r ; ! ) 9 2 _ 3fc — 3s+3 ^ ^ p 
i=0 



1 xfe 



n 

7- (2 fc - 1) 



j 7 - (2 fc - 1) • (2 fc -2) 



if i = 
if i = 1 
Hi = 2 

if i = 3, fc > 3 



Example, s — 2, fc>j + lfor0<i<5 



1 




if i 


= 


21 




if i 


= 1 


7 ■ 2 fc+1 + 266 




if i 


= 2 


147 • 2 fc+1 + 1344 




if i 


= 3 


7-2 2fe + 2 +651-2 fc + 2 


- 22624 


if i 


= 4 


105 • 2 2fc+2 - 315 • 2 fe ~ 


h5 + 53760 


if i 


= 5 



• 2~ 



2 3fc+3 _ ? . 2 2fe+6 + 7 . 2 fc+10 _ 32768 if i = 6 > 6 
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Example, s = 2, k = 6. 



2 | X6 

The number T L 2 ■ 



of rank i matrices of the form 



/ ai 


OL 2 


«3 


Q4 


as 


Q6 


\ 


Oil 


O-Z 


OtA 


Q5 


eta 


Q7 




ft 


ft 


ft 


ft 


ft 


ft 




ft 


ft 


ft 


ft 


ft 


ft 




7i 


72 


73 


74 


75 


76 


/ 


\ 72 


73 


74 


75 


76 


77 



is equal to 



1 


if i 


= 


21 


Hi 


= 1 


1162 


if i 


= 2 


20160 


Hi 


= 3 


258720 


Hi 


= 4 


1128960 


Hi 


= 5 


688128 


Hi 


= 6 



The number of solutions 

(Yi , Z\ , Ui , Vi , . . . , Y q , Z q , U q , V q ) of the polynomial equations 



YiZi + Y 2 Z 2 + . 
Y 1 U 1 +Y 2 U 2 + . 
Y 1 V 1 +Y 2 V 2 + . 



. + YqZq = 0, 

+ Y q U q = 0, 
+ Y q Vq = 0, 



satisfying the degree conditions 

degYi < 5, degZi < 1, 



degUi < 1, degVi < 1 for l<i< 



is equal to 
i? ? (6,2) = 



/ gl 2 (t, v ,0dtd v dz = 2 12 *- 21 -J2r 



Ill 



■ 2" 



= 2 



,125-21 



(1 + 21 ■ 2~ 9 + 1162 ■ 2~ 2q + 20160 ■ 2~ 3q + 258720 ■ 2~ 4q + 1128960 • 2^' q + 688128 



: 2 6q_21 • (2 6q + 21 ■ 2 5q + 1162 • 2 4q + 20160 • 2 3q + 258720 • 2 2 " + 1128960 • 2 q + 688128) 
Example. s = 3, fc>i + lfor0<i<8 



'1 


if i 


= 


21 


Hi 


= 1 


378 


Hi 


= 2 


7 • 2 fc+2 + 5936 


Hi 


= 3 


147 • 2 fc+2 + 84672 


Hi 


= 4 


147 ■ 9 • 2 k+z +959616 


Hi 


= 5 


7 • 2 2fc+4 + 2121 ■ 2 k+e > + 5863424 


Hi 


= 6 


105 • 2 2fc+4 + 2625 • 2 fc+9 - 92897280 


Hi 


= 7 


105 • 2 2fc+8 - 315 • 2 fc+14 + 220200960 


Hi 


= 8 



r [l] xfe 



2 3fc+6 _ 7 . 2 2fc+i2 + 7 . 2 fc+i9 _ 134217728 if i = 
Example, s = 3, k = 5, q = 3. 



9, k > 
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The number F} 3 J of rank i matrices of the form 



Ql 


a.2 


«3 


a?4 


as 


a 2 


Ctz 


CK4 


«5 


Q'fi 


a 3 




Q^5 






ft 


02 


ft 


ft 


ft 


ft 


03 


ft 


ft 


ft 


ft 


ft 


ft 


ft 


ft 


7i 


72 


73 


74 


75 


72 


73 


74 


75 


76 


73 


74 


75 


76 


77 




'1 




if i = 







21 




if i = 


1 




378 




if i = 


2 


< 












6832 




if i = 


3 




103488 


if i = 


4 




. 1986432 


if i = 


5 



The number of solutions 
(Yi, Zi,Ui, Vi, Y2, Z2, U2, V2, V3, Z3, {73, V3) of the polynomial equations 

Y1Z1 + Y2Z2 + Y 3 Z 3 = 0, 

Y 1 U 1 +Y 2 U2+Y 3 U 3 =0, 

YLVi + YiVt+YM = 0, 
satisfying the degree conditions 

degYi < 4, degZi < 2, depf/j < 2, degVi < 2 /or 1 < i < 3. 



is equal to 

5 r 3 ] xS 

R 3 (5,3) = / „ft| /.,;.; :,//,/,,,/; 2 ;,;i -^r : - -2 

JpxPxP i=0 

= 2 33 • (1 + 21 ■ 2~ 3 + 378 • 2~ 6 + 6832 ■ 2~ 9 + 103488 • 2~ 12 + 1986432 • 2 -15 ) = 3563904 x 2 
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11. Computation of Afcl\ 



for < i < 3s + 2m 



11.1. Notation. 

Definition 11.1. In this section we define jj to be equal to (21 • 2 3j '" 4 - 3 ■ 2 2j ' -3 ) for 
1 < j < m - 1. 



11.2. Introduction. We adapt the method in Section[3]to compute explicitly A^r^ 
i < 3s + 2m 



for s < 



11.3. Computation of A^T 



s+m 
s + m + 1 



s+3 



for < j < m- 1, Z > 0. 



Lemma 11.2. We /iat?e tZie following reduction formula for < j < m, I > 



(11.1) 



A fc r 



s + m 
s + m + I 



+3 



8 • A fc r 



S + m 

+ m + i-l 
S+3-1 



s + (m-j) 
s + m + 1 



3-1 



+ ^2 4<? ' AfeW 8+ j_ g (s, m - q,l + q) 
9=0 

From (lll.ip iue deduce successively for j = 0, 1, . . . , m — 1, m 



(11.2) 



A fc r 



s + m 
s + m + 1 



8+3 



= < 



2 fc+s - 1 i/j = 

7j ■ 2 fc+s - 1 = (21 ■ 2 3j ~ 4 - 3 ■ 2 2j ~ 3 ) ■ 2 k+s ~ 1 if 1 < j < m - 1, Z > 

21 ■ 2 fe+s + 3m ~ 5 + 13 ■ 2 k+s+2m ~ i if j = m > 1, Z > 1 

21 ■ 2 fc+s+3m - 5 + 45 • 2 fc + s + 2m ~ 4 i/j = m > 1, Z = 



Proof. From (|8.3[) we obtain successively the following equations 



A fc r|;+ r+i J - 4 ■ A ft r|iH +i J = - a., r 



4 ■ 



A fc r 



' 8+3 -1 



S+m 

s + m + l-l 
8+3-1 



4- A fe r 



s+m-l 

s + m + i-1 
S+j-2 



j + A fe o; s+ j(s,m,Z) 



+m-l 
+ m + I 

8+3-1 



4- A fe r 



+ m-2 
+ m + I 



4 ■ 



8- A fc r 



a+m-1 
s+j-2 



4- A„r 



+ m-2 
■ m+I-1 
s+j-3 



A ft r 



s+m-2 
s + m + i 

s+j-2 



4- A.r 



s+m-3 
s + m + i 

s+j-3 



* ■ [A fc r 



s + m-2 
+ m +|_l 

s+j-3 



4- A fc r 



s + m-3 
+ m + !-l 

s+j-4 



+ A fc o; s +j_i(s,m — 1,Z + 1) 
j + A k u! s+j - 2 (s, m - 2, Z + 2) 



A ft r 



s+m-(3-l) 
s + m + i 

+3-0-1) 



4- A fc r 



+ m-j 

+ ,Tl + I 

s+3-3 



= 4 



3-1 



8- A fe r 



+ m-0-l) 
s + m + I-1 
s+J— j 



4- A fc r 



s+m-3 
s + m + l-l 



fc s+J-0+1) 



] + A fe tj s + J _ (j _ 1) (s,m - (j - 1), Z + (j - 1)) 



By summing the left-hand side and the right-hand side of the above equations we obtain the 
following equality 



A fc r 



s+(m-j) 
s + m + i 



+3 



A fc r 



s + m 
+ m + I-l 

8+3-1 



- 4 J ■ A k T^ 



s + (m-j) 
s + m + l-l 



3-1 



+ ^ 4 q ■ A k to s+j - q (s, m-q,l + q) 
9 =o 
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t 

A fc r 
t 
A fc r 



s+m+l 
s+j 



■8-A k r 



s + m 
s + m + l-1 



= 4 J 



■ 8 • A k r^ 



3-1 



+ 22 4<J ' &kOJ s +j-q(s, m — q,l + q) 

q=0 



+ m + 1J _g. Afe p 



s + m 
s+j-1 



3-1 

\ ; 1 . - + 2^4 9 • A fc w s+ j_,(s,m - q,l + q) 

9=0 



To prove (|11.2[) we shall apply Lemma 17. 4 
The case j = 1 



fc 1 s+1 



s + m 
s + m + l 



8 • A fc r 



e+m+l-l 



+ 4- A fc r 



s+(m-l) 

s + m+I 



+ Afcoi 3 +i(s,m,Z) 



8-2 fe+8_1 +4-2 fc+ ''~ 1 -3-2 fc+8 ~ 1 =9-2 fc+8_1 = 7i-2 fc+i ~ 1 if m > 2, Z>0 



The case j = 2 



A fc r 



-8- A fe r s L ;+ m+, - 1J + 4 2 ■ A/.r 



s+2 



s + (m-2) 
s + m+i 



+ AfeW 3+ 2(s,m, Z) +4 • A fe Lj s+ i(s,m — 1, Z + 1) 



= 8-9-2 fe+s - 1 +4 2 .2 fc+s " 1 + 2 fe+s -4-3-2 fc+<,_1 = 78 ■ 2 fc+s " 1 = 72 . 2 fc+s " 1 if m > 3, Z>0 
The case j = 3 



L ,+„+, j = g _ L .+«+!-! j + 4 3 . Afc p 



s + (m-3) 
s + m+I 



+ AfeW s+ 3(s, m, Z) + 4 • AfcW s+2 (s, m — 1, Z + 1) + 4 2 ■ A fe w s+ i(s, m — 2, Z + 2) 
= 8 ■ 78 ■ 2 fc+s_1 + 4 3 ■ 2 fc+s_1 + 4 
The case general 1 < j < m — 1 



g . 7g . 2 fe+ S -l + 4 3 . 2 fe+ S -l + 4 . 2 k+s _ 4 2 , 3 . 2 k+s-l = g 4g . 2 k+s-l = ^ , 2 fc+3-l j f m > 4j 



Proof by induction on j < m — 1. Assume that A^T 
l<j-l<ra-2. 



S+771 

s + m + I-1 

s+3-1 



= 7j-i 



We shall prove that A^T 



s + m 
s + m + l 



s+j 



= 7j ■ 2 k+s ~ 1 for 1 < j < m - 1. 



A fc r 



s + m 
s + m + Z 



S+J 



8- A fe r 



s + m 
+ m +(-l 

8+3-1 



+ 4 J ■ A fc r 



3-1 



s + m + i 



3-1 



+ ^ 4 9 ■ A fe W s+3 _ a (s, m- q,l + q) 



9=0 



= 8- 7j -i-2 fc+s - 1 +2 2j -2 fc+a - 1 + ^ 4 9 • A fc w, +J -_,(s,m-g,Z + g) 

9=3-2 

= 8 • (21 • 2 3(J_1) - 3 ■ 2 20 '- 1 )- 3 ) ■ 2 k+a ~ 1 + 2 2j • 2 k+a ~ 1 



+ 4 



3-2 



A fe w s+ j_y_ 2) (s,m - (j - 2),Z + (j - 2)) +4 J • A fc cj a+J -_ _ 1) (s,m - (j - 1),Z+ (j - 1)) 



= 8 • [21 ■ 2 



30-1) _ 3 . 2 2 (3- 1 )-3i . 2 fe + a ~ 1 _|_ 2 2j ■ 2 fc+s_1 -|- 2 2j '~ 4 ■ 2 k+s + 2 



23-2 



. 2 fc+a-i^ 



[21 ■ 2 



33-4 



3-2 



2j-3i _ r,fc+s-l 



73-2 



fc+s-1 



if m > j + 1, Z > 



180 



JORGEN CHERLY 



The case j = m, I > 1 



A fc r 



+ 2_] 4 9 • A fe aj s+m _ 9 (s, m - q,l + q) 



9=0 



9=0 



= 2 2m -3-2' ;+s - 1 +8-7 m -i-2 fc+s - 1 + J2 4? ' A A w s+m _ g (s,m-g,Z + , 

g — m — 2 

+ 2 2m ~ 4 • A fc ^ s+2 (s, 2,1 + (m- 2)) + 2 2m ~ 2 ■ A k cu 3+1 (s, 1,1 + {m- 1)) 



= 3-2 



fc + s + 2m-l 



+ [21 • 2 



3m — 7 ^ 2^ m — ^1 2^ c ~' _s ~' _ ^ 1 <")2m — 4 <->fc + s , (-)2m — 2 



I 2^ m— 4 2 ' s 2 ^ 3 2 fc ~r s ~ - 1 - ^ 



2j^ 2^"l _ ' s "l _ ^ m — 5 _r_ -j^ 2^"'"' S "'"^ m — ^ 



The case j — m, / = 



4^ 

■ s+m 



; 2 2m . 3 , 2 fc+ s -l + g . ^ 



i + 22 4 9 ■ A fc o; s+m _ 9 ( 



s,m — q, 



9 = 



= 2 2m ■ 3 ■ 2 k+s - 1 + 8 ■ [21 • 2 k+s+3m - s + 13 • 2 k+s+2m - 6 ] + ^ 4 9 • A fc o; s+m _ g (s, m-q,q) 



2 2m ■ 3 • 2 fc+s_1 + 8 ■ [21 • 2 



fc + s+3m — 8 



q=m — 2 

- ) fc + s + 2m — 6i | 2m — 4 



+ 13-2 

22m g 2^"' _ ' s — 1 _|_ g ]_ 2^^~' s ^~^ m ~® _|_ ^3 e^k + s + 'Zm — 6j _j_ c£2,rn — 4 2^ + s _|_ 2^ m — ^ ^ 3 2^~l~ s — 



] + 2 Z "" 4 • A fe cj s+2 (s, 2, m - 2) + 2 2m ~ 2 • A k uj 3+1 (s, 1, m - 1) 
2 2 



2^ 2^+3-4-3?™— 5 _|_ 45 2^+ s +^m— 4 



□ 



11.4. Computation of A k T^j' 1 - 8 ■ A fe r 



s+j-l 



for < j < s - 1, Z > 0. 



Lemma 11.3. £et j and / 6e integers such that 2 < j < s — 1, Z > 0. 
W^e /lane t/ie following reduction formula for 2 < q < s — 2 



(11.3) 



A fc r 



•A*r-+-I lJ =4 2 ' +2 .A fc ri +J 5_ 2 



,29+2 



A fc r 



-5-1 
-9-1 
+ 1-1 

s+j-2q-3 



+ 4 2i ■ Afcw^i+cj-i, (s - z, 0, 1 + i) + ^ 4 2l+1 • Ajtw^i-i+^-ij (s - i - 1, 1, / + i) 



9 = j «/ 2 < j < s - 3, 

Setting ^ q = s — 3 if j — s — 2, 
q = s-2 if j = a-l. 



in (|11.3[) u>e obtain 



3-2 



fc + 3-l 



j/i = o, Z>0. 



(n.4) A fc r^+ ! J - 8 ■ A^r^+l- 1 J = { 15 ■ 2 fc + s ~ 1 ifj = l,l>0. 

63 • 2 fc+s+3 -'- 6 if 2 < j < s - 1, I > 0. 
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Proof. From (|8.3|) we obtain successively the followings equations 



4-A fe r s L + 7_J =8 



+ A k tJ s +j(s, 0, /) 



3+1 

s+j-1 



S + l 

+3-2 



+1 . 

s+j-2 



■4 - A fc r 



s+j-3 



= 4 • 



= 4" 



A fc r 



a + i-l 

s+j-2 



4- A fe r 



s+i-l 
+3-3 



A fc r 



+1-1 

s+i-3 



1 j + AkUJs+j-l(s ~ 1, 1, Z) 

4 ■ A fc r s L + s +!^ ^ ] + A k iu s+:i - 2 (s -1,0,1 + 1) 



A fe r s L + s ,+y q - 4 • A^r^^^^j 



= 4 



2q 



+1-1 
s+j-2 g -l 



s + l 
+3~2q 



, 2 ] + A fe aj s+3 _2g(s -q,0,l + q) 



-q-1 
-q-1 



Afcr s L +J s +2 9 -i - 4 • A fe r s+: , ._, 



A^q+l 



8- A fc r 



S-q-1 

s — g 
s + i-l 
s+j — 2q — 2 



4- A fc r 



s-g-1 
a-,-1 
. s+J- 



j 3] + A k uj B +-j- 2 q-i(s - g - 1, 1,1 + q) 



By summing the above equations we obtain after reduction (111 .3[l . 



A fe r s L ;+' J - 8 • AkTl;^- 1 J = 4 29+2 ■ A fc r 



s-q-1 
B-q-1 
S + l 

+3-2q-2 



i 2q+2 ■ A k r 



-«-i 
-9-1 
+i-i 

s+j-2g-3 



+ ^4 21 ■ A fc w a _ i+ (j_i}(s - i,0,/ + i) + ^4 2l+1 • A fc w s _ i _ 1 +(j_ i) (s -i - 1, 1,/ + i) 

i=0 i=0 

The two first cases j = 0, / > and j = 1, / > follows from (J97TJ and (f972|) 
The case 2 < j < s - 4 

Setting q — j in the reduction formula (|11.3p we obtain using Lemma 16.31 and 
results in Lemma 17.41 

[ s 1 [ s 1 \l--tz{ 

-3-1 n 

s-j-l 



= -8 ■ 4 2j + 2 ■ A fe r| j+i J J + ^ 4 2j • AfcW.-i+y.fl (s - i, 0, / + i) + 4 2l+1 • A fc ^_ I _ 1+0 _ l) (« - i - 1, 1, 1 + i) 

i=0 i=0 

we have 

AfeW s _i+(j_i) (s - i,0,/ + £) = s - i + 3 < s - i + (j - i) < 2 ■ (s - i) - 1 <S> « < j - 3 

A fe w s _ i _ 1+(j _ i) (s - i - 1, l,l + i)=0<$s-i-l + 3<s-i-l + (j-i)<l + 2-(s-i-l)-l<$i<j-3 
We then deduce 

A fe r[ + f^ - s-A^+l- 1 ^ 

3 3 

= ^ 4 21 ■ A fc w s _ i+ y_ <) (s-i,0,/ + i) + ^ 4 2,+1 • A fe tj s _ l _ 1+(j _ 4) (s - i - 1, 1,/ + i) 



i=j-2 



i=j-2 



■- 2 4(j " 2) ■ A fc w s - 3 -+2+ 2 (s — j + 2, 0, / + j — 2) + 2 40 '- 1 ' • AfcWs-j+i+i (s - j + 1, 0, / + j - 1) 
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+ 2 4j • AkUJs-j (s - j, 0, l + j) + 2 4(j - 2)+2 • A k Lo a - J+1+2 (s — j + 1,1,1+ j — 2) 
2 4 (j -i)+2 . AkU}s _. +1 ( s _ j f + j _ i) + 2 43 + 2 . A fc w.- i - 1 (a -j -1,1,1 + j) 

_ 2 4 ^ -8 . 2 fe+s_ ^+ 2 -|_ (_3 . 2 fc+ ' s_:,+1 ) _:L ) . 2 4j_4 + 2 4j • 2 fc+s_: ' _:L + 2 4j_6 • 2 k+ °~-' +1 + (—3 ■ 2 fc+ ' s_: '' _1 ) ■ 2 4j_2 
_i_ 2 4 ^^ 2 . 2 fc +^ s— — 1 21 • 2 fc ^ s ^ 3j— 6 -(- 21 ■ 2 fc ^ s ^ 3j— 5 63 . 2 fc ^ s ^ 3j— 6 

The case j = s — 3 
Setting = s — 3 in the reduction formula (lll.3[) we obtain similarly 



^ s— 3 s— 3 

-x • 4^" 4 • A fc r L J + ]T 4 21 ■ AiWix.-o-sfa - i, 0, i + i) + ]T 4 2l+1 ■ A fc wa(.-i-i)-a(a - * - 1, 1, J + *) 

i=0 i=0 



we have 

Afc^ 2 ( s -i)-3(s -i,0, / + i) = 0<S>s-i + 3 
AfcW2( s _ j _i)_ 2 (s - i - 1, 1,1 +i) = s - i - 1 
We then deduce 



<2(s-i)-3<2-(s-i)-l<&i<s-6 

3<2(s-i-l)-2<l + 2-(s-i-l)-l^i<s 



2s-4 



Afer 2s a _ 3 - 8 • A fe r 2 

^ 4 21 • A fe cj 2 ( s -i)-3(s - i,0, 1 + i) + ^2 4 2l+1 ■ A fe u2( s _i_i)_2(s - i - 1, 1,/ + i) 



i—s — 5 



i—s — 5 



2 4(s ~ 5) ■ A k io 7 (5, 0,1 + a - 5) + 2 4(s ~ 4) • A k uj 5 (A, 0, 1 + s - 4) + 2 4(s ~ 3) • A fc w 3 (3, 0, 1 + s - 3) 



_ 24(s-5) + 2 



■ A fc o; 6 (4, l,l + s-5) + 2 4(s " 4)+2 ■ A fc ^ 4 (3, 1, 1 + 



+ 2 4(a-3)+2, A k ua(2,l,i + a-3) 



= 2 



,4s-20 fc+5 



2*;+5 _^ _ 2 fc+3 ) ■ 2 4s— 16 + 2 4s ~ 12 . 2 fc+2 -|_ 2 4s ~ 18 . 2 fc ^" 4 + (—3 ■ 2 fc+2 ) • 2 4s ~ 14 + 2 4s_1 ° . 2 fc ^" 1 



ofc+4s — 15 



= 21 ■ 2 fc+4s - 15 + 21 • 2 fc+4s - 14 =63-2* 
The case j — s — 2 

Setting q = s — 3 in the reduction formula (|11.3[) we obtain similarly 



A fc r 2 /j t 2 i ■ 



■ A.rt^- 1 



- 4 2s " 4 ■ A fc I- 



8 ■ 4 2s " 4 • A fc r\ L 



s + l-1 



s — 3 s — 3 

+ 4 2i • A*w 2(i _ _ 2 (s - i, 0, J + i) + J2 42 ' +1 ■ A fc W2( s -i_i)_i(s - i - 1, 1, 1 +i) 

i=0 i=0 



! have 



Afcw 2 ( s _i)-2(s - i,0, / + i) = <S> s - i + 3 < 2(s - i) - 2 < 2 ■ (s - i) - 1 <s> i < s - 5 

A fc cj 2(s _ i _ 1) _ 1 (s - i- 1, 1,Z +i) = ^> s -i - 1 + 3 < 2(s -i - 1) - 1 < 1 + 2 ■ (s -i - 1) - 1 i < s- 



A fc r 2 L s+l J =3-2 
We then deduce 



,k+i 



A fc r 2 L s s + 2 ! J - 8 ■ A fe r 



- +(-1 

2a-3 



= 4 



-' A fc rj 



s — 3 s — 3 

+ ^ 4 21 • A fe w 2(s _ l) _ 2 (s-i,0,/ + i)+ ^ 4 2i+1 -A fc w2( s -i-i)_i(s-i-l,l,Z+i) 

i— s— 4 i— s— 4 



= 2 4s " 8 • 3 • 2 fe+1 + 2 4(s " 4) • A fc w 6 (4, 0, 1 + s - 4) + 2 4(s " 3) ■ A k cj 4 (3, 0,1 + s -3) 
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+ 2 



4(s-4)+2 



A fc o; 5 (3,l,Z + s-4) + 2 

~,k+l | 4s-16 Q /c+4 



4(a-3)+2 



A fc o;3(2, l,Z + s-3) 



3 . 2 ft+i + 2 4s ~ ib • 2 fc+4 + (-3 • 2 



fc+2^ 4s-12 , 2*s-14 fc+3 



o 4s-10 



. 2*+^ + (_ 3 . 2 ft + i ) . 2 



= 63-2 



fc+4s-12 



The case j = s — 1 

Setting q = s — 2 in the reduction formula (|11.3[l we obtain similarly 



A k r^+i 1 - 8 ■ A fe rJ 



4 2s " 2 • A fc r| 



= -8 ■ 4 2s ~ 2 • A fc r L J + 4 2 ' ' A*wa ( ._ _i(fl - *, 0, I + i) + 4 2 * +1 ■ A^^^ (s - i - 1, 1, | + i) 

i=0 i=0 

we have 

A fc w 2 ( s -i)-i(s - i,0, / + i) = <S> s - i + 3 < 2(s - i) - 1 < 2 ■ (s - i) - 1 <S> i < s - 4 

Afci^ 2 ( s -i-i) (a-i-1, 1, Z + i)=0-^s-i-l+3<2(s-i-l)<l + 2-(s-i-l)-l<£>i<s-4, s - z - 1 > 4 



A fc r| 

We then deduce 



Afcr^ J - 8 ■ A fc r 



= 4 2s - 2 ■ A fe r| 



+ 4 ^ ' Afc^2(s-i)-l(s - *,0, / + j) + ^ 4 2l + 1 ■ A k LU 2 (s-i-l)(s - i - 1, 1,1 + '< 



■- 2 43 - 4 ■ 3 ■ 2 fc + 2 4(s " 3) ■ A fc ^ 5 (3, 0, 1 + s - 3) + 2 4(fl ~ 2) • A k uj 3 {2, 0, 1 + s - 2) 

2 4( 3 -4) + 2 . A ^ 6 ( 3] X) , + s _ 4) + 2 4( S -3) + 2 . AfcW4(2i U + a _ 3) + 2 4 (s- 2 ) + 2 . A k UJ 2 (l, 1,1 + S -2) 



= 2 4 



3.2"+ 2* s ~" ■ 2 W + (-3 ■ 2 K+1 ) ■ 2 4s ~° + 2 4s ~ 14 • + 2 4s ~ 10 ■ 2 fc+2 + (-3 ■ 2 k ) ■ 2 4 



-,4s-12 _ 2 k + 3 
,5 o n 2 



[1 + 3 ■ 2 - 3 • 2 2 + 2 - 3 ■ T] = 63 ■ 2 



fc+l^ r,4s-8 2*s-14 
3l _ co ofc+4s-9 



□ 



11.5. Computation of A fe r s L + *+™+ ! J -8-Afer^+^+i" 1 J /or < j < s-1, m > 1, I > 0. 
Lemma 11.4. We have for m > 1, I > i/ie following reduction formula 



(11.5) 



A fe r 



■8- A fc r 



A fe r 



s+j 



+ m+j — 1 



■8- A k r 



s+j -l 



+ ^ 2 21 • A k uJ 3 +m+j-i(s, m — i,l + i) 



where 
(11.6) 



2J 2 2 ' ■ A k LU a+m+J -i(s,m-i,l + i) = < 



(-3) ■ 2 k+8 ~ 1 iff = 0, m = 1, / > 

(-5) ■ 2 fe + s+2m - 4 i/ j = 0, m > 2, / > 

2 k +s+2m -2 i/j = 1, m > 1, / > 

i/ 2 < j < s - 1, m > 1, i > 0. 
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We get from (| 1 1 .4[) applying the reduction formula (|11.5[) : 
(11.7) 



A fc r 



s + m 
s + m+l 



k s+m+j 



■8- A fc r 



s + m 
s + m + l-1 
s + m+j — 1 



'9 • 2 fe+s_1 

19 '2k-\-s-\-2m — 4: 

31 Qk+s+im—i 
63 ■ 2 fe ~*" s ~'" 2m ^ 3: ' — 6 



ifj = 0, m=l, l>0 
if 3=0, m>2, l>0 
ifj = l,m>l,l>0 
if 2 <j < s- 1, m > 0, I > 0. 



Proof. Let g be a rational integer between one and m — 1. From 
the following equations 



we obtain successively 



A fc r 



s + m 
. s + m + l 
+rn+j 



4- A,r 



i=8- 



Afcr a L +m+ j_ 1 



s + m-2 
s + m + l 
s+m+j — 2 



s + m+j - 



- 4 ■ A fc r a L + s +™+_ 2 



s+m-3 
s + m + l 
+ m+j — 3 



A ft r 



= 4 ■ 



s+m 
s + m + I-1 
s + m+j — 1 



s + m-1 

- 4 ■ A fe r s L + s m ™ 3 _ 2 



+ AfeW s + m +j (s, jti, Z) 



8 ■ [A fc r 



s + m-1 

+ m +l_l 

s+m+j — 2 



- 4 • A*r 



3 | + A k Lu s+m+j - 1 (s,m -1,1 + 1) 



s + m-2 
+ m + l-l 
s + m+j— 3 



4 ■ A fc r| + S +++1 4 1 J ] + A k uj s+m+j - 2 (s,m - 2,1 + 2) 



4 9 ■ 



+ m-g) 
A pL S+m+J . 

k s+m+j — q 



^ A pL s + m + l 
■ "* ■ "fc 1 a + m +j-(q + l) 



, .-p.,.-, s + m-(,+ l) 

■ [A fc rL;+™+^ 1} - 4 ■ A fc r s L + ; + ™^ 2 ] J + A k ^ s+m+J . q (s, m-q,l + q) 
By summing the above equations we obtain after reduction the following formula 



A fc r L ; 4+ f+< J - 8 ■ A k r ^ 



= 4 9+1 • A fc r 



s + m+j — 1 



+ m-( ? +l) 
s + m + i 
s+m+j-(<j + l) 



s + m-( ? +l) 
s + m + l-1 
+ m+i-( 9 +2) 



+ ^4* • A k UJ a +m+j—i(s, m — i,l + i) 



Setting q = m — 1 in the above formula we get the reduction formula (|11.5[) 
Proof of (|11.6p The proof is based on results in Lemma 17.41 



The case j = 0, m = 1, I > 



2 21 • Afea; s+m+; j_j(s,m -i,Z + i) = A fc w s +i(s, 1, Z) = (-3) ■ 2 fc+s 1 



Tfee case j = 0, m > 2, I > 

m— 1 m — 1 

^ 2 2 ' • A k io s+m +j-i{s,m — i, I + i) — ^ 2 2x ■ A k uj s+m -i(s,m — i,l + i) 

i= i=m— 2 

= 2 2(m " 2) ■ A fe w s+2 (s, 2, J + m - 2) + 2 2(m " 1) ■ A k cj a+1 (s, 1, 1 + m - 1) 
22(m— 2) 2^+ s 2^^ m— ^ 3 2^~*" s— ^ 2^^ s ~'"^ m— ^ 
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Since A k uj a + m -i(s, m — i, I + i) = i < m — 3 



The case j = 1, m > 1, I > 



^ 2 2 * • A k u s +m+j-i(s,m — i, / + i) — 2^ 2 2t ■ A k Us+m+i-i{s,m ~ i,l + i) 



= 2 2(m ~ 1) • A fe w s+2 (s, 1, 1 + m - 1) = 2 2(m " 1) • 2 fc+a 
Since A k uj a + m +i-i(s, m — i, / + i) = i < m — 2 



-,fc + s + 2m-2 



Tfee case 2 < j < s - 1, m > 1, Z > 

m— 1 

2 2t ■ AfcU s+m+:l '_i(s, m — i,l + i) — 

»=0 

Since AfctJs+m+j-i(s, m — i, Z + i) =0 < i < m — 1 



Proof of (fTT?7|l 

We deduce easily (|11.7|l from the reduction formula (j 1 1 . 5 p using 1)11.60 an d ()11.4)l with 
I — ► m + l □ 



11.6. Computation of A k V 
Lemma 11.5. We have 



+ m 
+ m _ 
s+m+1 



for m > 0. 



147 . 2 fc +s -i if m = Q 

315-2 fc+s ifm = l 

21 ■ 2 k+s+3m - 2 + 273 • 2 k+s+2m - 2 ifm>2 (holds for- m > 0) 



(11.8) A fc r s+m+1 

Proof. From 1)8.30 and, applying (111.70 in the case j = 1, m > 1, Z = 



A fc r 



8- A k r 



B+m-l 
s + m 



4- A fc r 



^ s+m 



8- A fe r 



+m-i 
+m-i 
s + m— 1 



+ A k uj s+m+ i(s, m, 0) = 31 • 2 



fc + s+2m-2 



■ s+m 



8- A fc r a L ;+""- ij + i • (3i • 2 fc+ 1 -"■ J 



AfeW s+m+ i(s,m, 0)) 



Combining the above equations we have by (111.20 with 



m > rn 



- 1 and 1)7.480 in the case ra > 2 



A fc r 



s + m 
s + m _ 
s+m+1 



8- A fc r 



e+m-l 

s + m J I Q1 (}fc + s + 2m — 2 
-m + Ol ■ Z 



= 8- 8- A fe r 



r J + r (31-2 



fc+s+2m — 2 



s + m+1 



(s,m,0))) 



31-2 



fc + s + 2m-2 



45-2 



fc + s + 2(m-l)-4] 



93-2 



fc + s + 2m-2 



since A fc u 3 + m +i(s, m, 0) = 



2^ 2^+ s "t"3m — 2 273 i^ + s+^m — l 

similarly in the case m = 1 



A fc r 



8 + 1 



fe 1 s+2 



= 8 • A fe r s L + \ +1 1 + 31 ■ 2 



fc + s 



= 8 • (8 ■ A fc ri 8 J + - ■ (31 • 2 k+s - A k u s+2 (s, 1, 0))) +31-2 



fc + s 
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2 b . 7 . 2 k+a - 1 + 91 ■ 2 k+a = 315 • 2 k+a since A k LO s+2 (s, 1, 0) = 2 



-,fc + S 



□ 



11.7. Computation of A fc f\ L s+i 



8 ■ A k Fi:+U 1 for0<j< I. 



2s+j " 2s+j — 1 

Lemma 11.6. VFe /iaue /or Z > 3 the following reduction formula holding for < j < 
(11.9) 



8 ■ AkT^zl 1 = A 2 "- 2 • A k V 



2+j 



8 • 4 2s ' 2 ■ A k F 



+1-1 
i+j 



+ ^4 2 ' ■ A fe cj 2(s _ l)+ j(s - i,0, / + i) + ^4 2l+1 • A fc a;2( s _ I _i) + (j + i)(s — i — 1, 1, / + i) 



where 
(11.10) 



A fc r 



s + i 

2+j 



8- A*r 



S + I-l 

1+j 



3 . 2 2fc - 9 ■ 2 k ifj = 0, 

-15-2 2fc +3-2 fc+1 if j = l, 

_ g , 2 2fc+2j-2 lf2<j<l, 



(11.11) 

s-2 

4 ^ ' A fe^2( s -i)+j(s - i,0, Z + i) = 
(11.12) 



' _r,2fc+4s-4 _|_ 2 2 *: + 2s-2 _j_ 2*: + 4s-6 ^ j _ Q 

g . 2 2fc+4 s -4 _ g . 2 2 ft+2s -2 ^ ^ = 1( 

3 . 2 2fc+4 S+ 2j-6 _ 3 . 2 2fc+2 S+ 2j-4 if 2 < j < I — 1, 

3 _ 2 2fc+4s+2;-6 _ 2 y _ 2 2ft+2s+2i-4 ^ j _ ^ 



2fc+4s-3 _,_ 2fc+2s-l _|_ 2 fe+4s-5 



^4 2l+1 ■ AfeW 2 ( s -i-l) + j + l(s — i — 1, 1, i + i) = 



+ 2 

5 • 2 2fc+4s - 3 - 5 • 2 2 



if 3 = 1, 



g . 2 2fc + 4s + 2i-5 _ 3 . 2 2fc +2s+ 2i-3 if 2 < j < I — 1, 
3 _ 2 2fc+4s+2! — 5 _ 2"J . 2 2fc+2s+2;-3 ^ • _ ^ 

Combining JTOJ, (|11.10l) . pi. lip ana! (|11.12l) we o&tain 



(11.13) A fe r 



2s+j 



- 8 ■ A fc r. 



+1-1 

2s+j-l 



3 i 2 2fc+2s — 2 33 _ 2 *;+4s — 6 

-j^ 2 2fc+2s — 2 _j_ 3 2 fc+4s — 3 

_g _ 2 2fc+2s+2j-4 

— 81 ■ 2 2fc "'" 2s " , " 2: ' — 4 



tf J = o 
if 3 = 1 

i/2< j <l-l 
if 3 = i 



Proof. Proof of {TT19 

Let q be a rational integer between zero and s-2. From (|8.3|l we obtain successively the 
following equations. 



4- A fc r 



2s+j 



-1 = 8- 



A fe r 2 L 3 a _+ ! _i ■ 



4 ■ A fc r 2s+j _ 2 



+ A h V2<,+j (s, 0, 1) 



2s+j- 



- 4 ■ A fc r 



2s+j-2 



= 4 • 



A fc r 



2a+j-2 



4- A fc r 



3+i- 

2s+j-3 



'<>] 



- A k U>2 



s+J-1 



(a -1,1,0 
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A fc r 



-l 
+! 
2s+j-2 



■4- A fc r 



2s+j-3 



8- A fc r 



s + l-1 

2s+j-3 



4- A fe r 



2s+j-4 



i ] + A k uj 2s+3 - 2 ( s ~ 1, 0, 1 + 1) 



l2g 



5-8-1 
s — q 



Afer 2 L s ^_ 2iJ - 4 ■ A k r 2s +^ 2q _ 1 



= 4 



2 9 



8- A fe r 



2s+j-2q-l 



■4 - A fc r 



2s+j-2q-2 



+ A fe w 2s +j-2q(s — 9, 0, Z + g) 



<2?+l 



A pL s + l 
^fc 1 2s+j-2?-l 



4 • A fe r 2s+J ._ 2? _ 2 



8- A fc r 



2s+j — 2q— 2 



4 • A fc I\ 



-g-1 
-9-1 
+ 1 

2s+j-2q 



2,- 3 ] + A k Ul2s+j-2q-l(8 -q - 1,1,1- 



By summing the above equations we obtain after reduction the following formula 



A fc r. 



+1 . 

2s+j 



■ A fc r 



+1-1 . 

2s+j-l 



: A 2q+2 ■ A k T 



9-1 
9-1 
+ 1 

2(s-q-l)+j 



■ 4 



2ij+2 



■ A fc r 



,-q-l 
l-O-l 
s + l-1 

2(s-« ? -l) + (j-l) 



+E 42 



^fc^ 2 ( 3 -i)+j( s - «,0,Z + i) + ^4 2!+1 ■ A k uj 2 ( s -i-i)+u+i)( s -i - 1,1,1 + i) 



Setting q = s - 2 in the above formula we obtain the reduction formula (|11.9|) 



Proof of pi.lOp Let 2 + j < inf (k, 2 + s + I). We obtain from Corollary 3.10 for n = 2 
applying Theorem 3.1 (see [2] section 3) 



(11.14) 



3+1 

2+j 



2 2k + 15 . 2 fc + 158 



if j = Q 

3 . 2 2fc+2j-2 + gg . [ 2 fc+3j-2 + g . 2 4i-l] if 1 < j < Z 



(11.15) 



- : ' 1 xfc 3 . 2 fc + 9 if j = 

1, = < 2 2fe + 15 ■ 2 fc + 158 if J = 1 

[3 ■ 2 2k+2j ~ i + 63 ■ [2 fe+3j - 5 + 5 ■ 2 4j '" 5 ] if 2 < j < Z 

We deduce gTSS) from (TiTTll and (fTT713]> . 



Proof of pi. lip The proof is based on results in Lemma 17.41 
The case j = 0, 

A k uj 2(s _ t) (s -i,0,l + i) = _ 3 . 2 2fc + 2 ( s - 1 '- 2 if0<i<s-3, 
A k u 4 (2, 0, 1 + (s - 2)) = -3 ■ 2 2fe+2 + 2 fe+2 if i = s -2 . 
It follows that 
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J2 4 21 ■ AfcWa^j (s-i,0,l + i)=J2 ^ ' (" 3 • 2 2fc+2(s ~ l) - 2 ) + 2 fc+2 ■ 2 4(3 - 2) 



The case j = 1, 



A k Lu 2(s _ i)+1 (s~ i,0,l + i) = 15 ■ 2 2k+2(3 - i) -' 2 if < i < s -2, 
It follows that 



53 4 21 • A fe ^ 2(s „ l)+1 (s - i, 0, I + i) = ^ 2 41 • (15 ■ 2 



2/c+2(s-i)-2n 



g 2 2,c + 4s - 4 _ g 2 2fe + 2s— 2 



The case 2 < j < I - 1, 



A k io 2(s _ l)+] (s - i,0, 1 + i) = 9 • 2 2fc + 2 (—)+ 2 i- 4 if o < i < a - 2, 
It follows that 



= 3-2 
The case j = I, 



4 2 ' ■ A fcWa( ._ 4)+j (« - i, 0, J + i) = 53 2 41 ■ (9 • 2»+ a (- < )+ i y-*) 
3 ■ 2 2 



i=0 i=0 
2fc+4s+2j-6 n 2fc+2s+2j-4 



A fc c 2(s _ l)+i (a - i, 0, 1 + *) = 9 • 2 2fc + 2 ( 3 - l )+ 2i - 4 if 1 < i < g - 2, 



-,2fc+2s+2!-4 



if i = 0, 



AfcW2 8+ t(s,0,J) = -15-2 
It follows that 

2 4 2! • A fcW2(s _ i)+ ,( S - i, 0, i + i) = £ 2 41 • (9 ■ 2 2fc+2 (— >+ 2i - 4 ) + (-15 • 2 

i=0 i=l 

_ g 2 2fe + 4s + 2i_6 _ 27 2 2fc+2s+2i_4 
Proof of (|11.12j) 

Similarly to the proof of (|ll.lljl applying l|11.14[l . (|11.15[) and Lemma [L221 
The case j = 0, 



2fc+2s+2!-4s| 



A k LL> 2 (s-i-l) + l{s - i - 1, 1,1 + i) = -3 • 2 



2fc+2(s-i-l)-l 



if < i < s - 3, 



A fe W3(l,l,/ + (s-2)) = A fc r 3 Ls+ 
= _ 3 . 2 2fc+1 + 2 fc+1 if i = s -2 



4- A.r 



^2 



8- A„r 



^2 



+ 32- A fe r - 



It follows that 

s-2 



fc c 2( __ 1)+1 ( S - i - 1, 1, 1 + i) = 2 4 ' +2 • (-3 • 2W-*- 1 )- 1 ) + 2 ft+1 • 2 4 ( s - 2 >+ 2 



Y^4 2i+1 • A 

2fc+4s-3 1 2fc+2s-l . fc+4s-5 



j=0 

= -2 



+ 2" 



The case j = 1, 

A fc w 2(s _ l _ 1)+2 (s - i - 1, 1, 1 + i) = 15 • 2 2fc+2 ( s - I - 1) - 1 if < i < s - 2, 



A fc W4(l, 1, 1 + s - 2) = A fe r 



4- A fc r 



fcl 3 



8- A fc r 3 L ^' 1J +32- A fc r 2 L 
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= [9 ■ 2 2fe+1 + 105 • 2 fe+3 ] - 4 • [9 • 2 2fc + 63 ■ 2 fc+1 ] - 8 ■ [3 • 2 2fc+1 + 102 ■ 2 k ] + 32 ■ [3 ■ 2 2fc + 15 ■ 2 k ] = 15 • 2 2fc+1 
It follows that 

g 4 2l+1 • A fc «^ ( ._ i _ 1Ha ( a - i - 1, 1, 1 + i) = g 248+2 ■ (15 ■ 2 2fc+2 <-- 1 >- 1 ) 
— 5 2 2fc+4s_3 — 5 2 2fc+23_1 



The case 2 < j < I - 1, 
A kWa( ._i_ 1)+i+1 (a - i - 1, 1, 1 + i) = 9 ■ 2 2fc + 2 ( s - ! >+^- 5 



J+3 



4 • A fe r 



j+2 



if < i < s - 2, 



■ A fc r 



J+ 2 + ' 1 + 32 ■ A fc r^ x 



A fe Wj +3 (l,l,« + s-2) = A fe r 
= [9 • 2 

- 8 • [9 ■ 2 2fe+2j " 3 + 105 ■ 2 fc+3j " 3 ] + 32 ■ [9 ■ 2 2fc+2j " 4 + 63 ■ 2 k+3j ~ 5 ] = 9 • 2 2k+2j ~ 1 



~)2k+2j — i _|_ -^Qg _ 2 fc + 3 J j _ 4 . jg . 2 2fc + 2 J^ 2 _|_ g3 . 2* : + 3 -' — 2 J 



It follows that 

s— 2 



^4 2l+1 • A k w a( ._ i _ 1)+i+1 (a - * - 1,1, i + i) = ]T2 4l+2 ■ (9 ■ 2 



2fc+2(s-i)+2j'-5\ 



i=0 



3-2 



2fc+4s+2j-E 



J - 3 ■ 2 



2fc+2s+2j-3 



The case j = I, 



A k i0 2 ( 



s-i-l)+!+l 



(s-i - 1,1, Z + i) = 9-2^ 



2fc+2(s-i) + 2!-5 



if 1< i < s - 2, 



A fc cJ2(s-i)+i+i(s - 1, 1,0 = -15 • 2 



A fc wj + 3(l,l,/ + s-2) = A fe r 



2fc+2s+2f- 



if i = 0, 











[i] 




[ 1 1 




Z+3 


-4 







s+!-l 
^ i +2 



+ 32- A fc r 



fe 1 l+l 



[9 ■ 2 2fc+2i_1 + 105 • 2 fc+3i ] - 4 • [9 ■ 2 2fe+2i_2 + 63 ■ 2 fc+3i " 2 ] 



[9 • 2 2fc+2i - 3 + 105 ■ 2 fc+3! ~ 3 ] + 32 ■ [9 • 2 2fc+2!_4 + 63 ■ 2 fc+3i " 5 ] = 9 ■ 2 2fc+2i_1 



It follows that 
]T4 2l+1 • A 



fc tJ 2(s-i-l) + i + l 



(s-i- 1,1,1 + i) = ^2 4l+2 ' ( 9 - 2 



2k+2(s-i)+2Z-5\ 



+ (-15-2 : 



2fc+2s+2!-5\ 



_ g 2 2fc + 4s + 2 ' -5 _ 27 2 2fc+2s+2 ' -3 
(|11.13|) is obtained as indicated in Lemma lll.61 



□ 



11.8. Computation of A fe r 2 L /+ i + J 1+j - 8 • A fe r^!+/-/ 1 for < j < s - 1. 
Lemma 11.7. We have for I > 3 the following reduction formula holding for < j < s — 3. 



(11.16) 



s-j-2 

B-j-2 

j-2 + (i + 2+!) 
2(s-j-2) + Z+j + l 



8 ■ 2 4j+8 ■ A k T. 



s-j-2 

B-j-2 

j + 2 + + 1 + 
2(s-j-2) + Z+j 



J+l J+l 

^2 41 • A k uJ 2 (s-i)+i+j+i(s -i,0,l + i) + ^2 4l+2 • A k uJ 2 (s-i-i)+i+j+2(s - i - 1, 1,1 + i) 

i—0 i=0 



where 
(11.17) 



A fc r 



»-j-2 
s-j-2 

j-2+0+2+i) j o a r 

2(s-j-2)+I+j + l O-iifcl, 



8-3-2 
s-j-2 
j+2+(j+l+i) 
2(s-j-2)+i+J 



-9 • 2 



2fc+2s+2i- 



1!)0 
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(11.18) 

3+1 

£ 2 U ■ A k co 2(a . l)+l+J+1 (s - i, 0, 1 + i) = 3 • 2 2k+2s+2l+ ^- 2 - 15 • 2 2k+2s+2l+i \ 

i=0 

(11.19) 

3 + 1 



]T2 4i+2 • A fcW2(s 



-i-l)+!+j+2 



(s — i — 1, 1, i + i) =3-2 



2fc+2s+2!+4j-l 



15 • 2 



2fc+2s+2i+4j+l 



Combining (|11.16f) . (|11.17|) . (|11.18l) and (|11.19[) we obtain 



(n.20) A fc r 2 L ; + + / + J 1+ , - 8 • A fe r 2 L ; + + / + 7 ■ 

Proof, proof of (|U.l6|) 



g 15 . 2 2 fe +2 s+ 2i+4 J -2 /of . o<j<s-3 



Let q be a rational integer between zero and s-2. From (|8.3|l we obtain successively the 
following equations. 



A fc r 2 L /-H + l+j - 4 • A fe r 2 L s +i+j = 8 ' 



a p L ■ s + i J _ 4 A F L s + l 
"fc 1 2s+I+j ^ ' "fe 1 - 2s+i+j-l 



A fc r. 



= 4 • 



s+I-1 
2s+i+j 



4- A fc r 



kL 2s+l+j-l 



+ A k UJ 2s+ l + 1+ j(s,0,l) 



Afcr^^^^j - 4 ■ A fc r 2s+i+i _ 2 



[Akr^+'+j-i ~ 4 ■ A ^^7- 2 ] + A ^+i+3(* - 1, i, 



4 ■ A fc rl s ;+V/J 3 ] + A fe ^ 2s+i+J -i(s - 1, o, i + 1) 



^fc 1 2s+i+3-2 



4 2 <? . 



Afcr 2s+i+1+:; _ 2(J 4 • Afcr 2s+;+:J ._ 2(? 



: 4 2< ? . 



429+1 



8 ■ 



r 7 7 i 

[Afer^^Mj^ - 4 ■ Afcr^^/Jj.^J + A fc aj 2s+!+1+J _ 2 „(s -q,0,l + q) 



-9-1 



5-,-l 



^ k ^2s+i+j-2 q 4 ■ Afcr 2s+i+:) ._ 1 _ 2iI 



= 4 



29+1 



8 ■ [Akr^/J^a, - 4 ■ A fe r 2 L s ;+;-/J 2 _ 2 J + A k u; 2s+l+J . 2q (s - q - 1, 1, 1 + q) 



By summing the above equations we obtain the following formula holding for < q < s — 2 
(11.21) 



e q+2 • A fc r 



e-q-l 
s-q-1 
, + ( 



. ■ 4 29+2 ■ A,r 



-9-1 
-,-1 
+1-1 . 

2s+l+j-2 — 2q 



kL 2s + l+j-l-2q 

1 q 
_l_ ^4 21 . A fc tj 2{3 _ i)+!+:J+1 (s - i, 0,1 + i) + ^4 2l+1 • A fc w 2{s „i_ 1)+!+J+2 (s -i - 1,1,1 + ', 

!=() i=0 
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Setting q = j+1 for < j < s — 3 in (|11.2ip we get the reduction formula (|11.16[l 
Proof of (fTETT)) 

We get from <|11.13|) with s -»• s - j - 2, l^j + 2 + l, + 



a-j-2 
a-j-2 
-j-2+(j + 2 + !) 



A fc r 



-3-2 
-3-2 

-3_2+y+l+l) J g 22fc+2(s-j-2) + 2(i+2+!)-4 g 2 2fe + 2s + 2Z — 6 



2(s-j-2) + l+j + l " 2(s-j-2) + !+j 

observing that 2</+j + l<j + 2 + Z- l and s-j-2>s-(s-3)-2 = l 
Remark that in the case j — s — 3 we have from Lemma 11.231 



A fc r 



l + + 



i+0+s-l) " 8 ' Afcr i+(i+ s -2) 
Proof of (fTTTTH)) 

We obtain from Lemma 17, 41 (see (J73T}) 

A fc ^2( s -i)+(+j+i (s-i,0,l + i) =0 
t 

2(s-i) + l + i + 2<2(s-i)+l+j + l<3-(s-i)+l + i-l 
t 

i < j — 1 and j < s — 2 
We then deduce : 

i+i j+i 

^2 4 * • AfcW2( s -i)+!+j+l( s - h°> 1 + i) = 2_/ * ' Afe^2( s - I ) + (i+j + l)( s — i, 0, i + i) = 

i—0 i— j 

= 2 4j • A k u 2{a _ j)+l+J+1 {s-j,0,l+j) + 2 4(j+1) • A fe cj a(s _ -# _ 1)+!+ j + i(a- j-l,0,Z + j + 
_ . 3 . 2 2fc + 2 ( a -J)+ 2 ( ; +J)- 2 _|_ 2 4(i+1) ■ (—15) ■ 2 2fc+2(s_: ' _1)+2(!+J ' +1) ~ 4 
_ g 2 2k + 2s + 2l + 4 3~ 2 _ 25 2 2fc + 2s + 2!+4: ' 

Proof of (111.19j) 

Similar to the proof of (|11.18p . 

A k LJ 2 (s-i-l)+l+j+2(s - i - 1, 1, 1 + i) = 

l + 2(s-i-l) + J + i + 2<2(s-i-l) + Z+j + 2<2 + 3-(s-i-l) + Z + i- l 
t 

i < j — 1 and j < s — 2 
We then deduce : 

j+i j+i 

^ 2 4l+2 ■ A fc w 2 ( s -i-i)+i+j+2(s - » - 1, 1, £ + i) = ^ 2 4l+2 ■ A fe cj 2 (s-i-i)+(z+j+2)(s - i - 1, 1, / + i) 

i— i— j 



l + ( S +l-2) J _ _g 2 2fc + 2s + 2i_ 6 
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2 4j+2 ■ A k Lo 2(s _ 3 _ 1)+l+]+2 (s — j —1,1,1 + j) + 2^ +L)+ ' z ■ A fc w 2(s _,-_ 1)+!+J - +2 (s - j - 2, 1, 1 + j + 1) 

2 4j+2 _ g _ 2 2fc+2(s-j-l) + l+2((+j)-2 + 2 4 J+ 6 . (-15) ■ 2 2fc+2 ( s - J - 2 ' + 1+2 ( i +-' + 1 )- 4 

g _ 2 2fc + 2s + 2i + 4 ^- 1 — 15 . 2 2 ' 



,2fc+2s+2i+4j+l 



(|11.19l) is obtained as indicated in Lemma lll.7l 

Lemma 11.8. We have for I > 3 the following reduction formula 

(11.22) 



□ 



Aferg/^/Jj - 8 • A. k r^i_2 =2 4s 4 • A fc r 



s-2 



s + i + 
s-2 



X J - 8 ■ 2 4a - 4 ■ A fc r 



s+l 



+ 2 4 ' • A fe w 2 ( s -i)+i+ s -i(s - i,Q,/ + i) + ^2 4l+2 • A fc w 2(s _,j_i) +!+s (s - i - 1, 1, 1 + ■ 

i=0 i=0 



(11.23) 
(11.24) 

(11.25) 



A fc r 



s+i+i 



;■ A ft r 



-81 2 2fc+2s "^ 2!— 4 



]P2 41 • A fe tj2( s -i)+i+ s -i(s -i,0, l + i) = 3 -2 



2fc+2i+6s-10 



i=0 
s-2 



2 ■ A fc W 2(s _ i _ 1)+ , +s (s - I - 1, 1, I + l) = 3 ■ 2 

Combining (|11.22j) . (|11.23|) . (111.241) and (|11.25[) we otoin 

[.;.] 



(11.26) 
Proof. 



3s+l-l 



■ ■ A fe r 3 L ;+ ! r 2 1 J = -3i5 ■ 2 



2fc+2i+6s-10 



Proof of (111. 22ft 

Setting g = j = s — 2 in (|11.2ip we get the reduction formula (|11.22[) 



Proof of (TTl~23l 

From Lemma ll.23l we obtain : 



^rl^r i1 -8-A fc rl + r +i - 2j 

— 81 (2 2fc+2s+2!_4 _ 2 fc+3s+3!_5 ) _ 8 (gi ^2 2fc+2s+2!_6 — 2 fc+3s+3!_8 )) — —81 2 2fc+2s+2!_4 

Proof of (|11.24p We obtain from Lemma mi (see 
Afcw 2 ( s -i)+i+ s -i(s - i,0, 1 + i) = 
$ 

2(s - i) + Z + i + 2 < 2(s - i) + / + s - 1 < 3 ■ (s - i) + I + i - 1 

i < s — 3 
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We then deduce : 

s — 2 s — 2 

2 4t ■ A k UJ 2 (s-i) + l + s-l(s -i,0,l + l) = 22 2 ^ ' ^k^2{s-i) + (l + s-l)(s - i, 0, 1 + i) = 
i — i=3—2 

= 2 4(s ~ 2) ■ A k cu l+a+3 (2, 0, 1 + s - 2) = 2 4(s ~ 2) ■ 3 ■ 2 2k+2{l+a ' 2)+2 = 3 • 2 2fc + 2i+6a - 10 

Proof of (|11.25j) We obtain from Lemmas [L22l [L23l 
A k u 2 { s -i-i)+i+ s (s - i - 1, 1,/ + i) = 
$ 

l + 2(s-i-l) + Z + i + 2<2(s-i-l)+Z + s<2 + 3-(s-i-l)+Z + i- l 

i < s — 3 
We then deduce : 

s—2 a-2 

2j 2 4l+2 ■ A fe w 2 ( s - l -i)+!+ i ,(s - i - 1, 1, Z + i) = 2~2 241+2 ' A * w 2( s -i-i)+!+ s (« - * - 1, 1, 1 + i) 

i=0 i=3-2 

= 2 4s - (i ■ A k Lu l+a+2 (l,l,l + s - 2) 



= 2 4s ~ 6 • (A fe r 



f+3+2 - 4 ■ Afcr ;+S+1 ~ 8 . A k r t - +S+1 



+ 32 ■ A fc r f+S 



= 2 4 



= 2 4 



1 



((-urj£j^-> J - s • A k rU + + f i'--' - ) — i • ( A;, , ; ' 1 -s A,r 



i 



l + s + i-2 _ 
l + s 



159-2 



2fc+2s+2i-3 



4 ■ (-81) • 2 2fc+2!+2s - 4 ) 



2k +2l+2s-A\ _ 2^3-6 g 2 2fc + 2! + 2s_3 



2fc+2;+6s-9 



= 32 

or otherwise using (|5.2p and (|7.37|l 

A k w l+a+2 (l, 1,1 + 8-2) = -- A k w l+s+3 (2, 0, / + s - 2) = 3 • 2 



2fc+2;+2s-3 



□ 



Lemma 11.9. VFe have /or Z > 3 the following reduction formula 
(11.27) 



A fc r 



33 + 1 



8-2 4s - 4 -A fc r 



+1-1 
s+;+i 



s+i+2 

s—2 s—2 

+ 2J 2 41 ■ A k uj 2 (3-i)+i+ s (s - i,0,l + i) +2~2 2 4 ' +2 ' A fc u 2 ( s -i-i)+!+ s +i 

i=0 i=0 



s — i — 1. 1. Z + i) 



(11.28) A.r^'- 1 — 8 ■ A k r^i'~ 2 J = -21 • 2' 



3fc+s+;-i _|_ 2^ 2 2fc + 2s + 2 ' -2 



(11.29) J^2 4i ■ A k u 2{s _ l)+l+s {s-i,0,l + i) = 7 . 2 3fe+5a+i - 5 - 7 ■ 2 3fe+3s+i - 3 



i=0 
s-2 



(11.30) 2~2 2M+2 ■ A fc ^2 (s - l -i)+ i+s+ i(s - i - 1, 1, 1 + i) = 7 ■ 2 3fc+5s+ '- 6 - 7 • 2 3fe+3s+i - 4 , 
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Combining (|11.27j) . (jl 1.281) . (|11.29[) and (|11.30|) we obtain 

fe± 3s+l-l 



Proof. Proof of (|11.27j) 



(11.31) A fc r 3 L /_+ ! J - 8 • A k rk:+ l Zi 1 = -21 • 2 3fc+3s+; - 3 + 21 • 2 2fc+fo + 2 '- 



Setting q = s — 2, j = s — 1 in (|1 1.21 [I we get the reduction formula (|11.27p 
Proof of (|11.28p From Lemma 11.231 we obtain : 



fci s+l+2 



8- A,r 



_ l+s+i-2 
kL s + l+1 



2 3k + s + l ~ 1 _ 21 2 2fc+2s+2!_2 -f 7 2 fc+3s+3!-2 ) 
g ^ 2 3fe + s +'- 2 _ 21 2 2fe+2s+2i_4 -f 7 2 fe+3s+3!-5 ) 



_ 2 3h+s+l ~ 1 _|_ 21 2 2 * +2s+2!_2 



Proof of (111.29j) We obtain from Lemma EH (see (TT37]) . (TM6j) and (EHJ) 

A fc o; 2(3 _ i)+i+s ( S - i,0, 1 + i) = 21 • 2 3fc + 3s " 2i + ; " 3 



for < i < s - 2 



We then deduce : 



2 ■ A fc tJ2(a-i)+;+s(,S — U, t + I) — 1 =(-Z —I- A 



Proof of (|11.30j) We obtain from Lemma El (see (Ell, (E47) and (EHJ) 

A fc ^ 2{s _ ! _ 1)+i+s+1 ( S - 1 - 1, 1,1 + i) = 21 • 2 3fe + 3s - 2l+i - 4 



/or < i < s — 3 



A k u>i +S+S (l, l,l + s-2) = -- A k uj l+s+4 {2, 0,l + s-2) 

= - . 21 • 2 3fe +'+ s+1 = 21 • 2 3fc+i+s for i = s-2 
2 3 



We then deduce 



]T 2 4l+2 • A 



k^2(s-i-l)+l + 



, +1 (s - i - 1, 1, I + i) = 2 4l+2 • 21 ■ 2 3fc+3s - 2l+i - 4 



y 2 3fc + 5s + !_6 _ 7 2 3fc+3S + !_4 



11.9. Computation of AfcT 



□ 



2s+ m+J ~ § ■ AkT^ + Z+ 3 _ J i /or < j < m. 

Lemma 11.10. W^e Ziowe /or m > 3 t/ie following reduction formula holding for < j < 
s + m. 



(n.32) A fc r 2 L ;; 



m+j 



; ■ A fc r 



s + m 
2s + m+j-l 



A fc r 



2s+j 



2s+j-l 



+ 2 2t ■ A k cJ2s+m+j-i(s,m — i,i), 
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where 



(11.33) A ft r 



(11.34) 



+ rr 

2s+j 



-8-A fc r 



+m-l 
2s+j-l 



3 ■ 2 



2fc+2s-2 



33-2 



k+As-6 



if 3=0, 



2fc+2s-2 



-15 • 2 

_g . 2 2fc + 2s + 2 i- 4 

—81 ■ 2 2k+2s+2rn ~ 4 



+ 3 • 2 fe+4s ~ 3 »/ j = 1, 



if2<j<m-l, 
if j = m, 



2 2 * • AfeO>2s+?7 



■1,1) = < 



—3 • 2 2fe + 2s + m ~ 2 — 3 ■ 2 2fc + 2s + m-2 

15 2 2 k"t" 2s- t" 2m— 2 gg 2 2 k-H 2s + m ~ 2 

—63 ■ 2 2fc "'" 2s "'" m+3: ' -5 + 9 • 2 2fe + 2s + 2m + 2 ^ - 4 

g _ 2 2 fe + 2s + 4m-5 

Combining l|11.32[) . (|11.33|) and (|11.34j) we ofaain 



tf j = i, 

*/ 2 < j < m • 
i/j = m. 



(11.35) 

A fc r 



+ 
+ 

2s + m+j 



• ■ A,r 



s+m-l 
s + m 

2s+m+j-l 



^ _ 2 2 ^+ 2s + m ~ 2 23 • 2k+ 4s + 2m— ^ j 

gg . 2 2 fc + 2s + m — 2 g . 2 fe + 4s + 2m — 3 if j — \ 

-63 • 2 2fc+2s + m + 3 -'- 5 »/ 2 < j < m - 1 

-159-2 2fc+2s+4m - 5 ifj = m 



Proof. Proof of i|11.32[) 

Let q be a rational integer between zero and m-1. From 
following equations. 



we obtain successively the 



L »+£> j 



+m-l 

Afcr 2s+m+J _ 1 — 4 ■ Afer 2s+m+J _; 2 



+ AkL02s+m+j (s, m, 0) 



A fc r 2 L a+ ^™. _ J ! - 4 ■ A fc r 



S + 7T 

2s + m+j — 2 



= 4 ■ 



8- A fe r 



fc 1 2s+m+j-2 



4- A.r 



fc 1 2s+m+j 



+ A fe c>j2 S +m+j-i(s, m — 1, 1) 



A fc r 



s+m-2 

s + : 



fei 2s+ro+3-2 4 ' ^ k ^2s+m+j-3 



s+m-3 

s + : 



s + m- 

Afcr 2jJ+m+J _ 3 



4 ■ A fc r 2/+ + m+/-4] + A k U 2 s+m+j-2(s, TU - 2,2) 



4 9 ■ 



A fc r 2 L s+ + ^ J - 4 • A fc r - 



s + m 
2s + m+j-(g + l) 



8 ■ 



s + m-, 
,[ s+m-l . 
2s+m+j-(?+l) 



4-A fe r 



»+m-(«+l) 

s + m-l 
2s + m+j-(q + 2) 



j + A fe W2 S +m+i- 9 (s, m — q,q) 



By summing the above equations we obtain after reduction the following formula 



A fe r 



5 + 7. 

s+n 



fei 2s + m+j 



8- A fc r 



s + m-l 

s + - 



fcl 2s + m+j-l 



.9+1 



A fe r 



+m-(<,+ l) 

s + m 

2s+m+j-(?+l) 



8-4 



9+1 



A fe r 



+m-(«+l) 
s + m-l 
2s + m+j-( 9 +2) 



+ ^4 l • AtW2 S +m+j-i(s,m — i, i) 
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Setting q = m-1 in the above formula we get (lll.32|l 
Proof of (flL33| 

(|11.33|) is obtained by (|11.13[) with I i — > m. 
Proof of Ij 11 .34(1 

The proof is based on results in Lemma 17.41 
The case j = 0, we have 

A k uj 2 3+(m-i) {s, m - i, i) = -3 ■ 2 2k+2s+< - m ~ l) ~ 2 if 1 < j < s - 3, 
A fe ^ 2s+m ( S , m, 0) = -9 ■ 2 2k+2s+m - 2 if i = . 
It follows that 

771 — 1 771— 1 

Eo2i a c • -\ c n r,2k+2s+m—'2\ , \ ^ n 2i / n 2fe+2s+(m— i) — 2 \ 

2 ■ A fc u 2s +(m-i)(s,m - 1,1) = (-9 ■ 2 r ) + 2^ 2 ' ' 2 ) 

_ _g 2 2 fe + 2s + m-2 _ g 2 2 *: + 2s + ™ — 2 

The case j = 1, we obtain similarly 

Afew 2s +(m- l )+i(s,m - = 15 • 2 2fc+2s+(m " l)_2 if 2 < i < m - 1, 
A fe ^ 2s+{m _ 1)+1 ( S , m - 1, 1) = -9 • 2 2ft+2s +(™- 1 >- 2 if i = l, 
A fe cj 2s +m+i (s, m, 0) = 9 • 2 2fc+2s+m ~ 2 if i = 0, 
It follows that 

771 — 1 

2 21 • A fc cj 2s+(m _ i)+ i(s,m - 

m — 1 

-y2k + 2s + m-2 Q r>2fc + 2s+ (m— 1) . \ ^ n2i /ir r,2fe + 2s + (m-i) — 2\ 



_ g _ 22fc + 2s + m-2 g _ 2 2 *: + 2s+(m-l) ^_ V""^ g 2 * . ^5 . 2 2 



1=2 



— 15 2 2fc+2s+2m ~ 2 — 69 2 2fe+2s+m ~ 2 



The case 2 < j < m — 1, similarly 

A fe w 2s+(m _ i)+j (s,m - = if < i < j — 2 

A fc w 2s+(m _ i)+J (s,ra - = 3 ■ 2 2fe+2s+m ~ h7 ~ 3 if i = j -1 

fcw 2s+(m _ 4)+j (s,m - i,i) = -15 ■ 2 if i=j 

Afcw 2a+ ( m -i)+3(s,m - = 9 ■ 2 2fe + 2s + m + 2 ^- 4 - 1 if i>j + l 
We then deduce 

771 — 1 m — 1 

2^ 2 21 ■ A k uj 2 s+( m ~i)+j(s,m - i,i) == ^ 2 2t ■ A k u 2s +( m -i)+j(s,m - 

i=0 £=J— 1 

771—1 

_ j-g _ 2 2fc + 23 + m +J- 3 ) . 2 2 ( J_1 > -|- ( — 15 ■ 2 2k+23+m+j ~ i ) ■ 2 2j + 2 2i ■ 9 ■ 2 2fc+2s+m+2 -' _4_ * 

i=j+i 

_ gg 2 2 *;+2s+77i+3j-5 g 22fc+2s+277i+2j— 4 

The case j = m, similarly 

A fc cj 2s+(m _ i)+m (s,m - = if < i < m - 2 



EXPONENTIAL SUMS AND RANK OF TRIPLE PERSYMMETRIC MATRICES OVER F 2 197 



-,2fc+2s+2m-3 



if i = m -1 



AfeW 2s +i+m(s, 1, m - 1) = 3 • 2 
We then deduce 

m — 1 m — 1 

22 ■ AfcW 2s + (m-i) + m(s,m - = ^ 2 2 ' ■ AfcaJ 2 ., + (m-i) + m(s, m - i, z) 



2k + 2s+4m-5 



= 3-2 



11.10. Computation of A^T. 



□ 



2s + 2m+j + l 



• A fc r 



+TO-1 

2s+2m+j 



/or < J < S — 1. 



Lemma 11.11. We have for m > 3 the following reduction formula holding for < j < s — 1. 
(11.36) 



A fc r. 



;■ A fc r 



2s+2m+i+l 

A p L s + 

"ft 1 2a + m + l+j 



fe 1 2a+2m+j 

+ m 1 - 8 ■ A fe r 



_ +m-l. 
fe- 1 - 2s + m+j 



+ Yj 2 2 ' ■ A fe (i;2s+2m+i+i-i(s, m — i, i), 



where 
(11.37) 



Afer 2s4 t m + 1+J . 8- ^k^2s+m+j 



-315 • 2 2k+2a+2m+ ^- 2 if0<j<s-2, 
-21 • 2 3fc + 3s + m— 3 -|- 21 • 2 2fc ~*" 6,s ~'" 2m— 6 if j = 5 — 1 



(11.38) 

m — 1 

2 21 • A k uJ2s+2m+j+i-i(s, m — i,i) 



-21 ■ 2 



3fc+3s+2m-3 



»/2< j < s 

+ 21 . 2 2fc+3 S +3m-3 ^ j — s _ I 



Combining l|11.36[) . (|11.37|) and (|11.38[) we ofcta 



(11.39) 



A fc r 



fcl 2s + 2m+l+j 8'^ fc r2 s + 2m+j 



s + m-1 



Proof. Proof of (|ll.a6|) 



-315 • 2 2k+2s+im +^- 2 if0<j<s-2 
-21 2^k~i~3s+2m— 3 -|~ 21 2 2 ^+6s+4m— ® ^/jf s 1 



(|11.36p follows from (|11.32|) with j — > m + j + 1. 
Proof of (111.37j) 



(|11.37|l is obtained by (|11.20p . (|11.26|l and (|11.31ll with Z — > m. 
Proof of (fTL38l) 



The case < j < s - 2 



From (ff3T|) 

AfeCJ2s + 2m+j + l-i( S ! m — i, i) = 
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t 

m - i + 2s + i + 2 < 2s + 2m + j + 1 - i < 2(m - i) + 3s + i - 1 
t 

3 < i < inf (m — 1, m + j — 1) = m — 1 
From lff3U|) 

AfcW2s + 2m+j-l(s, m — 2, 2) = 

$ 

m - 2 + 2s + 4 < 2s + 2m + j - 1 < 2(m - 2) + 3s + 1 
$ 

sup(0, — m + 3) < j < s — 2 recall that m > 3 
From (ff^j) 

A fe a;2 S +2m+j(s,m — 1, 1) = 
$ 

m - 1 + 2s + 3 < 2s + 2m + j < 2(m - 1) + 3s 
t 

sup(0, — m + 2) < i < s — 2 recall that m > 3 
From (fT48|) 

A fe tJ2 s +2m+j+l(s,m,0) = 

t 

m + 2s + 2 < 2s + 2m + j + 1 < 2m + 3s - 1 
$ 

sup(0, — m + 1) < j < s — 2 recall that m > 3 
We then deduce 

m — 1 

22 2 2 ' ■ AkL02s+2m+j+i-i(s,m - — if < j < s — 2 
The case j = s — 1 



Similar to the proof of (|11.38p in the case < j < s — 2 

AfctJ3 S +2m-i(s, m - i, j) = Afc cj 3s+ 2( m _i) + j (s, m = 21 ■ 2 3fe+3s + 2m - 1 - 3 if < i < m - 1 

We then deduce 

m— 1 TO— 1 

-)3fc + 3s + 2m — i — 3 



2 21 • AfcW 3s+ 2m- l (s,m - t, j) = 2 21 ■ 21 ■ 2 3 



i=0 



11.11. Formulas summary. 

Lemma 11.12. VFe /iaue f/ie following formulas : 

r | i r a i f3 ■ 2 fc+s - 1 j/j = o, z > o. 

(n.40) A fe r^+ ! J - 8 • A fc ri + 7V J = | 15 • 2 fc+s " 1 if j = 1, Z > 0. 

I g3 2 fc+ s +3j-6 i/ 2<j<s-l, />Q. 



□ 
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We have for I > 3 



(ii.4i) A fe r 2 Ls+1 - 



- 2s+j 



8 ■ A-kFtis+j-l 



(11.42) 



A p L s + l J 
^fe 1 2s+l+l+j 

(11.43) 



■ 8 ' Afc r 2/+i+/ 



f2 k+s ~ 1 if j = 

7j ■ 2 fc+s - 1 = (21 ■ 2 3j - 4 - 3 ■ 2 2j " 3 ) ■ 2 fc+s - 1 ifl<j<m-l, l>0 

21 c 2^ J r sJ r<$ m ~~^ > _|_ 2^^~' s ™^ m ~"'^ 



3 . 2 ^ + ^a-^ _ 3 3 . 2 k+«- i/ j = o 

-15-2 2fc+2s - 2 + 3-2 fe+4s - 3 i/j = l 

-9-2 2fc+2s+2j - 4 if2<j<l-l 

_ gl . 2 2 fc+2s+ 2i-4 =J 



-315 • 2 2fc + 2s + 2i + 4 J- 2 «/ < i < s - 2 

-21 ■ 2 3fe + 3s + i - 3 + 21 ■ 2 2fc+6s+2i - 6 ifj = s -l 



A ft r 



s + 7T7 + ( 



21 ■ 2 



)fc + s + 3m — 5 



+ 45-2 



t k+s+2m— 4 



if j = m > 1, I > 1 
*/j = TO > 1, i — 



+ 77! 
+ 777 

s+m + 1 



(11.44) A fc r Ls 



(11.45) 



147 ■ 2 fc+s_1 
315 ■ 2 fe+s 
21 2^ ; ~'~' s ~'~^ m— 2 



A fc r 



S+777 
S + 7T7 + ( 



k s + m+j 



•8- A fc r 



S+777 
+ 7T7+!-l 

s + m+j — 1 



| 273 2^^" s ^"2tti — 2 

9-2 



ifm = 
ifm—1 

if m > 2 (holds for m > 0) 



rjfe+S— 1 

19 2' c ~'" s ~'~^ m— ^ 



i/j = 0, m = 1, Z > 
ifj = 0, m > 2, Z > 
31 • 2 fc+s+2m " 2 i/j = 1, m > 1, I > 
63 ■ 2 k+s+2m +^- 6 if 2 < j < s - 1, m > 0, Z > 0. 



We /iaue /or m > 3 
(11.46) 



A fc r 



s+r 
s + n 
2s+m+j 



-8- A fe r 



S+777-1 

2s+m+j-l 



3 22fc+2s+m— 2 33 2^+4s+2m— 6 j/l 

—69 • 2 2fc + 2s + m ~ 2 -f- 3 • 2 fc "*" 4s "*" 2m— 3 if j = 1 
-63 • 2 2k+2a+m+3j - 5 if 2 < j < m - 1 

,-159-2 2fc+2s+4m - 5 ifj = m 

-315 ■ 2 2fe + 2s + 4m + 4 ^- 2 i/ < j < s - 2 

—21 • 2 3fc ~'~ 3 ' s ~'~ 2m ~ 3 -\- 21 • 2 2fc "^ 6 ' s "'" 4m— G = s — 1 



(11.47) 



s + 777, s+rn-l 

A fe r 2 L / +2 ™ +1+j -8-A fe r, 



2s + 2m+j 



Proof. We need only to summarize the principal formulas obtained in the subsections 
11.3, 11.4,..., 11. 10 □ 



11.12. Computation of AfeF 



S + 77 
S + 77 

s + m+j 



for m > 1, 1 < J < s — 1. 



Lemma 11.13. W^e /lave i/ie following reduction formula holding for m > 1, 2 < j < s — 1 



+m »+(*»- 1) 

A pL s + m J o 6 A pL «+(m-l) J i -i qq r,k+s+2m+3j — 6 

Afcl s+m+j - 2 ■ A fc l s+(m _ 1)+{j _ 1) +189-2 



(11.48) 

By induction on j we deduce from (111.4811 



(H 3 ) A^ S L ;+^ J = 21 ■ [2 fc+s+3m " 2 • 2 30 " 1 ) + a, ■ 2 fc+s+2m " 3 • 2 30 " 1 '] where a d = 35 • 2 j 
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a p s + m _ 
"» s+m+j 

(11.49) 

= 21 • [ 2 fc + 3 + 3m+3 J- 5 + 35 ■ 2 k+s+2m+4j - 7 - 9 ■ 2 fc + s + 2m+3j - 6 ] /or m > 1, 1 < j < s - 1 

Proo/. proof of (I11.48P 

We have from ([7"48j) and (J8T3J) , (|11.45|l with I = 



A fc r 



s + m+j ^ s + m+j 



s + m-1 
s + 



I =63-2 



fc + s + 2m+3j-6 



4- A fc r 
t 



+ m-l 
s + m 
s + m+ j — 



X J - 32 ■ A fc r 



s + m-1 
s + m-1 
s + m+j — 2 



+ A k uj a+m+ j(s,m,0) =63-2 



Jc + s + 2m + 3j-6 



A fc r 



s + m+j — 1 



A fc r 



s + m+j —2 



fc + s + 2m+3j-8 



We then deduce 



A fc r 



+ m 
+ m _ 



= 8 • 



8- A^r 



+ m-l 
+ m-l 
s + m+j —2 



63 ■ 2 



I 2k + s ~t~2m + 3j '—8 



I gg , 2 fe + s + 2m + 3 J- 



s+(« 

O 6 A pLs+(m-l)J i ion fc+s+2m+3j- 

2 ■ Afcl s+(m _ 1) + (j _ 1) + 189 • 2 



proof of (|11.49|) 

Proof by induction on j 



We obtain from (|11.44[) : A fe r 



a+ 
8+< 
+ m + l 



= 21 ■ [2 k + s + am - 2 + 26 ■ 2 k+s+2m ' 3 ] and so (J/,) holds for j=l 



We get by (|11.48|l with j=2 using (.Hi) : A fc r 



s + 
s + 

s+m+2 



2 6 ■ A fe r 



+ (m-ll 
+ Cm-1) 
s + (m-l) + l 



+ 189-2 



fc+s+2m 



(21 • [2 



fc + s + 3(m-l)-2 



+ 26 • 2 fe + s + 2 < m - 1 )- 3 ]) + 189 ■ 2 

,fc+s+3m-2 9 3(2-l) , „t+s+2ui-3 r,3(2-l)1 



fe+s+2m 



= 2 D 

= 21 • [ 2 fc + s + 3m+1 + 35 ■ 2 k+s+2m+l - 9 • 2 k+s+2m ] and so (H s ) holds for j=2 
Assume now that (Hj-i) holds, we get by (lll.48|l 



A fc r 



35 



2 B ■ A fe r 



s +(m-ll 

s+(m— 1) J , ioq r)fc+s+2m+3j — 6 

+ (m-l)+(j-l) ' 



= 2 6 21 r2 fe + a + 3 ( m ~ 1 )+ 3 ( J ' _1 ) -5 -|- 35 . 2 fc + s+2 ( m ~ 1 )+ 4 (J~ 1 )~ 7 



9-2 



fc+s+2(m-l)+3(j-l)-6-i 



+ 189-2 



fc+s+2m+3j-6 



= 21 



■jfc+s+3m+3j' — 5 _|_ 2^ + s + 2m+4j — 7 



9-2 



fc+s+2m+3j— 6] 



□ 



11.13. Computation of AfeF2 S + 



for m > 1. 
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Lemma 11.14. We have : 



(n.50) A fc r 2 L ; + b J =<)•_> 



2fc + 2s + m — 2 . 2^ 2^"t"4s + 3m — 5 735 2^ + 5^ + 2771 — 7 4.77 2k+ 4s + 2m_ 



Proof. 

We obtain using (|11.46p and (fTISIl 



8 ■ A k r 2 s+m-i 



fc+4s+2m-6 



+771-1 
+ i 



4 ■ A fe r fs+m _ 1 



32 ■ A fe r 2 L ; + tT_-2 J + A fe o; 2s+m ( S , m, 0) = -3 ■ 2 2fc+2s+ra - 2 - 33 ■ 2 k+is+2m ~ 



■ A fe r 



fc 1 2s+m-2 



Afcr 2s + m _ 1 
1 

4 

We then deduce from (|11.49p with m — > m — 1(> 1) and j — > s — 1 



^ 22fc+2s+m — 2 2 22fc+2s+m—2 .^3 2^+4s+2m — 6j ^ 2 



2fc+2s+m-3 _ 2 fc + 4s + 2m — 8 



A fc r 



a+71 
3+71 



fc 1 2s + 7? 



o A fc r 



8 ■ 



8- A fc r 



s + m-1 
s + m-1 



fe 1 2s + m-2 



■ g 22fc + 2s + m — 3 23 2^+ 4s + 2 m_ 



3-2 



2fc+2s+m-2 



33 2^~'~ 4s ~'~ 2m- 



= 2 b • A fc r 



ftl s + (m-l) + (s-l) T 3 ^ 



-,2fc + 2s + m-2 



99-2 



fc+4s+2m— 6 



— 2 6 21 [2 fc+s+3< - m-1 ' )+3 '- s ~ 1 ' ) ~ 5 + 35 • 2 fc+3+2 ( m ~ 1 ' +4 ( s ~ 1 '~ 7 — 9 . 2 fe + s+2 ( m ~ 1 )+ 3 ( s-1 >~ 

■ g 22fc + 2s + m — 2 gg 2^+45 + 2777 — 6 

g 2 2 fc+2s+m — 2 2^ 2^+4s+3m— 5 _■_ "73^ 2k+5s+2m — 7 477 2^+43+2777—6 



□ 



11.14. Computation of A fc T 



S + 7 

S+7 

2s + m 



+j /or m > 2, 1 < j ' < m. 



Lemma 11.15. We have the following reduction formulas for 2 < j < m — 1 



s+(m-l) 

s+(m-l) J -i en 2fc+2s+m+3j-5 



(n.51) A fe r 2 L ; + + ™ + J , = 2 b ■ A^r^+^Vo-!) - 189 • 2 



»+(m-j + l) 
s+(m-J + l) 
2s+(m-j+l) + 



j holds for 2 < j < m 



(11.52) (.Ff,) A fc r 2 L/ + + - + J. = 16 20 - 1 ' • A fc _ 2 ( j _ 1) r 2 

Applying (|11.51|) and ()11.52p uie obtain by induction on j the following formula 
(11.53) 

Afcr 2 V + + 5 + -i = j +735 ■ 2 k+5B + 2m+4 i- 7 - 945 ■ 2 k+4s+2m+4j - 7 if 1 < j < m - 1 

[ 159 ■ 2 2fe+2s+4m - 5 + 735 ■ 2 ft+5s+6m - 7 - 1629 ■ 2 fc+4a+6m - 7 if j = m 



Proof. Proof of (|11.53|) in the case ?=1 
We have from (|11.46p and fTIS]) 



A fc r 



fe 1 2s + m + l 



; ■ A fc r 



2s+r? 



s + m-1 

s + m 



69 2 2 ^^ 2s ^ m— 2 _)_ 3 2^+ 4s + 2m— 3 
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4 • A^ri- *+" 



32 • A fc r 



i + Afct^s+m+i (s, m, 0) = 



69 2^ + 2 s + m — 2 ■ 2 2^"t"4s + 2m — 3 



AfcF 2 L s+m 



■ 8 • A fe r 



> + m-l 
s+m-1 



k L 2s+m-l 



g 22fc+2s+m — 2 22fc + 2s + m — 2 . ^ 2^+45 + 2771 — 8 



j 2^^+28+771—3 _|_ ^ 2^+4s+2m — 5 



We then deduce from (|11.50p with m — > m — 1(> 1) and j = s 



A fc r 



s + 
s + 
2s+m + l 



= 8 ■ 



8- A k r 



+ m-l 
+ m-l 

2s + (m-l) 



39 2^k^^ s ^~ m— ^ _|_ ^ 2^+^ s +^ m— ^ 



69 2^^^ s ^ m ~ ^ ^ 2^+4^+2777— 3 



A rL s + ? - 

^fc 1 2s + 77l+l 



.+ (m-l) 

o D A pL s+(m— 1) J oo£ r)2fc+2s+m — 2 i fc+4s+2m- 3 
1 ' A k A 2 3 + (m-l) -^0-^ +y-2 



26 |-g 22fe+2s+(m-l)-2 _j_ 2^ , 2 fc + 4s +3(™-l)-5 _|_ r,gg _ 2*+5s+2(m-l)-7 _ _ 2 fc + 4s + 2 ( m -!)- 6 j 



225 ■ 2 



2fc+2s+m— 2 



+ 9-2 



fc+4s+2m-3 



22^ + 2s + m — 2 2^ 2^+ 4s +3m — 2 . c^- + 5s + 2m, — % Q45 2^+ 4s + 2m — ^ 



Proof of (|11.53p in the case 2 < j < m - 1 
We have from (|11.46[) and (18^1 



A fc r 



8 + 

s + 
2s + m+j 



s + m-1 

A fe r 2 L S +m+j-l = - 63 ■ 2 



2fc+2s+m+3j-5 



s + m-1 

S+7 



s + m-1 
s + m-1 



:> 2fc+2s+m+3j-5 



<^> 4 ■ A&r2 L s+ 5 m 7j-i - 32 • A fe r 2 V + ™ +J -J 2 + AfcW 2s +m+j(s, m, 0) = -63 • 2 
We get from (TM8l) 

A fc LJ2s+m+j (s, m, 0) = <4> m + 2s + 2 < 2s + m + j < 2m + 3s - 1 <^> 2 < j < m - 1 



s + m-1 
B + rr 
^k 1 2s+m+j-l 



Then A fe r 2 
We then deduce (|11.5ip 



s + m-1 

a rL 3+™-! 
' "k- 1 - 2s+m+j-2 



1 



-63-2 



2fe+2s+m+3j — 5 



A fc r 



fe 1 2s+m+j 



= 8 • 



8- A k r 



s + m-1 
s + m-1 



k 1 2s + m+j-2 



63-2 



2fc+2s+m+3j — 7 



63-2 



] = -63 • 2 



2k+2s+m + 3j — 5 



2fe+2s+m+3j-7 



A fc r 



s+n 
s + n 
2s + m+j 



2 6 ■ A fc r 



s + (m-l) 
s + (m-l) 
2s+(m-l) + (j-l) 



189 ■ 2 



2k+2s+m+3j— 5 



We shall now prove by induction on j that (Hj) holds for 2 < j < m — 1. 



+ 
+ 

2s+m+ j 



1 6 20-D . A 



s + (r, 
s + (r> 



-3 + 1) 
-3 + 1) 



fe-2(i-l) 1 2s + (m-j + l) + l 



if 2 < j < m - 1 



(H 3 -) holds for j = 2 
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From (|11.51|) with j = 2 and (111.5311 with j = 1, 



m — 1 we obtain: 



A fc r 



fe 1 2s+m + 2 



= 2 b • A fc r. 



+ (m-l) . 
2s + (m-l) + l 



189 ' 2 2fc ^ 2s ^ m ^ 1 



2 6 [63 2 2fe + 2s +( m_1 )~ 2 _j_ 21 2 fc+4s+3 ' m-1 - > ~ 2 -f 735 2 fc+5s+2( ' m_1 ' >_3 — 0/|c ^ r,fc+4s+2(m-i)-3i 



. 2 2fc "*" 2s- *" m + 1 _i_ 21 . 2 fc + 4s + 3m ~*~ 1 4- 735 . 2 fc + 5s + 2m + 1 _ 945 . 2 



945 ■ 2" 

fc + 4s + 2m + l 



189-2 



2k + 2s + m + l 



i6 2 • A fc _ 2 r 



s + (m-l) 



fc ~ 2i 2s + (m-l) + l 

— 2 s • [63 • 2 2 ( fc_2 ^+ 2s +( m_1 ' _2 4- 21 ■ 2' fe ~ 2 )+ 4s + 3 ( m ~ 1 )~ 2 4- 735 . 2( fe-2 )+ 5s+2 ( m ~ 1 )~ 3 _ 945 . 2( fc ~ 2 )+ 4s + 2 ( m ~ 1 ) _3 ] 
t^k+2s-\-m-\-i 2^ 2^+4s+3m+i 735 2^ + ^5 + 2771+ * 945 Qk+^s + ^m + l 



Assume (Hj) holds for j 



We shall show that (Hj) holds for j = r +1 



Indeed we have from (|11.53p in the case m 
(Hj) holds for j = r with m — > m — 1 
t 



m — r, k —* k — 2(r — 1), j = 1 



«+(m-l) 
a p L «+(m-l) . 
^fc- 1 - 2a+(m-l) + r 



16 2 (-D . a 



»+((m-l)-r+l) 
,+ ((m-l)-r+l) 



= 2 OT -° ■ [63 ■ 2 
735 • 2' 



fc-2() — l) x 2s+((m-l)-r+l)+l 

+ 21 ■ 2 ( 



8r-8 rco n2(fc— 2(r-l))+2«+((m-l)— r+l)— 2 _,_ 91 _ 9 (fc-2(r-l))+4s+3((m-l)-r+l)-2 
(fc-2(r-l)) + 5s + 2((m-l)-r + l)-3 



945-2 



(ft— r+l)+4a+2((m-l)-r+l)-3i 



63 • 2 2fc+2s+m + 3r ~ 6 4- 21 2* :+4s "'" 3m+3r ~ 8 4- 735 2 fe ~'~ 5s ~'~ 2m+4r ~ 9 — 945 2 fe+4s + 2m_, ~ 4r_9 



Now from (|1 1.51 [) with j = r + 1 



A fc r 



s + n 
2s+m+r + l 



2 b • A fc r 



+ (m-l) 
+ (m-l) . 
2s + (m— l) + r 



189 ■ 2 



2fc+2s+m + 3(r + l)-5 



2 b [63 2 2 ' c ^ 2s ^ m ~'" 3r— b 4- 21 2^~*" 4s ~'" 3m ^ 3r— 8 



4- 735 ■ 2 fc+5s+2m+4r ~ 9 — 945 ■ 2 fc + 4s+2m + 4r_9 [ _ igg . 2 2fc + 23 + m + 3 ( r + 1 ) _5 

22fc+2s+m+3i 

On the other hand 



22fc + 2s + m + 3r — 2 , 2^ 2^+4s+3m + 3r — 2 . y^5 2k~t~5s + 2m+4r — 3 945 2k+4s + 2m+4r — 3 



16 



s+(m-(r+l) + l) 
2((r+l)-l) a pL a+(m-(r+l) + l) J 

lfe-2((r + l)-l) i 2s + (m-(r + l) + l) + l 



= 2 



8r+4 



At 



+(m-r) 

+ (m-r) . 
2s + (m-r) + l 



[63 2 2 ^ fc-2r ' )+2s+ ^ m-, "-' _2 4- 21 2' fc ~ 2r ' )+4s+3( ' m-T '- 1-2 4- 735 2' fc_2r ' )+53+2 ' m_T '' )_3 

22fc+2s- 

Then we have for 2 < j < m — 1 



945-2 



(&-2r)+4s+2(m-r)-3i 



22fc + 2s + m + 3r — 2 . 2^ 2^+4s+3m + 3r — 2 . y^5 2k~t~5s + 2m+4r — 3 945 2^ c ^ 4s ^ 2m ~'" 4r — 3 



+1 

+ ! 

2s+m+j 

2fc+2s+m+3j-2 



A fc r 

= 63-2 

Proof of (|11.53p in the case j = 
We have from (|11.46[l with j = m 



4- 21 ■ 2 fe "*" 4s ~'" 3m "^ 3: ' — 2 4- 735 . 2 fc + 5s "*~ 2m + 4: '~ 3 945 . 2 fc + 4s + 2m + 4j— 3 



A fc r 



fc 1 2s + 2r, 



■8- A fe r 



fc A 2s+2m-l 



-159 2 2fc "*" 2 ' s ~'" 4m— 5 
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<^4- A fc r. 



fc 1 2s + 2m-l 



32- A fc r 



S+771-1 



fcJ-2 S + 2m-2 J + AfctJ2 S + m+j(s,m,0) = -159 • 2 

Using (I7.48[l we obtain 

A fe o;2 S +2m(s, m, 0) = m + 2s + 2 < 2s + 2m < 2m + 3s — 1 2 < m 



2k+2s+Am- 



s + m-1 

S+7 



Then A fc r 2 - s+2m _ 1 
We then deduce 



8 • A fe r 2 -, 



"+2Z-2 = \ ■ [-159 ■ 2 2k+23+im - 5 ] = -159 ■ 2 



2fe+2s+4m- 



A fc r 



s + rr, 
fc 1 2s+2r, 



8 ■ 



■ A fe r 



S+m-1 
fe 1 2s+2m-2 



159 2 2fc "*" 2s "'" 4m— 7 



159-2 



2fc+2s+4m — 5 



A fc r 2 L s s +2 ™ = 2 ■ A fc r 2s+2{m _ 1) 



477-2 



2fc+2s+4m— 5 



We obtain successively 



Afer 2s+2 
2 6 ■ A fc r 



»+(m-l) 

:2 ».A fc r. L * +(ra - l) 



ifci 2s + 2(m-l) 



477 2 2fc+2s+4m ~ 5 



+ (ro-l) 
+ (ro-l) 
2s+2(m-l) 



s + {m-2) 

ife -^2s+2(m-2) 



477 ■ 2 



2fc+2s+4(m-l)-5 



(2 B ) 2 -A fc r 2 ^-_^=(2 D r 



.+ (m-3) 
90 a p L s+(m.-3) 
Z ' "fc 1 2s+2(m-3) 



477-2 



2fc+2s+4(m-2)-5 



■ A fc r 



+ (m-(m-2)) 
+ (m-(m-2)) . 
2s+2(ro-(m-2)) 



2 6 - A fc r. 



+ (m-(m-l)) 
+ (m-(m-l)) . 
2s + 2(m-(m-l)) 



477-2 



2fc+2a+4(m-(m- 



By summing the above equations we get 



Afer 2s+2 „ 



a + l 
s+1 
2(s+l) 



-477-2 



2fe+2s+4m-5 



E 2 " 



From (|9.13[) with j = s + 1 and s — » s + 1 we obtain 



A fc r 



fe 1 2s+2n 



= 2° 



[159 ■ 2 2 



+ 735 ■ 2 K 



1629 ■ 2 K 



159 ■ 2 



2fc+2s+4m- 



2.59 ^k+2s+Am— 5 . ^*^5 2' c ~t~^ s ~t~6m— 7 1629 2^^ 4s ^^ m— 7 

(Hj) holds for j = m 
Indeed we have 



1/?2(m— 1) a y\ 
ID ■ IA k _ 2 (m-l)i- 2s+2 

[159 • 2 



gom-s |-^gg 2 2 ( fc - 2 ( m - 1 ))+ 2s - 1 _|_ 735 2(' = ~ 2 ( m ~ 1 ))+ 53-1 
159 2 2 ' c ~'" 2s "'" 4m— ^ -|- 735 t2^+^s+6m—7 1629 ^k+is+sm—i 



1629 - 2 



(fc-2(m-l))+4s-li 



11.15. Computation of A k T, 



2s + 2m+l+j 



form>2, < j < s - 1. 
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Lemma 11.16. We have the following reduction formula for < j < s — 1 



(11.54) 
furthermore 



(Hj) Afcr^Z-Kim+j + l _ lQ 2m + S 3 . A fc „( 2m+ 3j)± 2(s _ j) + 1 , 



(11.55) 



Afer 2s+2m+ i + j 

'315 • 2 2k+2s+4m+4j - 2 + 105 ■ (7 ■ 2 fc+5s+6m+4j - 3 - 31 ■ 2 fc+4s+6m+5j - 3 ) ifO < j < s - 2 



Proo/. The case < j < s - 2 



We have from (|11.47p and JEU) with I = 



A fc r 



s+n 



fcl 2s+2m+l+j 



-315 2 2fc ^ 2s+4m ~ l " 4 -' — 2 



A fc r 



s + m 



- 2 S +2m+j - 32 ■ &kT 2s+2m+j ± 1 + A fe tj 2s+2m+ i + j (s, m, 0) = -315 • 2 
Now (fT48|) yields 

A k L0 2 s+2m + l+j (s, in, 0) = m + 2s + 2 < 2s + 2m + 1 + j < 2m + 3s - 1 
« sup(l - m, 0) < j < s — 2 



2fe+2s+4m+4j-2 



Then A fe T 



s+m-l 

s + i 



fc 1 2s+2m+j 



2fe+2s+4m+4j-2 



] = -315 • 2 



2fc+2s+4m+4j-4 



We then deduce 



Afcr 2s+2m+1+ j = 8 - 



8 • A k rt+Z+/-i -315-2 



",2fc+2s+4m+4j-4 



315-2 



2fc+2s+4m+4j-2 



o A fc r 



fci 2s+2m+l+j 



2 b • A fe r 



5 + (m-l) 
„+(m-l) 



2s + 2(m-l)+j + l 



945 • 2 2fc + 2s+4m+4: ' _2 



We obtain successively 



AiT. 



fc 1 2s + 2m+l+j 



= 2 b • A t r. 



„+(m-l) 
s+(m-l) 



fc 2s + 2(m-l)+j + 



J J — Q45 • 2 



2fc+2s+4m+4j-2 



2 6 ■ A fc r 



„+(m-l) 
2s + 2(m-l)+i + l 



s + (m-2) 



2° ■ 



2° • A fc r 



s + (m-2) 
s+(m-2) 
2s + 2(m-2)+j + l 



945 ■ 2 2fc + 2s+4(m ~ 1) + 4 -'~ 2 



(2°)^.A fc r 2 v + + 2 \r-2 , ) J +J+ i = ( 2 ) 



2 6 • A fc r 



2s+2(m-3)+j 



— 945 ■ 2 2fc+2s+4 ( m ~ 2)+4 -' _2 
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(2 6 ) m ~ 2 • A fe r 



+ (m-(m-2)) 
+ (m-(m-2)) J 
2s+2(m-(m-2))+j + l 



= (2 6 



2 6 • A fe r 



+ (m-(m-l)) 

+ (m-(m-l)) J _ Qir 9 2fc+2s+4(m- (m-2) )+4j -2 

2s+2(m-(m-l))+j+l a J ' 



By summing the above equations we get 



A fc r 



fci 2s + 2m+j + 



1 = (2°r- •A fc r 2 ^ ) j. +1 -945-2 



-,2fc+2s+4m+4j-2 



E 2 " 



315-2 



[105 • (3 • 2 2fc+2s+4j+2 + 7 ■ 2 fe+5s+4 ^+ 3 

2fc+2s+4m+4j — 2 /„2m-2 



31-2 



fc+4a+5j+3] 



2fc+2s+4m+4j-2 



(2^ m ^ - 1) 

+ 105 • (7 • 2 fc ^ 5s ^ 6m ~*~ 4j ~ 3 31 • 2 fc + 4s +6m+5j— 3 ^ 



= 315-2 

On the other hand we have by (|9.7[l with fc — > k — (2m + 3j), s — ► s — j, j = 1 



16 



2m+3j 



-,8m+12j 



ifc_(2m+3j)J- 2"(s-j) + l - z ' A fe-(2m+3j)J- 2~(s-jf+l 

_ 2 8"i+12j . NQg . ^3 . 22(fe-(2m+3j)) + 2(s-i)-2 + y _ gCfc- (2m+3j)) + 5(s- j) -3 

- 31 ■ 2 (fc " (2m+3j))+4(s "-' ) " 3 )] 

22^ + 2s+4m+4j — 2 _|_ ^Jj (^k + bs + tim+Aj i — 3 3-^ 2^+43 + 6^+53 —3 ^ 

Thus we get (|11.54p and (|11.55p in the case < j < s - 2 



The case j = s — 1 



We have by (|11.47p and (JH3} with Z = 



A fe r 



+m 
+ m 
3s + 2m 



s+m-1 
s+i 



8 • Afcr 3s+2m _ 1 = -21 ■ 2 



-j3fc + 3s + 2m — 3 



+ 21-2 



2fc+6s+4m-6 



a+m-1 

^ 4 ■ A*r ^tT.! 



32 ■ A fc r 



s + m-1 
s + m-1 



fel 3s+2m-2 



+ A k cj 3s+2m (s, m, 0) = -21 ■ 2 3fc+3s+2m - 3 + 21 ■ 2 2fe + 6 *+ 4m - 6 



We get by fM8)) 

A k ui 3s+2 m(s, m, 0) = 21 ■ 2 3fc + 3s + 2m " 3 
Then 



A fe r 



B+m-l 



k l 3s+2m-l 



■8- A k r 



s + m-1 



kl 3s+2m-2 



— [ 21 2 3 ^^ 3s ^ 2m — 3 21 2 3 k~*~ 3s ~'" 2m — 3 21 (^k + Ss+Am — 6i 



2^ 2 3 ^" + 3s + 2m — 4 2 ^ e^k + Qs+Am- 

We then deduce 



A fc r 



+m 
+ m 
3s + 2m 



8 ■ 



8- A fc r 



s + m-1 

fel 3~s+2m-2 



22 23^+3s+2m — 4 . ^k+Gs+Am- 



22 2 3 ^+3s+2m — 3 _j_ 2^ 22^+6s+4m— 6 



^ A fc r 33+2 



2 6 ■ A fc r 



+ (m-l) 
+ (m-l) 

3s+2(m-l) 



105 2 3 ^ c- '" 3s ~'" 2m— 3 4 (53 22^+6s+4m— 6 



We obtain successively 
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A fe r 



s+m 
s + m. _ 
3s + 2m 



s+(m-l) 
— Z iifel 3s+2 ( m _i) 



105 2 3 k^~ 3s ^~ 2m— ^ _j_ 2^k~^ s ~'~^ m— 6 



» + (m-l) 



2° • A fe r, L = 2 U 

ft 2s + 2(m — 1) 



2 b • A,r 



fel 2s+2(m-2) 



105 • 2 3fe+3s+2 ^ m ~ 1 '" 3 4- 63 2 2ft+6s+4( - m_1 ' _6 



a+(m-3) 
Z iAfti 3s+2(m-3) 



105 . 2 3fc+3s+2(m-l)-3 +63 . 2 



2fc+6s+4(m-l)- 



»+(m-(m-2)) 
/ 9 D^m-k: a pL «+(m-(m-2)) . 
l - ' ' ^ kL 3s + 2(m-(m-2)) 



(2 6 



2 6 ■ A fc r 



+ (m-(m-l)) 

+ (m-(m-l)) . 
3s + 2(m-(m-l)) 



105 ■ 2 



3fc + 3s + 2(m-(m-2))-3 



+ 63-2 



2fc + 6s+4(m-(m-2))-6 



By summing the above equations we get 



A fc r 



+ m 
+ 771 
3s + 2m 



(2 6 



+ ^[-105-2 



3fc + 3s + 2(m-i)-3 



+ 63-2 



2fc + 6s + 4(m-i)-6 



] -2 6 



2 6m-6 . Afc p 



+ 1) 
fc 1 3s+2 



105 • 2 3fc+3s+2m - 3 . 2 4,; + 63-2 



1=0 



m — 2 

J ' -f6s + 4m-6 g 2 ' 
i=0 



r^r 2^^+35 — 1 2^ i^lk+Gs — 2 _j_ y 2 



fe+9s-2l 



7 ■ 2 

: 7- 2' 



3fc + 3s + 2m — 3 /g^-m— 4 c^lk + Qs + ^m — 6 ^-^m — 2 -j^ 



I + TI 



holds <=► A.T^Z 1 = lG 2 ^ 3 ^- 15 • A fc _ (2m+3(s -i))is 
Indeed we deduce from Lemma 11.231 in the case m = 



16 



2m+3(s-l) 



A fc . 



(2m+3(s-l))J- 3 



= 2 



8m+12s-12 



28m+12s — 12 2 3(fc — 2m — 3s+3) 2^ 2 Z 

^ 2^fc+3s+2m — 3) 2^ 22^+6s+4m — 6 _j_ ^ 2 



Afc_(2m+3(s-l))r3 1 

+ 7-2' 



k+9s+6m-S 



11.16. Summary of principal results in section 11. 
Lemma 11.17. We have for m > 2; 



□ 



(11.56) 
(11.57) 



A fc r 



+m 
+ m _ 
s + m+j 



A,r 



+ n 
+*> 
s+j 



(21 ■ 2 3j ~ 4 - 3 ■ 2 2j " 3 ) ■ 2 k+s ~ 1 



if 3 = 

if 1 < j < m — 1 



21 • 2 fc+3+3m - 5 + 45 • 2 fc+3+2m - 4 if j = m 



21 • J2 fc + s + 3m + 3j_s 4- 35 . 2* : + s + 2m + 4 J -7 _ 9 . 2 fe + s + 2m + 3 -? -6 ] i/ 1 < j < s — 1 

g 22fc+2s+m — 2 _i_ 22 2^+4s+3m — 5 

4-735 ■ 2 fe + 5s + 2m " 7 - 477 ■ 2 fc + 43 + 2m - 6 if j = s 
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(11.58) 



A p L s + m J 



63 2^^ c ~'~^ s ~'~ m ~'~^^ — ^ -I- 21 <2k J r4s-\-3m-\-3j — 2 

-735 ■ 2 fc+5s+2m + 4 ^ 3 - 945 ■ 2 fc+4a + 2m+4 J- 3 j/ < j < m - 2 

159 ■ 2 2fc+2a+4m ~ 5 + 735 • 2 k+5s+6m - 7 - 1629 ■ 2 fc + 4s + 6 ™- 7 ifj = m-l 



(11.59) 



315 • 2 2fe + 2s+4m+4j— 2 

f + + 2 ™ li+j = { +105 ■ (7 ■ 2 k + 5a + em + 4 3- 3 - 31 ■ 2 k+4a+tim + 5 3- 3 ) if0<j<s-2 



Further we have the following reduction formulas 



(11.60) A^ir+i = i 620 "^ ' ^k-iu-iA^B-M+i *f 2 <3< m 



(11.61) 



A t r 2 L ; +2 ™{ j+1 = 16 m J ■ A fe _ (2m+3i) r a L ( *_^ J +1 %f o<j<s-i 



The case m = 1 



(11.62) A fc r 



a + l 
a + 1 

S+j 



2 k + s ~ 1 if j = 

33 • 2 k+s ~ 1 if j = l 

7 ■ (105 ■ 2 J ~ 2 - 15) • 2 k+s+3j - 7 if 2 < j < s 

9 ■ 2 2fe+2s - 1 + 21 • 35 • 2 fc+5s - 5 - 393 ■ 2 fc+43 - 4 if j = s + 1 



159-2 



2fc+2s-l 



735-2 



fe+5s-l 



1629 ■ 2* 



ifj = s + 2 



(11.63) 



A fe r 



S + l 

2s+l+j 



105 • (3 ■ 2 



2fc+2s+4j-6 



+ 7 ■ 2 k+5s+4j - 5 - 31 • 2 fc+4s +^- 7 ) if2<j<s 
7 ■ ■>■" '• '-21- 2 Z *+ 6 *- 2 + 7 • 2* +9, ~ 2 i/j = s + l 

Proo/. We obtain (|11.62|) and (|11.63|) by combining ([83}, (pU0j) and J93J , J9/7]). 



□ 



12. An explicit formula for T 
12.1. Notation. 



S + m. Xfc 



, for s < i < 3s + 2m, fc > i 



Definition 12.1. We recall that T 



denotes the number of rank i matrices of the 
form ^-g-j where A is a s x k persymmetric matrix, B a (s + m) x k persymmetric matrix 
and C is a (s + m) x k persymmetric matrix. 



12.2. Introduction. We adapt the method in Section[lO]to compute explicitly the number 



12.3. Computation of r 



s + m | I 



s + m. | X («+<+!) 



for < i < 2s + 2m, k > s + i + 1. 
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Lemma 12.2. We have for m > 2, k > s + j + 1 









4m 


X fc 


s + m 


X(s+j+l) 






(12.1) 


r 


s + m j 
+3 


-r 


s + m 
+J 














[2 s - 




-2 s+] 


) 




if 3 = 






- < 


(21 • 2 s+3j 


" 5 - 3 


. 2 S + 2 ^ 4 ) ■ ( 


2 fe _ 2 S +J+!) 


«/ 1 < j < m - 1 



(21 • 2 s+3m ~ 5 + 45 • 2 s+2m ~ 4 ) ■ (2 fc - 2 s+m+1 ) i/ j = 
for m > 2, fc > s + m + j + 1 : 
(12.2) 



s + m 

r L=+™. 



s + m 
s + m 
s + m+j 



x(s+m+j + l) 



(2 fc - 2 s+m +J +1 ) • (21 • 2 s + 3m + 3 ^ 5 + 735 ■ 2 s+2m+4j ' 7 - 189 • 2 s + 2m + 3 J- 6 ) if 1 < j < s - 1 
g _ 2 2s + m_2 . (2 2,c — 2 4s + 2m + 2 ) 



_l_^2^ 22 s +m+i^ 2^ s +3m— 5 _j_ 2^ s ~^^ m— ^ 477 2 4s ~'~ 2m— ® 

form>2, k>2s + m + j + 1 : 
(12.3) 



s + m | x(2s + m + 2+j) 



- 2s+m+l+j - 1 - 2s + m + l+j 

' ^2^ 2 2s ^ m ^ 2 ^^) (21 ^s+^m+zj — 2 _|_ 2^ s + 2m +^~ 3 945 2 4s ^ 2m ^~ 4 ^~ 3 ) 

+21 • 2 2s+m + 3 ^ 2 ■ (2 2fc - 2 4s + 2m + 2 ^+ 4 ) if < j < m - 2 

53 2 2s ~*" 4m— 5 (2 2fc — 2 4s + 4m + 2 ^ 

_ + (2 fc - 2 2s + 2ra+1 ) ■ (735 ■ 2 5s+6m - 7 - 1629 • 2 4s+6m - 7 ) if j = m - 1, 



form>2, k>2s + 2m + j + 1 : 
(12.4) 



s + r, 

rs + r, 
o„±o, 



s + m. 



x(2s+2m+2+j) 
- 2s + 2m + l+j ~~ * 2s + 2m+l+j 

^2^ 2 2s + 2m + 2 +^) (735 2^ s ^^ m ^ 4 ^ - ^ 3255 2 4s ^^ m ^^~ 3 ) 

+ 105 ■ 2 2s + 4m + 4 ^ 2 • (2 2fc - 2 4s + 4m + 2 J+ 4 ) if < j < s - 2 

23s+2m-3 _ ^2 3fe _ 2 9s + 6m + 3 ) _ 7 . 2 6s + 4m ~ 6 . (2 2fc — 2 6s + 4m + 2 ) 

,+7 ■ 2 9s+Sm - 8 ■ (2 k - 2 3s+2m+1 ) ifj = s-l 

We have for m = 1, fc > s + j + 1 



(12.5) 



S + l 
3 + 1 
S+j 



1 s+j 



x(s+j + l) 
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= < 



33 -2 s - 1 ■ (2 fc 
(735 ■ 2 3+4j - g 
L -(2 2 
53-2 2s_1 ■ (2 2fc 



2 S + 2 ) 

105 ■ 2 s+3j - 7 ) ■ (2 k 



3 ■ 2 28 " 1 ■ (2 2fc - 2 4s+4 ) + (735 ■ 2 5s " 5 - 393 • 2 4s ~ 4 ) ■ (2 k - 2 2a+2 ) 



2 4s+B ) + (735 ■ 2 5 



->4s-4^ 

1629 ■ 2 4 "- 1 ) 



,2s+3^ 



if 3=0 
if 3 = 1 
if 2 < 3 < s 
if j = s + l, 
if j = 8 + 2, 



We have for m = 1, fc > 2s + 2 + j 



(12.6) 



+ 1 j xfc ^ s+l j x(2s+2+j) 



105 ■ 2 2s+4j - 6 ■ (2 2fc - 2 4s+2j+4 ) + (735 ■ 2 5s+4j ~ 5 - 3255 ■ 2 4s+5j - 7 ) ■ (2 fc - 2 2s+J+2 ) if 2 < j < s, 



(2 3 



7 ■ 2' 



6s — 2 i ('2 2fc 



+ 7 ■ 2 9 



if 3 = s + l 



Proof. By way of example we prove (1 1 2 . 2 p in the case j — s. 
We obtain from (|11.57[) in the case j — s 



= r 



s+m | X(fe+1) 



s + m I Xfc 



g 22fc + 2s + m — 2 _|_ 22 t^k+is + Zm — 5 _|_ 2k~t~5s + 2m — 7 477 2^^^ s ^ 2m ~^ 



hence the above equality gives 



3 + TO X(i + 1) 
s + r> 



s + m 



= 9 ■ 2 Z 



i=2s + m + l 



+ (21 ■ 2 4s+3m_5 + 735 ■ 2 5s+2m " 7 



" 2 . £ 2 

i— 2s + m + l 

477 2^ s ~*"^ m— ^ ^ 2^ 



i=2s + m + l 



+ m 
+ m 
2s + m 



x(fc + l) 



r. 

+ (21-2 



+ m 
+ m 
2s + m 



x(2s + m+l) 



g 22s + m — 2 2^s+2m+2 



(2 



2 \ fc — 2s — m 



2 2 - 1 



4s + 3m — 5 



+ 735 ■ 2 5 



□ 



12.4. Computation of T s+ 

m + 1, k = s + m + 1. 



, /or m > 2, < j < m, k > s + m and j 
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Lemma 12.3. 

(12.7) 



We have for m > 2 



s + n 
s + r, 
S+j 



' Q6s-\-2m — 3 y <2^s — Q _j_ g ^3s — 5 


if i 


= 


fc — s 


2 k+s-i _ 2 2s + 21 ■ (5 ■ 2 4s ~ 6 - 2 3s ~ 5 ) 


if i 


= 


k > s + 1 


e^iS-\-2m rj t^S — 'l _|_ 2 2^ s ~2 


if i 
y J 


— 1 


fc = s + 1 


9 . 2 k+s ~ 1 + 21 ■ (5 ■ 2 4s ~ 2 - 2 3s ~ 2 - 2 2s ) 


y J 


= 1 


fc > s + 2 


rj6s+2m+3 7 q4s-|-2 . o o3s + l _i_ q2s + 1 


if i 
y ./ 


— 9 


k = s + 2 


39 • 2 k+s + 21- (5- 2 4s+2 - 2 3s+1 - 9 ■ 2 2s+1 ) 


if j 


= 2, 


k > s + 3 


26s-|-2m + 6 ij 2^s+6 _|_ ^ 2^ s +4 _|_ 3 2^ s "'"^ : 


if ' 3 


= 3, 


fc = s + 3 


81 ■ 2 fc+s + 2 + 21 ■ (5 • 2 4s+6 - 2 3s+4 - 19 • 2 2s+4 ) 


if 3 


= 3, 


fc > s + 4 


26s+2m+9 _ j _ 24s+10 , g _ 2 3s + 7 _|_ J . 2 2a + 7 


if 3 


= 4, 


fc = s + 4 


165 ■ 2 fc+s + 4 + 21 ■ (5 ■ 2 4s + 10 - 2 3s + 7 - 39 ■ 2 2s + 7 ) 


if 3 


= 4, 


fc > s + 5 


26s+2m+12 rj _ 24s + 14 _^ g _ 2 3s + 10 _|_ ^5 . 2 2s + 1() 


if 3 


= 5, 


fc = s + 5 



(21 • 2 j ~ 1 - 3) ■ 2 fc+3 + 2 -'- 4 
+21 ■ (5 ■ 2 4s+4j - 6 - 2 3s+3 - 7 " 



g . 2^s+4j-6 _|_ 2 2s+3j-5^ 



26s+2m+3j — 3 ^ 2 4s+4j — 6 _j_ g 2^^+3j — 5 

+ (2 3 ~ 1 - 1) ■ 2 2s+3j ~ 5 

(21 • 2 s ~^^ m ~^ -|- 45 - 2 s ~^ 2m— - ^2^ f£8-\-m-]-i\ 

— f— 105 2^ :S ^~'^ rn ~ ^ 21 2^ s ~'"^ m ~ Lr3 — 21 2^ s_ '"'^ m— ® 



9-2 



2s + 3m — 5 



*/ 1 < J < m - 1, fc > s + j + 1 
t/ 1 < j < m + 1, k — s + j 
if j = m , fc > s + m + 1 



Let (H q -i) denote the following statement 



+ n 
+ i 



= (21 ■ 2 J ' _1 - 3) • 2 



-,fc+B+2j-4 



21 • (5 ■ 2 



4s+4j-6 



}3s+3j — 5 



-5-2 



2s+4j-6 _|_ 22s+3j-5^ 



for 1 < j < q - 1 < m - 2, k> s+j + 1 



Proof. Proof by strong induction 

We start by prove that (H q -i) holds for q — 2, 3, 4, 5 

Next we assume that (H q -i) holds, then we prove that this can be used to show that (H q ) 
holds, that is : 



«+ 

1 s+q 



= (21 ■ 2 9 " 1 - 3) • 2 fe + s + 2 «- 4 + 21 • (5 • 2 4s+4 "" 
for 2 < q < m - 1, fc>s + q + l 



23s+3q — 5 g 22 s +4g— 6 _|_ 22s+3g— 5^ 



The case j = 0, k — s 

Follows from (I6.4ip with Z = 0, i = s 

The case j = 0, fc > s + 1 

Follows from (fiTT) with j = using ()6.42|l with I — 
The case j = 1, fc = s + 1 
Follows from (1051 with ' = 

The case j = 1, fc > s + 2 and the case j = 2, k — s 
From (|6.ip with fc = s + 2, I = we obtain 



s+2 
i=0 



x(s+2) 



= 2 



6s+2m+3 
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\x(s+2) 



+ m x(s+2) a+m x(s+2) 



+ m x(s+2) 



->6s+2m+3 



s+2 



t 

using (I6.39P and (|12.7p in the case j = 0, fc > s + 1 with k = s + 2 we obtain 



7 • 2 4s " 6 - 3 • 2 Aa °) + (2 2s + 21 ■ (5 ■ 2 4s - 6 - 2 3s ~ 5 )) + T 



+ m x(s+2) 
+m J ,p 
s + 1 1 



+n 
+ n 
s + 2 



x(s+2) 



= 2 



6s+2m+3 



+ m x(s+2) 
+ m J p 
s + 1 + 1 



s + n 
s + n 
h2 



x(s+2) 



= 2° 



7 • 2* s-z + 3 • 2" 



From fl!T2l with = s + 2, Z = we get 



E 



+ 2 s+ s m x(s + 2) 



2" 1 = 2 



+ ,„ x(s+2) 



■ 2 _i + r 



x(s+2) 



■ 2~ s +r 



+ n 
+ n 

3 + 1 



x(s+2) 



-(s+1) 



+ r 



+n 
+ n 

s+2 



x(s+2) 



-(s+2) 



2^5s-\-2m-\-l . 2^5 + 3 2^s + l 



using (1QT7)) and (fT2~?l) in the case j = 0, k> s + 1 with = s + 2 



(15 • 2 33 " 6 - 7 • 2 2s " 5 ) + (2 s + 21 ■ (5 ■ 2 3s ~ 6 - 2 2s ' 5 )) 



x(s+2) 



"(s + 1) 



+ r 



+> 

+ r 
S + 2 



x(s+2) 



-(s+2) _ 25s+2m+l 2 3s + 3 _ 2 2s+1 



2-r 



+n 
+n 
s+1 



X(s + 2) 



+ r 



s.+n 
a+n 
s+2 



x(s+2) 



= 2° 



+ 49 ■ 2 is ~ 1 - 9 • 2 J 



hence we have (see above) 

r 



+ m j x(s+2) 
s+1 



= 105 • 2 4s ~ 2 - 21 ■ 2 3s ~ 2 - 3 • 2 2s 



+ m j x(s + 2) 
s+2 



26s+2m+3 rj 2^ s +2 _j_ ^ 2 3s +^ _j_ 2 2s4 "^ 



From (|12.ip with j = 1 we get 



+ n 
+« 
s+1 



3 + m | x(s+2) 



+n 
+« 
s + 1 



105 • 2 4s " 2 - 21 • 2 3s ~ 2 



3 • 2 2s + (21 ■ 2 s " 2 - 3 • 2 s " 2 ) ■ (2 fc - 2 S+2 ) 



s+1 



s + m | Xk 



_ g _ 2 fc+s-i + 21 . (5 . 2 4s " 2 - 2 3s ~ 2 - 2 2s ) 



The case j = 2, k > s + 3 and the case j = 3, fc = s + 3 
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From (|6.ip with k — s + 3, I — we obtain 



s+3 

t 

s-1 



+ m x(s+3) 



= 2 



6s+2m+6 



x(s+3) 



+ r 



x(s+3) 



+ r 



a+n 
s+n 

8 + 1 



x(s + 3) 



+ r 



3 + 1 

s + r 

+2 



x(s+3) 



+ r 



+n 
+ n 
s+3 



x(s+3) 



-)6s+2m+6 



Using (|6.39|l and (|12.7p in the cases j = 0, fc = s + 3 and j = 1, k = s + 3 we have 



(7 . 2 4s - 6 - 3 ■ 2 i3 ~°) + (3 • 2 2s + 21 • (5 • 2 4s ~ 6 - 2 3s ~ 5 )) + (15 ■ 2 2a + 21 • (5 • 2 



-,4s— 2 3s — 2 



)) 



s+2 



x(s+3) 



+ m x(s+3) 



-,6s + 2m + 6 



+ n 
+n 
s+2 



x(s+3) 



+ r 



s + n 
s+n 
+3 



x(s+3) 



26s+2m+6 fj 2^ s +2 , <^ 2 3s ~l~l 



9 ■ T 



From (16. 2p with k = s + 3, ! = we obtain 



E ] 



+3 s+ s m x(s+2) 



2" 1 = 2 



s+ro | x(s + 3) 



2 _ * + r 



x(s+3) 



■ 2~ s +r 



x(s+3) 



s + 1 



-(s+1) 



+ r 



s+2 



+ m x(s+3) 



■ 2 



-(s+2) 



s+3 



x(s+3) 



■ 2 



-(s + 3) _ 25s + 2m+3 2 3s + 6 _ 2 2s + 3 



Using (|6.40|l and (|12.7p in the cases j = 0, fc = s + 3 and j = 1, k = s + 3 we have 



(15 • 2 3s " 6 - 7 • 2 2s " 5 ) + (3 ■ 2 s + 21 ■ (5 • 2 3s " 6 - 2 2s " 5 )) + (15 ■ 2 s " 1 + 21 ■ (5 ■ 2 3s " 3 - 2 2s " 3 )) 



s + m x(s+3) 



s+2 



-(s+2) 



+ r 



+i 

+r 
s + 3 



x(s + 3) 



-(s+3) _ 25s+2m+3 . 2 3 s+6 _ 22s+3 



2F 



+n 
+ n 
s+2 



x(s+3) 



+ r 



+1 
+11 

s+3 



x(s+3) 



= 2° 



+ 49 ■ 2 is+J - 9 • 2 A 



21 • 2" 



Hence we have (see above) 

x(s+3) 



+n 
+ r< 

s+2 



+ n 
+ r< 

s+3 



= 105 • 2 4s+2 - 21 • 2 3s+1 - 33 ■ 2 2s+1 



x(s+3) 



26s+2m+6 _ j _ 24s+6 , g _ 2 3s + 4 _|_ 3 . 2 2s + 4 



From (fT2~T|) with j = 2 we get 



s + n 
S + n 
h2 



+ n 
+ n 

s+2 



x(s+3) 



(21 • 2 S+1 - 3 ■ 2 s 



->s+3\ 
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+ n 
+ n 

S + 2 



= 105 ■ 2 4a+2 - 21 ■ 2 3s+1 - 33 • 2 2s+1 + 39 • 2 s • (2 fc - 2 S+3 ) 



s + r 
+2 



= 39 • 2 k+s + 21 ■ (5 • 2 4s+2 - 2 3s+1 - 9 • 2 2s+1 ) 



From the above results we now deduce that (H q -i) holds for q — 2, 3, 4, 5. 



s + m X(s+j) 

Besides we get the formulas for r s L ^ +m for j = 0, 1, 2, 3, 4, 5 

Assume that (H q -i) holds. 
From (|6.ip with k — s + q + 1, I = we obtain 



s + e + m x(s + g + l) 



E ?r + 

t 

s-l 



= 2 



6s+2m+3g 



x(s+g+l) 



+ r 



t 

(7 . 2 4s - 6 - 3 ■ 2 3s ~ 5 ) + (2 2s+9 - 2 2a + 21 ■ (5 ■ 2 4a_6 - 2 3s ~ 5 )) 

8-1 



X(fl + q+l) 



x(s+g+l) 9-1 

+ Er 



s + n 
s + r, 
S+j 



X(s + q+l) 



3=1 



x(s + g+l) 



-)6s + 2m + 3q 



+ ^(21-2 J '- 1 -3)-2 

3=1 



2s+g+2j-3 



+ 21 ■ (5 ■ 2 



4s+4j-6 3s+3j- 



5-2 



2s+4j-6 , 22s+3j-5'j 



+ r 

t 



5 + 71 

s + r, 
s + g 



X(fl + q+l) 



+ r s +„+i 



X(s + q+l) 



-)6s + 2m + 3q 



s + m x(s + q+l) s + m \ x(s + q+l) 

x T 1 s + g + 1 



s + g 

2 



6s+2m+3g ^ 24 s +4q— 6 _j_ ^ 23 s +3q— 5 ^ 22 s +4g — 6 _j_ 22s+3g — 5 



Using (|6,2[l with = s + q + 1, I — we obtain 



s + q+l 

E ?l 

i=0 
t 



X(s + <?+l) 



2~ i e^>s-\-2rn-\-2q— 1 23s + 3q 22s + 2q— 1 



Er! 



S +ro | X(s + g+l) 



2 _I + r 



s+m X (s+g+1) 9-1 



s + r> 
s + n 
s+3 



X (s+g+1) 



■ 2 



"(s+3) 



3 = 1 



s + m I x(s + q+l) 
s + g 



. 2~ (a+9) +r 



s + m 
s + m 
s+g+1 



X (s+g+1) 



+ r 

t 

(15 ■ 2 3 "" 6 - 7 ■ 2 2s " 5 ) + (2 s+q - 2 s + 21 ■ (5 ■ 2 3s ~ 6 - 2 2 "™ 5 )) 



2-O + g+l) _ 25s + 2m+2g-l , r^is + Sq _ c^-s + lq-l 
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9-1 



+ ^(21 ■ 2 3 - 1 - 3) ■ 2 s+q+J - 3 

3=1 



21 ■ (5 • 2 



3s+3j-6 _ 2 2s + 2 i- 5 



g _ 2«+3j— 6 _|_ 2«+2j — 5^ 



+ 1 s + q 



X (s + q+1) 



. 2- (s+q) +r 



+ m 
+ m 
s + q+1 



X(s+q+l) 



-(s + q + 1) _ 25s + 2m + 2q-l , gSs+Sq _ g2s + 2q- 



2 ■ r 



+m X (s+q+1) 3 + m X (s+q+1) 



s + q 



+ r 



s+9+1 



2^ s +2m+39 _j_ ^g 2^ s +^9 — 5 g 23s+39 — 4 rjls+Zq—A 

Hence we have (see above) 

X (s + q + 1) 



13 • 2 



2s+4q-5 



s+tf 
s + r, 
s + q 



+m 
+ m 

s+q+1 



X (s + q+1) 



105 • 2 4s ^ 4q— 6 21 • 2 3s ^ 3q— 5 21 ■ 2 2s ^ 4<?— 6 -(- 9 2 2s ~*~ 3g— 5 



6s+2m+39 _ 7 r,4s+4q-2 _^ rj Q 3s+3q-2 , 22s+4q-2 _ 22s+3q-2 



2 US ~' *rn-\-oq y c£fi-t<±q — t -(-3 2 

From (|12.ip with j — q we get 



+ n 
+ n 
s+q 



+ n 
+1 

s+q 



X (s+q+1) 



(21 • 2 s+3g ~ 5 - 3 • 2 S+2 "- 4 ) • (2 k - 2 s+9+1 ) 



+ n 
+n 
s+q 



-j^Qg _ 2 4s +4q— 6 _ 2^ , 2 3s + 3 9— 5 _ 2i . 2 2s + 4g ~ 6 _|_ 9 . 2 2s + 3 9— 5 



21 • 2 s 



+ 3q — 5 ^ 2 s + 2q — 4^ ^fe e-jS + q+l 



2" - 2 s 



s+rn X k 

r s L + s +™ J = (21 ■ 2 9_1 - 3) • 2 fc+3+2<7 - 4 
The case j — m, k > s + m + 1 

We obtain from the proof by induction with q — m (see above) 



_|_ 21 (t^ 2^ s +4g — 6 23s+39 — 5 ^ 22s+4q — 6 _|_ 22s+3q- 



+ » 

+ rr 
s + m 



X (s+m+1) 



105 ■ 2 4a+4m - 6 - 21 • 2 3 



2^ c^-s+Am — 6 _|_ g 22s + 3m — 5 



r 



+ m 

+ 771 _ 

s + m+1 



X (s+m+1) 



2^s + 5m <j c^s + Am — 2 , ^ 23 s + 3m — 2 . 22s+4m — 2 22s + 3m — 2 



From (fT2~Tj) with j = m we get 



+ m | X(s + m+l) 
s + m 



/^-^ 2 s "l"^ m — ^ -|- 45 ^s + 'Zm — AX (e^k 2 s + m + 1> j 



^05 2^s+4m— 6 2^ 2^ s +^ m— ^ 21 2^ s ~'~^ m— ® _|_ 9 2^ s +^ m— ^ 



+ (21 ■ 2 s+3m - 5 + 45 ■ 2 s+2m - 4 ) • (2 k - 2 s+m+1 ) 
t 



(21 f^s-^Zm — 5 _|_ ^ 2 s + 2^ — 4\ f^k 2 s + m + l"\ 
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+ 105 ■ 2 4s+4m " 6 -21-2 



3s+3m — 5 



21 • 2 2s+4m - 6 + 9 ■ 2 



2s + 3m — 5 



□ 



12.5. Computation of F 

s + 3, k = 2s + m + 3 



S + 77 

s+m+j ' for 1 < j < s + 2, k > s + m + j, m > 2, j 
Lemma 12.4. VFe /lave for m > 2, k > s + m : 



(12.8) 



m— 1 a + m xfc 

Er u r j 

3=1 



+ 3-2 



3s — 2 , r>2s 



7-2 4 



7-2 



2s + 4m — 6 



7-2 



4s — 2 fc+s+2m— 4 



(12.9) 



rj 2^+2m — 5 ^ 22s + 2m — 5 . rj 2 s + 2m — 5 2^~1 

I y c^is — 'A , 2 s i ^pj 23 s +3 m— fi 2 s +^m— 6 ^ 2^ s — ^ 3 2^~'~ m — ^ 



Proo/. Proof of (fT2~g)) 

From Lemma 112.31 in the case 1 < j ; < m — 1, fc > s + j + 1 we obtain 



m— 1 s + m xfc 
3=1 



(21 • 2 fe+s " 5 - 21 • 2 3s_5 + 21 ■ 2 2s ~ 5 ) 



3j 



3=1 

m — 1 TTi — 1 

+ (105 • 2 4s ~ 6 - 105 ■ 2 2s ~ 6 ) • ]T 2 4j - (3 ■ 2 fc+s ~ 4 ) • ^ 2 2j 

0=1 3 = 1 

= (3 • 2 fc+s " 5 - 3 • 2 3s ~ 5 + 3 • 2 2s " 5 ) ■ (2 3m - 2 3 ) 

+ (7 • 2 4s ~ 6 - 7 • 2 2s ~ 6 ) ■ (2 4m - 2 4 ) - (2 fc+s ~ 4 ) ■ (2 2m - 2 2 ) 



Proof of (fT2~I?1) 

Similar to the proof of (|12.8|) : 



3=1 



a+m Xfc 



+ r 
s+3 



(21 • 2 K 



21 . 2 2s ~ 5 +21 • 2 s " 5 ) • 2 



V 



3=1 



+ (105 ■ 2 3s ~ 6 - 105 ■ 2 s " 6 ) ■ J2 2 3j - (3 • 2 fc " 4 ) ■ ^ 2 J 



3=1 

(7 ■ 2 fc ~ 5 - 7 • 2 2s ~ 5 + 7 • 2 s " 5 ) • (2 2m - 2 2 ) 



3=1 
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+ (15 • T 



15 ■ 2 s " 6 ) ■ (2 3m - 2 3 ) - (3 ■ 2 fc " 4 ) ■ (2 m - 2) 



Lemma 12.5. We have for m > 2, 1 < j < s — 1 



+ rr» 
+ m _ 



(12.10) 

-j^q^ 24s+4m — 2 2^ Q3s-\-3m — 2 2^ Q2s-\-4m — 2 2 2s ~l~3m — 2 

26s + 5m-|-3 y 24s+4m+2 1 <^ ^Zs + Zm + 1 _|_ 22s+4m+2 1 g 22s+3m + l 

21 |~2k~l~ s ~l~3m — 2 _|_ 2^"l _ ' s "l _ 2m — 2 g 24s+4m — 2 
23s + 3m — 2 g 22 s "t~4m — 2 2 2 s-|-3m — 21 



105 • 2 4s+4m+2 -21-2 



3s+3m+l 



-21-2 



2s+4m+2 



441-2 



2s+3m+l 



-)6s + 5m+6 



7-2 4 



3-2 



3s + 3m+4 1 f)2s-|-4m+6 



+ 19-2 



2s + 3m + 5 



21 |~2k~l~ s ~l~3m + l _j_ ^k-\-s-\-2m _|_ g 24s+4m + 2 
23s + 3m+l ^ 22s+4m-f2 265 2^ s ~'~^ m ~'~"'~] 



105 2^ s ^^ m ^^ 21 ^ s -\-^ mJ r^ 21 . e 2^ ,sJ r^ rn '\'^ 1071 2^ s ~'"^ m ~'"^ 

26s+5m+9 _ y i 2 4s + 4m + 1(] _i_ 3 . 2 3s + 3m + 7 _j_ 2 2s + 4m + 10 _|_ 47 . 2 2s + 3m + 9 
21 |~2k+ s +3m+4 _[_ 131 2^+ s +2m+3 _|_ 5 2 4s + 4m_ i"6 
2 3s +3 m +4 g 2 2 s+4m+6 575 2 2s ~'~ 3m ~'~^] 



105 • 2 4s+4m+10 - 21 ■ 2 3 



21 ■ 2 



2s + 4m + 10 



2331 ■ 2 2s+3m+9 



26s+5m+12 _ r, _ 2 4s + 4m + 14 _|_ 3 . 2 3s + 3m + 10 _|_ 2 2s + 4m + 14 _|_ 1Q3 . 2 2s + 3m + 13 

21 ^2k~t~ s ~t~ 3m + 7 -(- 271 2^ c ^ s ^ 2m "'"^ 5 2 4s ^ 4m- '""'"^ 
__2 3s + 3m + 7 _ 5 . 2 2s + 4m + 10 _ 1195 . 2 2s+3m + 9 ] 

105 ■ 2^ s ~^ 4m ^~^ — ® 21 • 2^ s ^^ m ^~^ — ^ 21 • 2 2s ^~ 4m ~^ 4 ^ ~ ^ 

315 2 2s + 3m ^^.7— 8 _)_ ig9 2 2s ^" 3m- '" 4 ^ — 7 

26s + 5m + 3j — 3 y c^is+im + ij — 6 _j_ g 2 3s + 3m ~t~ 3 -7 — ^ 

^2 2s + 4m + 4 i- 6 _i_ 7 . 2 2s + 3m + 5 J -8 _ g . 2 2s + 3m + 4 ^' -7 

21 ^2^"'" s "'" 3m ^ 3 ^ ~ ^ -(- 35 2^"'" s ~'" 2m ^ 4 ^ — 7 9 ^+3+2771+33 — 6 _j_ ^ 2 4s + 4m + 4 i — 6 

_2 3s + 3m + 3 ^ -5 _ 5 . 2 2s + 4m + 4 J -6 _ 155 . 2 2s + 3m + 5 ^~ 8 45 . 2 2s + 3m + 4 i _7 J 

Let (H q -i) denote the following statement : 



+ m X fc 
+ m _ 

n3s-t-3m+3j — 5 



□ 



if j — 1, fc = s + m + 2 

if j = 2, k = s + m + 2 

if j = 1, k > s + m + 2 

if j = 2, k — s + m + 3 

if j = 3, k — s + m + 3 

if j = 2, k > s + m + 3 

if j = 3, k — s + m + 4 

if j = 4, k — s + m + 4 

if j = 3, k > s + m + 4 

if j = 4, k — s + m + 5 

if j = 5, k — s + m + 5 

if j = 4, k > s + m + 5 



i/ fc = s + m + j + l 
i/ fe = s + m. + j 
i/ fc > s + to + j + 1 



21 r2k~t~ s ~t~ 3m + 3 J — 5 25 2^"t" s- '" 2m + 4 J — 7 9 2^ c ^ s ^ 2m "'" 3 ^ — ^ _i_ 5 2 4s- t" 4m + 4 J _ 



5-2 



2s+4m+4j-6 



155 • 2 



2s+3m+5j-8 



-45-2 



2s+3m+4j-7] 



for 1 < j < q - 1 < s - 2, fc>s + m + j + l 
Proof. Similar to the proof of Lemma 112,31 



We start by computing successively 



m+j 



for j = 1, 2, 3, 4 and fc > s + rn + j + 1. 



The statement (H q -i) is now obtained by observing their structures. 



□ 



Lemma 12.6. We have for m > 2, k > 2s + rn 
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JORGEN CHERLY 



(i2.il) ^r s L ;^ J 

j=l 



2 Q^k-^As-^Sm — 5 2y 2^+45 + 2m — 6 2 2^^ s ~^^ m — ^ 1 J 2^"^ s "f"2m — 2 



y (^As-^Am — 2 _^ 22s4-4m — 2 



105 2^ s ~'~^ m— ^ -|- 21 2^ s ~'"^ m— ^ 



Setting k = 2s + m in (|12.11ft we pet 



(12.12) 



S" 1 s + m X(2s + m) 

/ j s+m+j 

j 2^ s +^m — 6 _|_ r, ^2s+Am— 2 

3s+4m-2 



7-2' 



3-2 



21-2 



2s+3m- 2 



7-2 



,4s+4ra- 2 



3-2 



6s+3m — 7 



(12.13) £r 



+ m 
+ m _ 



-(s+m+j) 



2=1 

= 7-2 



fc + 2s + 2m- 



-jfc + 2s + m — 6 



63-2 

+ 107 ■ 2 43+2m " 7 + 7 ■ 2 2s+zm - J + 105 -2' 4 I .". • 2 



6s-\-3m—6 



15 2^ :S ~'~^ m — ® 15 ^s + Zm — Z -y^ 2 s + 3m — 3 217 2^ s ^^ m ~^ -|_ 41 2' s "'"^ m_ 

Setting k = 2s + m m (|12.13[) we pet 



(12.14) £r 

j=i 



+ m 
+ m _ 



X (2s+m) 



19 -2 4 



-(s + m+j) 



7-2 



2s + 3m — 3 



7-2 



2s+2m-2 



Proof. The assertions follow from Lemma ll2.5l 



EXPONENTIAL SUMS AND RANK OF TRIPLE PERSYMMETRIC MATRICES OVER F 2 219 



Lemma 12.7. We have for m > 2, < j < m 



+ 
+ 

2s+m+j 



r 

(12.15) 



' 29s + 5m — 3 y <2&s-{-A.m — 6 y 27s+3m — 8 _|_ ^ ^Gs^Zm — l 2^ s + 4m — 6 


if 3 


= 0, k = 


2s + m 


21 [^5 2 8s ~'~ 4m ~^ 5 2^ s ~'~^ m— ^ 2^ s +^ m ^^ ^5 2^* s +^ m— 8j 


if 3 


= 0, k = 


2s + m + 1 


29s + 5m y 28s+4m — 2 _j_ y c^I s-\-Zm — 3 g 26 s + 3m — 3 _|_ 2^ s ~'~'^ m — ^ 


if 3 


= 1, 


fc = 


2s - 


hm + 1 


2 2^fc+2s + m — 2 _|_ 2^ 2^~l"4s4-3m — 5 __|_ y^5 2^~l~5s + 2m — 7 477 2^-l~4.s4-2m — 6 












+105 ■ 2 8s+4m - 6 - 105 ■ 2 6s+4m - 6 - 3255 ■ 2 7s+3m " 8 + 1629 ■ 2 6s+3m_7 


if 3 


= 0, k > 


2s - 


bm + 1 


21 \j) 2 8s ^ 4m— 2 7 2^ s ~'"^ m — ^ 2^ s +4m — 2 2 > *' s + 3m — 3j 


if 3 


= 1. 


k = 


2s - 


-m + 2 


29s + 5m+3 y 2^ s +4m + 2 j c^l 's + 3m + 2 ^ ^ ^ s H-3 ■m.-f- 2 _j_ 26s+4m+2 


if 3 


= 2, 


k = 


2s - 


- m + 2 


2^ 22fc + 2s + m — 2 _j_ 2^ 2^~l~4s + 3m — 2 _■_ y^5 s^k.-\- f os-\-1m — 3 945 2^~t~ 4s ~'~ 2m — 3 












+ 105 • 2 8s+4m " 2 - 105 ■ 2 6s+4m - 2 - 3255 - 2 7s+3m " 3 + 3255 ■ 2 6s+3m " 3 


if 3 


= 1, 


k > 


2s - 


-m + 2 


21 [5 - 2 8s+4m+2 + 7 • 2 6s+3m+2 — 2 6s+4m+2 — 15 . 2 7s+3m+2 j 


ij '3 


= 2, 


k = 


2s - 


h m + 3 


29s + 6m + 6 y 2^s + 4m+6 y c^l s + Zm + l ^ 2^s + 3m + 7 _j_ 26s+4m+6 


if 3 


= 3, 


k = 


2s - 


^m + 3 


2"^ 22fc + 2s4-"2+l _j_ 2^ 2 ^ + 43 + 3m + 1 _|_ 725 ^k- 1 r 5s~ , r2m,-^~l 945 2^~t~'^ s ~' _2m ~^l 












.+105 ■ 2 8s+4m+2 - 105 ■ 2 6s+4m+2 - 3255 ■ 2 7s+3m+2 + 3255 • 2 6s+3m + 2 


if 3 


= 2, 


k > 


2s - 


-m + 3 



Proof. The case j = 0, k — 2s + rn 

From (pHj) with fe = 2s + m, ! = 0we obtain using (IT2~7)l . |(T2T5) | and (|12.12p 



s + m x(2s + m) 

S+T7 



-j9s + 5m — 3 



X (2s + m) 



+ r 



s + m X(2s + m) m— 1 

+ E r 



s + m | X (2s + m) 



+ m | x(2s + m) 
s + m 



-E r !; 



s + m 
s + m 



x(2s+m) 



+ r 

t 

(7-2 4s " 6 - 3-2 3s " 5 ) + (2 

| /rj 23s+4m — 2 ^ 23s + 3m — 5 

+ 3 ■ 2 3s ~ 2 + 2 2s + 7 ■ 2 
_l_ ^2^ 2^ s + 4m— ^ 45 2 3s +3m— 4 

I ^QCJ 2^ s ~t"^ m — ® oi n3s+3m — 5 

| ^y 2^ s +4rn — 6 



+ r 



+ rn 
+ rn 
2s + m 



X (2s + m) 



= 2 



)s + 6m — 3 



,3s-\-m—l 2s | r>i /c (-)4s — 6 2 3s_ ~ ^ 



- 2 2s + 21 • (5 • 2 4 

2 22 s + 3m — 5 2^ s + m — 1 



,3s — 2 | 2s | 4s + 4m — 6 y 22s + 4m — 6 



,4s + 4m — 6 2]^ 2 

,2s+4m- 2 



7-2 4s "^ -2 

2^ 22 s + 4m — 4 ^ 22s + 3m — 

2^ 22^+4m — 6 _|_ g 22s + 3m — 5 



)) 

,3s + 3m — 4 



| y 2^ s ~'l -4m ~^ _i_ 2^ 2^ s "l"3m — 2 y 24s + 4m — 2 



y 2''' s + 3m — 8 ^ 23 s +4m — 2 ^ ^6s-\-3m— 7 2^ s +4m — 6 23s + 3m+l^ 



+ r 

t 



+ m 
+ m 
2s + m 



x(2s + m) 



,-.9s + 5m- 3 



+ m X (2s + m) 
+ m J 



,->9s + 5m — 3 



y 28s + 4m — 6 , g 2^ s "l"3m — 7 



y 2^' s + 3m — 8 _|_ 26s+4m- 



The case j = 0, ^ = 2s + m + 1 and the case j = 1, A: = 2s + m + 1. 
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JORGEN CHERLY 



From 1(61} with k = 2s + m+ 1, ! = 0we obtain using (fT2~7)l and (IT2~8|) . (|12.11j) 



E 



2s + m + l sH f m x(2s + m+l) 



= 2 



9s-|-5m 



s-l s + x(2s + m + l) 



+ r 



+ m x(2s+m+l) m-1 s + m x(2s+m+l) 



+ Er 



3=1 



+ r 



+ n 
s+m 



X(2s + m+l) s-l 

+ E ^ s + m+j 
3=1 



+ m | x(2s + m + l) 



+ m x(2s + m + l) 



+ 
+ 

2s + m+l 



x(2s + m + l) 



(7 . 2 4s ~ 6 - 3 ■ 2 Aa °) + (2 3s+m - 2 2s + 21 ■ (5 • 2 4s ~ 6 - 2 3s ~ 5 )) 

-j3s+4m — 4 g 23 s +3m — 5 _j_ ^ 2^ s +3m— 5 2*^ s + m 

-,2s+4m— 6 



+ (3 • 2 3 

+ 3 ■ 2 3s ~ z + 2^+7-2" 



7- 2^ 



(21 2^ s ~'~^ m — ^ -|- 45 <2^s-\-3m — 3 2^ H-^m, — 4 c^Zs + Zm — 3 



105 ■ 2 



4s + 4m — 6 



21-2 



3s + 3m — 5 



21 • 2 



2s+4m-6 



+ 9-2 



2s + 3m — 5 \ 



| ^ 2^ s ~'"'^ m — 4 27 2^ s ~'~^ m — ® 3 2^s J r 4 : rn. — l -j^ 23s + 3m — 1 

■ c^J s-\-Zm — 6 _|_ 26 s + 3m — 7 , <^ 23 s + 3m — 2 . y ^Ss-^-Am — 6 y 2^ s + ^m — 6 



y 24s+4m — 2 _j_ y 22s + 4m — 2 
X(2s + m + l) 



+ r 



s + m 
2s + m 



+ r 



+ 
+ 

2s+m+l 



105 ■ 2 la+i 

X (2s + m + l) 



21 • 2 2 



= 2 



9s + 5m 



+ m x(2s + m + l) s + m x(2s + m + l) 



+ r 



2s + m+l 



2^ s +5m y ^Ss+4m — 6 ^ 2^ s + 4m — 6 . pjy 26s + 3m — 7 2^ s + 3m — 8 

From with fc = 2s + m + 1, ! = 0we obtain using (fT2~7)l and (fHHf)) . !! 12.13 ft 



2s + m + l s _|f m x(2s+m+l) 

E r r + " 

z=0 



Er 



s-l S + x (2s + m + l) 



2~ l + r 



+ m X(2s+m+l) 



m-1 s + m x(2s + m+l) 



'2- S +E r s + S 3 



"(s+j) 



3=1 



2s + m 



X(2s + m+l) s-l s + 

9 -(s + m) . \ "» p L = + 
' Z + s + m+j 

3 = 1 



X(2s + m+l) 



x(2s + m+l) 



-(2s+m) 



+ F 



+ 

2s + m+l 



x(2s+m+l) 



-(s+m+j) 



-(2sH-m+l) 2^s + 4m — 1 . 26s + 3m 



(15 • 2 3s " 6 - 7 • 2 2s ~ 5 ) + (2 2s+m - 2 s + 21 • (5 • 2 3s ~ 6 - 2 2s ~ 5 )) 

^y 2^s + 3m — 4 y 2^s + 2m~5 _j_ y 2 s + 2m — 5 22s + «i 
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I ij 2^s— 3 _|_ 2 s _j_ (^s-\-Zm— 6 2 s +3 m— 6 2^ s — ^ 3 2^ s ~'~^ m — 



105 2° s "t"°' m — ° 2X 2 za_,_z " l— ° 21 ^s-\-3m— ® _|_ q 2 s ^2m— 5^ 



(7-2 



3s+3m — 6 2^ 22 s +2m — 5 
4s + 3m — 4 ^As + lm — b 



10T 2^ s ^^ m— ^ -|- 7 2^ s ~^ m— ^ + 2.05 2^ s ^ 2m ~ ^ -|- 15 2^ s ~^~ 3m ~ 



15 2^ s ^ 3m ~ ^ 15 2 3s ~^ 3m— 3 

s + m x(2s + m + l) 
1 pi s + m J (2s + m) 

"r 1 2s+m ' z 



+ 15 ■ 2 s+3m " 3 - 217 ■ 2 5 

*m x(2s + m+l) 



+ 41 . 2 s+2m ~ 3 ) 



+ r. 



2s + m + l 



(2s + m + l) 2 > *' s + 'im — 1 rj6s + 3m ^4s+2m- 1 



+ 2° 



2-r 



+m 
+ m 
2s + m 



x(2s + m+l) 



s + m I x(2s + m + l) 



= 2 9s+5m +49-2 



r - 1 - 2s + m+l 

Ss+4m — 5 _|_ g-j^ 2® s + 3m — 6 2^ s +^m — 5 203 2 7s ~^ 3m ~ 7 



The case j = 0, ft > 2s + m + 1 
From (|12.2[) with j = s we get 



+rr> 
+ m 
2s + m 



r 



+ m | x(2s + m+l) 
2s + m 



g c^s + m — 2 <2&s J r 2m-\-2 \ ^ /^k Q^s + m + l^ ^21 ^s + Zm — b . y^pj 2^ s + 2m — ^ 477 2^ s ~'"^ m- 



+ m Xfc 

-p _ s + m J 2^ ^ 28 s + 4m — 6 _|_ g 2^ s + ^ m — ^ 2^ s ~l"4 m — 6 -j^ 2 > *' s + ^ m — 8j 

-f- 3 2^ s ~' _m ~ ^ ^2^^ 2^ s +2m+2^ _|_ 22 fi + m +i^ ^21 24 s +3m--5 _j_ 735 2^ s ^~^ m— ^ 477 2^ s ^^ m ~ 



s + m X fc 

1 2s + m 



^ (2^k-\-2s-\-m — 2 2^ 2^~l~4s + 3m — 5 _|_ 2k + 5s-|-2m — 7 477 2^ c ~' _ ^ :S ~'~^ m — ^ 



+ 105 ■ 2 8s+4m " 6 - 105 ■ 2 6s+4m_6 - 3255 • 2 7s+3m_8 + 1629 • 2 6s+3m " 7 

The case j = 1, ft = 2s + m + 2 and the case j = 2, fc = 2s + m + 1 

From (pTTj) with fc = 2s + m + 2, ! = 0we obtain using (fT2~7)l and (fT2~g)) . (|12.1ip 



E 



2s+m+2 B + m x(2s+m+2) 

s+m J _ „9s+5m+3 



x(2s + m+2) 

+ r 

x(2s + m + 2) s-1 



x(2s + m + 2) m— 1 

+ E r 



a+n 
s + n 



3=1 



+ Er 

3=1 



+ m 
+ m 



x(2s+m+2) 



+ r 



+m 
+ m 

2s+m 



x(2s+m+2) 



X (2s + m + 2) 



+ 
+ 

2s+m+l 



x(2s + m+2) 



+ r 



a+ 
s + 

2s+m+2 



X (2s + m + 2) 



= 2 



9s + 5m+3 



+ r 

t 

(7 . 2 4s ~ 6 - 3 ■ 2 3s " 5 ) + (2 3s+m - 2 2s + 21 • (5 • 2 4s " 6 - 2 3s " 5 )) 
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+ (3 ■ 2 3s+4m ~ 4 
+ 3 ■ 2 3s ~ 2 + 2 2 



JORGEN CHERLY 

^ 2^ s +3m — 5 | o c)2s-\-3m — 5 r>3s + m 



•7 - 2 4 



+ 105-2 



( 4s+4m— 6 



( 3 s + 3 m — 5 



(3-2 



,6s+4m — 3 



21-2 

r)6s+3m — 4 



-3-2" 
- 7 ■ 2 2 
-21-2 
21-2 



-2 d 
■ — 7 • 2 ; 



,2s+4m-4 



45-2 



- 2 

2s+3m — 3 



2s+4m-6 



+ 9-2 



,2s+3m — 5 > 



r>3s+4m 



, 2 YS ~l~3m— 5 _|_ ^-^ 2^ s +3m — 7 | g 23 s +3m — 2 . rj c^s+Am — 6 y 2 



27s + 3 
y 24s+4m — 2 



( 6s+4m — 6 



+ 7-2 



,2s+4m-2 



105 ■ 2 



,7s+3m-8 



■21-2 



,2s+3m- 2\ 



-3-2 



( 6s + 3m+2 



- 21 • 2 b 



+ 735-2 



,7s + 3m — 5 



- 477-2 



,6s + 3m — 4 



105 • 2 



,8s+4m — 6 



105 • 2 



,6s+4m — 6 



3255 • 2 7s+3m ~ 8 + 1629 ■ 2 6s+3m - 7 



+m x(2s+m+2) 



- 2s+m+l 



+ r 



+ 

2s+m+2 



X (2s + m+2) 



r>9s + 5m4-3 



+ m x(2s+m+2) s +m x(2s+m+2) 



s + n 
- 2s + m+l 

= 2 9 



+ r 



2s+m+2 



7- 2 s 



5-2° 



+ 51-2° 



91-2' 



From (EU with fc = 2s + m + 2, ( = 0we obtain using IfTTT} and (fT23|) . (|12.13p 



E 



2s + m+2 s + m x (2s+m+2) 



2~ « 2^ s +4m+l ^ 2^ s + 3m-f-3 24s + 2m-fl 



E r 



s -i s + m x(2s + m + 2) 



2~ l + r 



+ m x(2s+m+2) 



m—1 s + m x(2s + m+2) 



■2- s + E r ^ 



-(s+j) 



+ r 



X (2s + m + 2) 



r,-(s + m) . \ " r L s 
' Z ~T / , 1 3+'. 



er + m 

s+m 
■m+j 



+ m J X (2s + m + 2) 
2s+m+l 



-(2s+ra+l) 



+ r 



8 + 
S + 

2s+m+2 



X (2s + m + 2) 



X(2s + m+2) 



-(s+m+j) 



+ r 



+ m 
+ m 
2a + m 



x(2a+m+2) 



■ 2 



-(2s + m) 



(2s + m + 2) _ 2 7s + 4m — 1 j_ 963+3771 _ r,4s + 2m — 1 



+ 2° 



(15 • 2 3s ~ 6 - 7 • 2 2s ~ 5 ) + (2 2s+m+1 - 2 s + 21 ■ (5 • 2 3s ~ 6 - 2 2s_5 )) 



-2 2 



7 , 2 2 S -3 + 2 s + 15 . 2 3s + 3m - 6 _ 15 . 2 



s+3m-6 -j^ 23s — 3 ^ ^ 



(21 • 2 



,2s + 3m — 3 



+ 45-2 



2s+2m-2 



21-2 



s + 3m-4 



,3s+3m — 6 21 2^ s +2 m ~ ^ 21 2 s ^ 3m — ^ 



2 4s + 2m — 4 y 22s + 3m — 1 



105-2 

1 07 . 2 *s+2m-7 + J, ■>--■ -'" '■ + J ()5 . 2 

-15-2' 



— 45 ■ 2 s ^ 2m ~ 3 
+ 9 . 2 s+2m - 5 ) 

2s + 2m-l 



21-2 
' + 15 • 2 6 



,4s + 3m — 6 23s+3m — 3 . ^ 2 s + 3m — 3 217 2^ s ~'~^ m — ® 



+ 41-2 



s + 2m-3l 



^ 2^ s + 2m + 2 . 2^ 2^ s "l"3m — 3 _|_ 2^s + 2m — 5 477 2^ s ~'~^ m — ^ 

105 ■ 2 6s+3m " 6 - 105 ■ 2 4s+3m_6 - 3255 • 2 5s+2m - 8 + 1629 • 2 4s+2m ~ 7 
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+ r 



+ m x(2s + m + 2) 



-(2s + m + l) , p L »+ 



+ m x(2s + m + 2) 



2s + m+2 



-(2s + m + 2) _ 2' 7s + 4m + 1 i 26s + 3m+3 _ 2 4s + 2m + 1 



2-r 



8 + 

a + 
2s+m+l 



X (2s + m + 2) 



+ r 



8 + 

a + 

2s+m+2 



X (2s + m + 2) 



29s+5m+3 _j_ ^g 2^ s +*^ m— 1 _j_ gg 2^ s +3m— 2 -j^ 2^ s +^ m— ^ 203 2 7s ~'~ 3m— 2 

hence we have (see above) 

X (2s + m + 2) 



+ n 
+ n 
2s+m+l 



21 ■ 5 • 2' 



s + 4m — 2 . y 2^ s + 3m — 3 2*^ s +4m — 2 



15 2^ s ^ 3m ~ ^1 



+ 
+ 

2s+ro+2 



X (2s+m+2) 



2^ s + ^m y 2^s+4Tn+2 . 2^ s + 3m + 2 ^ 2^ s + 3m + 2 . 26s + 4m + 2 



The case j = 1, k> 2s + m + 2 
From (fl"2~3j) with j = we get 



+ m x(2s+m+2) 



- 1 - 2s+m+l - 1 - 2s+m+l 

= 21 ■ 2 2s+m " 2 • (2 2k - 2 4 



(2 fc — 2 2s + m + 2 ') 



(21 ■ 2^ s ~*~ 3m— 2 -4~ 735 2^ s_ *" 2m— ^ 945 2^ s ~*~ 2m— ^ 



+ m xfc 

+ m J 2j^ ^ 2^ s +4m — 2 y 2^ s ^^ m — ^ 2^ s +4m~2 -j^ 2^ s + 3m — 3 

k 



21 2 2s ~^" m ~ 2 (2 2 ^ 24 s +2m+4\ . (2^ 2 2s ~i~ m + 2 



) • (21 ■ 2 4s+3m ~ 2 + 735 • 2 5s+2m ~ 3 - 945 • 2 4s+2m ~ 3 ) 



+n 
+ n 
2s+m+l 



2^ 2 2 ^+ 2s + m— 2 _i_ 2^ 2^+^ s ^"3m— 2 735 2k+5s+2m— ^ 945 2^^^ s ^~ 2m ~^ 



105 ■ 2 8s+4m - 2 - 105 • 2 6s+4m " 2 - 3255 • 2 7s+3m_3 + 3255 • 2 6s+3m " 3 



The case j — 2, k — 2s + m + 3 and the case j = 3, k — 2s + m + 3 

From J6U with k = 2s + m + 3, I = we obtain using (fj"2~7)l and (IT2~8j) . (|12.1ip 



2s+m+3 

E r 

i=0 

t 



x(2s + m+3) 



-\9s + 5m+6 



+ r 



x(2s+m+3) 



+ r 



X(2s + m+3) 8-1 



x(2s+m+3) m-1 

+ Er 



s + m | X (2s + m + 3) 



s+j 



J=l 



s + m 
+ m 
m+j 



x(2s + m+3) 



+ r 



+ m 
+ m 
2s + m 



x(2s + m+3) 



+ r 



+ 
+ 

2s+m+l 



x(2s+m+3) 



+ 
+ 

2s + m+2 



X(2s + m+3) 



+ r 

t 

(7-2 

| ^ 23s+4m — 2 



+ r 



+ 
+ 

2s+m+3 



x(2s+m+3) 



-)9s+5m+6 



i. ; 3 . 2 3 s -s-j + j- 2 3»+m+2 _ 2 2s +21 ■ (5- 2 4s " 6 - 2 33 " 5 )) 
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+ 3 ■ 2 3s ~ 2 + 2 Zs + 7 ■ 2 



+ (21-2 
+ 105-2 



,2s 

,3s+4m— 2 



,4s+4m — 6 



+ 45-2 
21-2 



.4s+4m — 6 
,3s+3m — 1 



r)3s+3m-b 



,3s + 3m — 5 



-21-2 
-21-2 
3 ■ 2 



,2s + 4m — 4 ^ 22s + 3m — 3 
,2s + 4m — 6 g 22s + 3m — 5\ 



,3s+4m + l 



11 ■ 2 



,3s + 3m + l 



7-2 



,6s4-4m — 6 



,6s+4m- 2 



105 ■ 2 



,7s + 3m — 8 



+ 21-2 



,2s+3m— 2\ 



+ 3 ■ 2 6s+3m+4 + 21-2 



+ 735 ■ 2 7s+3m " 4 - 477-2 



( 6s+3m— 3 



+ 105 ■ 2 8s+4m ~ e 
■ 2^ 2^ s +^ m +^ 



105 ■ 2 



,6s + 4m — 6 



3255 • 2 



,7s+3m— 8 



+ 1629 ■ 2 



,6s+3m — 7 



+ 21-2° 

+ 105 ■ 2 8s+4m ~ 2 - 105 ■ 2 6s+4m ' 2 

x(2s+m+2) s + m x(2s 



+ 735 • 2 7 



945-2 



,6s + 3m 



3255 ■ 2 7s+3m " 3 + 3255 ■ 2 6s+3m " 3 



+ r 

t 



+ 
+ 

2s + m+l 



+ r 



+ 
+ 

2s + m+2 



1+2) 



= 2 



,9s+5m + 3 



+ 
+ 

2s+m+l 



X(2s 



•»+2) 



+ r, 



+ ,„ J x(2s + m + 2) 
2s + m+2 



29s+5m+6 7 2&s+4m+2 ^ 2^ s +4"i+2 _j_ g-^ 2^ s +3m+2 g-^ 2^s+3m+2 

From (f6T2]> with fe = 2s + m + 3, / = we obtain using (IT2~7)l and (fT2~9j) . (|12.13p 



2s + m+3 s + m x(2s+m+3) 



E r * 



2~ i 2^ s + 4m + 3 _|_ 2^ s + 3m+6 24s + 2m+3 



E^+ 



+ r 



X (2s + m+3) 



2~ l + r 



x(2s+m + 3) 



2 ~ 3 + E r 



s + n 
s + n 



x(2s + m+3) s-1 
2~ (s+m) 



s+n 
2s+m+l 



X (2s + m+3) 



X (2s + m + 3) 



+ Er 



a+n 
B + r, 



X (2s+m+3) 



-(s+m+j) 



X (2s+m+3) 



+ r 



+ m 
+ m 
2s + m 



3=1 



9 -(2s+m+l) | p[.+ 
' Z T 1 2s+m+2 



X (2s + m + 3) 



-(2s+m+2) 



-(2s+m+3) _ 2 7s + 4m +3 _|_ 2 6s + 3m + 6 _ 2 4s + 2m + 3 



"(s+j) 



x(2a+m+3) 



(15 • 2 3s ~ 6 - 7 • 2 2s ~ 5 ) + (2 2s+m+2 - 2 s + 21 ■ (5 • 2 3s " 6 - 2 2s ~ 5 )) 



(7-2 



,2s + 3m — 2 



7-2 



,2s + 2m — v 



y 2^s— -3 2 s _|_ 25 ^3s-\-3m — 6 



15 2 s "'"^ m— ^ 15 2^ S— 3 3 2^ s "'"^ m— ^ 



(21 • 2^ s ^ m— ^ -|- 45 2^ s ~^ m— 1 21 2 s ~*~^ m— ^ 45 2 s ~^^ m— ^ 



■ 105 * 2 3s+3m_6 — 21 2 

4s + 3m-2 
4s + 2m-7 



,2s + 2m — 5 



21 2 s ~*~^ m ~ 6 -f- 9 2 s ~'"^ m— 



^ 2^s + 3m — 2 2^ s ~i" 2m — ^ y 2^ s ~'~^ m 

105 • 2 5 



21-2 



,2s + 2m 



+ 15 • 2 6 



+ 107 . 2 ^+^-' +7 . 2 

— 15 2^ s "'"^ m— ® 15 2 <5s+,5rn ~' 5 _j_ 25 2 s_l " ;3m— 3 217 2 bs_, "^ m— 8 -|- 41 2 

I g 24 s + 2m + 4 . 22 (2^s-\-Zm — 2 , 2^ s + 2m — 4 477 2^ s "'" 2m — ^ 



s + 2m — 3 > 
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+ 105 ■ 2 6s+3m " 6 - 105 ■ 2 4s+3m_6 - 3255 ■ 2 5s+2m " 8 + 1629 ■ 2 4s+2m_7 
■ 2^ 2^ s +^ m +^ _i_ 21 2^ sJl ~^ rn -|- 735 2^ s ~^ m ~ :L _ 945 2^ s ~^ m— 1 

+ 105 • 2 6s+3m " 3 - 105 ■ 2 4s+3m ~ 3 - 3255 • 2 5s+2m ~ 4 + 3255 • 2 4s+2m - 4 



I s + m I x(2s + m + 3) 
2s + m+2 



Q -(2s + m + 2) , p L *H 
' z T 1 2s+ 



s + 

B + 

l-m+3 



X (2s + m + 3) 



(2s + m + 3) _ 2 7s + 4m + 3 _j_ 9 6s + 3m + 6 _ r,4s + 2m + 3 



+ 2° 



-2" 



2 • r 



s + m x(2s + m+3) 
s + m 

2s+m+2 



+ m x(2s + m + 3) 
, p L •+«• J 
l 1 2s+m+3 



29s+5m+6 _|_ 4g c^s+Am+s _j_ gg 2^ s +^ m +3 2^ s +4m+3 203 2 7s ^~ 3m ^" 3 

hence we have (see above) 

X (2s + m + 3) 



+n 
+ n 
2s+m+2 



2]^ re; 2 8s + 4m + 2 ^_ 7 2 6s + 3m + 2 — 2 6s + 4m + 2 _ 15 2 7s+3m+2 l 



+ m j x(2s + m + 3) 
2s + m+3 



29s+6ro+6 rj 2^ s + 4m +^ I y 2 7s ~t~3m+7 3 2^ s ~*~ 3m ^ 7 _(_ 2^ s ^ 4m- '"^ 



The case j = 2, k > 2s + m + 3 
From (fT23|) with j = 1 we get 



+ m Xfc s + m X(2s+m+3) 

r L>+™J r |_s+mJ 

1 2s+m+2 1 2s+m+2 
2^ 2 2s + m "t"-'- (2 2 ^ t24s + 2m + 6\ 



^2^ 2 2s + m + 3 ) ^21 ^s+Sm+i +735 2^ s ^ 2m ~*~^ 945 2^ s ~*~ 2m ^ 1 ) 



s + m Xk 

p[s+mj —21 [5 2 8s+4m+2 4- 7 2 6s+3m+2 — 2 6s+4m+2 — 15 2 7s+3m+2 l 
_l_ 2^ 2^ s +"i+i ^2^^ 2^ s ^^ m +^^ _|_ — 2^ s ^ m "^^^ ^21 2^ s ~^ m ~'~ 1 -|- 735 2^ s ~^ m ~^ 1 — 945 2^ s ~^^ rnJl ~^^j 



+mj xfc 

2s+m+2 



p l s +"t- J 21 2^^+^ s + m + 1 _[_ 21 2^+4s-i-3m+i _|_ 735 2^~'"^ s '^"^ m ^ 1 945 2^ Jr ^ sJr ^ rn ^~ 1 



+ 105 • 2 8s+4m+2 - 105 • 2 6s+4m+2 - 3255 ■ 2 7s+3m+2 + 3255 ■ 2 6s+3m+2 



a + l 
a + 1 



□ 



12.6. An explicit formula for T 

following results obtained in Lemma 112.21 



for s < i < 3s + 2, k > i. We shall use the 

Lemma 12.8. We have for m = 1, k > s + j + 1 
(12.16) 



8 + 1 
» + l 



S + l 
S + l 



X(s+J + 1) 



S+j 



S+j 



33 -2 s " 1 ■ (2 k -2 S+2 ) 

(735 ■ 2 s+4j " 9 - 105 ■ 2 s+3i - 7 ) • (2 k - 2 S+J+1 
3 • 2 2s ~ 4 ■ (2 2fc - 2 
53 ■ 2 28 - 1 ■ (2 2fc - 2 4s+6 



>-•- 1 i-> : - ; ■>■■ - _|_ (735 . 2 5s ~ 5 
(735 • 2 5s - ] 



*/i = o 

if 3 = 1 
*/ 2 < j < s 

393 • 2 4s ' 4 ) • (2 k - 2 2s+2 ) if j = s + 1, 
- 1629 • 2 4s - 4 ) • (2 k - 2 2s+3 ) if j = s + 2, 
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We have for m = 1, k > 2s + 2 + j 
(12.17) 



+ i 
+ i 

2s + l+j 



+1 
+ 1 
2s + l+j 



x(2s+2+j) 



105 • 2 2s+4j - 6 • (2 2fc - 2 4s+2j + 4 ) + (735 • 2 5s+4j - 5 - 3255 • 2 4a+5] - 7 ) ■ (2 fc - 2 2s+3 + 2 ) i/ 2 < j < s, 

2 3s-l . ( 2 3fe _ 2 9 S +6) _ 7 . 2 6s-2 . ^2* _ 2 6s+6) + ? . 2 9 S -2 . ^fc _ 2 3s+3) ^ ■ =s + 1 



Theorem 12.9. We have 



(12.18) 



+1 
+1 
+J 



x(s+j + l) 



'105 


. 2 4s ~ 6 - 21 • 2 3s ~ 5 


if 3=0, 


105 


. 2 4s - 2 - 21 • 2 3s ~ 2 - 3 ■ 2 2s 


if 3 = 1, 


21 • 


[5 . 2 4s + 2 - 2 3s+1 - 5 ■ 2 2s+1 ] 


if 3 = 1, 


21 • 


[5 . 2 4s + 6 - 2 3s+4 - 25 • 2 2s+4 ] 


if 3 =3, 


21 • 


[5 . 2 4s + 10 - 2 3s + 7 - 55 • 2 2s+s ] 


if3=±, 


21 • 


[5 • 2 4s+4j ~ 6 - 2 3s+3j ~ 5 - 15 ■ 2 2s+5j ~ 10 + 5 ■ 2 2s+4 -''~ 8 " 


*/2< j<s + 2, 


21 • 


[5 • 2 8s ~ 2 + 2 6s ~ 4 - 15 • 2 7a -'°] 


if j = 8 + 1, 


21 ■ 


[5 -2 8s+2 + 3 • 2 6s - 15 • 2 7s ] 


if 3 = s + 2 



(12.19) 

r 



+i 
+i 

2s+3+j 



x(2s+4+j) 



21 ■ [5 ■ 2 8s+4j+6 + 5 • 2 6s+ey+5 
315 •2 12s " 1 



15 • 2 7s+5j+5 ] if0<j<s-2, 
if 3 = s-1 



We have 
(12.20) 



3+1 

B + l 



= < 



105 ■ 2 4i ~ 6 - 21 ■ 2 3i ~ 5 

2 k+s-l _ 2 2s + 1Q5 _ 2 4s-6 _ 21 . 2 3s-5 

33 • 2 k+s " 1 + [105 ■ 2 4s ~ 2 - 21 • 2 3s ~ 2 - 69 • 2 2s ] 
630 ■ 2 k+s - 1 + 21 • [5 ■ 2 4s+2 - 2 3s+1 - 65 • 2 2s+1 ] 
1365 ■ 2 fc+s+2 + 21 ■ [5 • 2 4s+6 - 2 3s+4 - 285 • 2 2s+4 ] 
2835 • 2 fe+s+5 + 21 ■ [5 • 2 4s+1() - 2 3s+7 - 595 ■ 2 2s+8 ] 
105 ■ (7 ■ 2 J ~ 2 - 1) • 2 fc+s + 3 ^ 7 

+21 • [5 • 2 4s+4j - 6 - 2 3s+3j - 8 - 155 • 2 2s+5j - 10 + 25 ■ 2 2s+4j - 



g . 2 2s-l . ^2* _ 2 4 s+ 4) + ( 735 . 2 5s-5 

+21 ■ [5 ■ 2 8s ~ 2 + 2 6s ~ 4 - 15 • 2 7s ~ 5 l 

53 . 2 2 S -1 



(2 2fc - 2 4s+6 ) + (735 • 2 5s - 1 - 1629 • 2 4s " 1 
+21 ■ [5 ■ 2 8s+2 + 3 ■ 2 6s - 15 • 2 7s ] 
105 • (2 2fc + 2s+4 3+ 2 -)- 7 . 2 fc + 5s + 4 J+ 3 _ 3i . 2 fc + 4s + 5 i+ 3 
+105 • (2 8s+4j + 6 - 31 • 2 7s+5j+5 + 93 • 2 6s+fy+5 ) 

2 3fc+3s-l _ j _ 2 2fc+6s-2 _|_ rj _ 2 fc+9s-2 _ 2 12s-l 



393 • 2 4s - 4 ) • (2 k - 2 2s+2 ) 

) . (2 fe - 2 2s + 3 ) 



ifi = 0, 

ifl<i<s-l, k>i + l, 
if i = s, k > s + 1, s > 1, 
ifi = s + l, k > s + 2, 
if i = s + 2, k > s + 3, 
if i = s + 3, k > s + 4, 
if i = s + 4, k > s + 5, 

ifi = s + j, 

2 < j < s, k>s+j + l, 

ifi = 2s + l, fe > 2s + 2, 

ifi = 2s + 2, k > 2s + 3, 

if i = 2s + 3 + j, k > 2s + 4 + j, 

< j < s - 2, 

ifi = 3s + 2, k > 3s + 2 
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(12.21) 



5 + 1 
»+l . 





' 3s+3i-l 
z — 


17 o4i— 6 1 n r>3* — 5 
/ ■ Z t O • a 


if 1 <" 1 <f Q J- 1 

y J. V i S a t -l] 




n6s+3j — 1 

z — 


rr o4s+4l — 6 1 r>3s+3j— 5 
/ ' Z T" O ' Z 




x i 


-1-7 • 2 2s ~*" 5: ' 


-1° _ 5 . 2 2s + 4j-8 


if i = s +j, 2 < j < s + 3, 


= < 


2 9s+2 + ? . 


2^s — 5 y q8s — 2 _|_ y 2®s — 4 


i/ i = 2s + 1, 




2 9s+5 + 7 . 


2^5 y 2^ s ~l"2 _|_ 2^ s 


if i = 2s + 2, 




2 9s+8 + 7 , 


2?s+5 y 2 8s+6 2^ s "l _ 5 


i/ i = 2s + 3, 




2 9s+3j+8 _ 


y i 2 8s+4j+6 ^_ y i 2 7s + 5 ^ + 5 _ 2 6s + 6 -? + 5 


i/ i = 2s + 3 + j, < j < s 



We have the following reduction formulas 



(12.22) 



(12.23) 



5 + 1 xfe 

3 + 1 



2s+2+j 



+ 1 
+ 1 



= i6 ZJ r. 



2i r L »+(i-i) 



+ (1-3) x(/s-2j) 



16 



2+3j 



2s+2-j 

x(fc-2-3j) 
2(s-j) + l 



Example. We have for s = 3 



3+1 
3+1 



X fc 



= < 



1 

21 
378 

2 fc+2 + 6320 

33 ■ 2 k+2 + 100416 
630 ■ 2 k+2 + 1524096 
1365 • 2 k+5 + 21224448 
96 ■ 2 2k + 163008 ■ 2 k+2 + 1029 • 2 
1696 • 2 2k + 2176512 ■ 2 
105 ■ 2 2k+a + 2625 ■ 2 fe+15 
105 ■ 2 2k+12 - 315 • 2 fe+20 



r.fc + 2 



5723 ■ 2 18 
- 90720 ■ 2 18 
215040 ■ 2 1S 



if < j < 1 
if < j < s - 1 



,-)3fc + 8 



7-2 



,2fc+16 



+ 7-2 



fc+25 



.-,35 



if 
if 
if 
if 
if 
if 
if 
if 
if 
if 

if 
if i 



= 1 
= 2 



= 5 
= 6 
= 7 
= 8 



0, k > 1, 
fc > 2, 
k > 3, 
k > 4, 
k > 5, 
fc > 6, 
fc > 7, 
fc > 8, 
fc > 9, 

9, fc > 10, 

10, fc > 11, 

11, fc > 11. 



Proof. To prove Theorem 1 1 2 . 9 1 we proceed as in Theorem 110.91 



12.7. Computation of r, 



for 2s + rn + 1 < i < 3s + 2m, k > i, m > 2. 



□ 



Lemma 12.10. We have for m > 2, < j < m — 1 

s + n 
s + n 
- 1 - 2s + m+l+j 

(12.24) 

'21 2 2fc+2s+m — 2 _j_ 2 ^ 2&~t~4s + 3m — 2 _j_ ygc^ 2 fc + 5s + 2m — 3 945 ^k-{-4:S J r2m — 3 

+105 ■ 2 8s+4m " 2 - 105 ■ 2 6s+4m ~ 2 - 3255 • 2 7s+3m - 3 + 3255 • 2 6s+3m " 3 

2^ , 22fc+2s+m+3j-2 , r^y t 2 fc + 4s + 3m + 3 J _ 2 _|_ ygg _ 2 fc+Ss+2m+4j— 3 _ g^g _ 2 fe+4s+2m+4j-3 

+105 ■ 2 8s ^ 4m- *" 4: ' — 2 105 • 2 6s + 4m "'" 4 ^ — 2 — 3255 • 2 7s ^ 3m ~*~ 5: ' — 3 + 3255 • 2 6s ~*~ 3m ^ 5: ' — 3 



i/j = 0, 

fc > 2s + m + 2 

i/0< j<m-2, 
k>2s + m + 2 + j 



53 • 2 2s— • ^2 2 ^~'"'^ m— ^ 2 4s+8m— 2^ _|_ ^735 . 2^ s— ^ 1629 • 2^ s— ^ • ^2^~'"^ m ~^ — 2 2s ~'~^ m— ^ 

+21 • [5 ■ 2 8s+8m - 6 + 3 ■ 2 6s+8m - 8 - 15 • 2 7s+8m ~ 8 ] ifj = m-l, 

k > 2s + 2m + 1 
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s + m x(2s + m+l+j) 

r L=+™J 

1 23 + m+l+j 

(12.25) 

' 29s + 6m y 2^ s +4m — 2 _j_ y 2^ s +3m — 3 g 26 s + 3m ~ 3 _|_ — 2 if j 

29s+6m+2j _ rj _ 28 s + 4m + 4 i-2 _|_ 7 . 2 7s + 3m + 5 J- 3 _ 3 . 2 6s + 3m + 5 J- 3 + 2 6s+4m+4j '~ 2 if < j < in — 2 

29s + 8m — 3 7 2^ s + 8 m ~ 6 _|_ y 2 7s + 8m — 8 26s + 8m — 8 ^/J 771 1 

We have for m > 2, < j < s — 1 : 

s + r, 
s + r, 
L 2s + 2m+l+j 

(12.26) 

{105 • ^2 2fc+2s+4m+4 -'~ 2 + 7 • 2 fc + 5s+6m+4: '~ 3 — 31 • 2 fc + 4s + 6m + 5j ~ 3 ) 
+ 105 • (2 8s + Sm + 4 J- 2 - 31 • 2 7s+Sm +^- 3 + 93 • 2 6s+8m + 6 -''- 3 ) if < j < s - 2, fc > 2s + 2m 

23fc+2m+3s-3 _ j _ 2 2fc + 4m +6s-6 _|_ 7 _ 2fc+6m+9s-8 28m+12s-9 ^ • _ fi _ ^ k > 3s + 2m 



2 + j 



s + m x(2s+2m+l+j) 
pL a + m J 
1 2s + 2m + l+j 

(12.27) 

' 29^+6m y ^Ss + Sm — 2 _|_ y ^s + Sm — 3 2^s + 8m — 3 

29s+8m+3j _ rj _ 28s+8m+4j-2 ^_ y _ 2 7s + 8m + 5 i -3 _ 2 6s + 8m + 6 i -3 
2]^ . 2»m+12s-9 

W^e Ziowe the following reduction formulas 



if 3 = 

if < j < s - 2 
«/i = s - 1 



(12.28) 



- 1 - 2s+m+l+j 



s + (m-j) X(fc-2j) 
16 2i r L . + (m-J) . 



2s+l+(m-j) 



(12.29) 

Proof. 

Example, s = m = 2 



= 16 



2m + 3j-, 



x(fe-2m-3j) 



2(s-j) + l 



2 + 2 
2 + 2 



n 

21 

2 k+1 +362 

9 • 2 fc+1 + 6048 

348 • 2 k + 92640 

5712 • 2 k + 1295616 

3 • 2 2fc+4 + 1161 ■ 2 fc+6 + 15808512 

21 . 2 2fc + 4 + 2163 • 2 fe+9 + 92897280 

424 • 2 2fc+4 + 167808 • 2 k+6 - 1485832192 

105 ■ 2 2fe+1 ° - 315 • 2 fe+17 + 3523215360 

23fc+7 _ j _ 22fc+14 _|_ j _ 2 fc + 22 _ 2 31 



»/ < j < m - 1 
if < j < s - 1 



if 



if i = 



if i = 
if i = 
if i = 
if i = 
if i = 
if i = 



0, fc > 1 

1, fc > 2 

2, fc > 3 

3, k > 4 

4, fc > 5 

5, fc > 6 

6, k > 7 

7, k>8 

8, k > 9 

9, fc > 10 

10, k > 10 



□ 
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12.8. An explicit formula for IV 



for 1 < i < 3s + 2m, fc > i. 



Theorem 12.11. We have 
(12.30) 

fl 

105 • 2 4i ~ 6 - 21 ■ 2 3 

r)k-\-S — 1 <r\2s 



- 2 2s + 21 • (5 • 2 is - 6 - 2 3s ~ 5 ) 
(21 • 2 j ~ 1 - 3) • 2 k+s+2j ~ 4 

+21 ■ (5 ■ 2 4s+4j ~ 6 — 2 3s+3j_5 — 5 • 2 2s+4j ~ 6 + 2 2s + 3 ^ 5 ) 



(21 2 s ^ 3m— ^ +45 <2s-\-2m— 4^ 2 s ^ m ^-'-^ 

+105 2 4s ^ 4m— ^ 21 2 3s ^ 3m ~ ^ 21 2 2s ^ 4m ~^ -(- 9 2 2s ~^ 3m ~^ 

21 ■ ^2 fc+s+3m+3 -' — 5 + 35 • 2* ; + s + 2 ' Tl + 4; '~ 7 — 9 . 2* ; + s + 2 ' Tl +'y — 6 
+5 ■ 2 4s + 4m + 43_6 — 2 3s + 3m + 3j_5 — 5 ■ 2 2s + 4m + 4 J~ 6 
— 155 • 2 2s+3m+5j '~ 8 + 45 ■ 2 2s + 3m + 4 3- 7 j 



^ _ 22fc+2s + m — 2 _|_ 2^ 2^+4s + 3m — 5 _^ 2k~t~5s-f2m — 7 477 2^+ 4s + 2m ~ 

+105 • 2 8s+4m - 6 - 105 • 2 6s+4m - 6 - 3255 • 2 7s+3m ~ 8 + 1629 • 2 6s+3m - 7 

2^ . 2 2 fc+2s+m+3j-2 _|_ 21 . 2 fc + 4s +3 m +3i-2 _|_ ygg _ 2 fe + 5s + 2m + 4 i~ 3 

—945 • 2 fc + 4s + 2m + 4: '~ 3 + 105 • 2 8s + 4m + 4j_2 — 105 • 2 6s+4m + 4j ~ 2 
—3255 • 2 7s+3m+5: '~ 3 + 3255 • 2 6s+3m+5j— 3 



53 2^ S ~ 1 ^2 2 ^+ 4m ~ 4 24s+8m— 2^ 

+ (735 ■ 2 5s_1 - 1629 • 2 4s ~ 1 ) • (2 k+e,m - e > - 2 2s+8m - 5 ) 
+21 [5 2 8s ^ 8m ~ ^ + 3 2^ s ^~ 8m ~ 8 15 2 7s + 8m ~ 8 j 

105 • (2 2fc+2s+4m+4 -'~ 2 + 7 ■ 2 fc + 5s + 6m + 4: '~ 3 — 31 . 2 fc + 4s + 6m + 5 ^~ 3 ) 
+105 ■ (2 8s + 8m + 4: '~ 2 — 31 ■ 2 7s + 8m + 5: '~ 3 -|- 93 . 2 6s + 8m + 6 J~ 3 ) 



23fc+2m+3s-3 _ 7 _ 22fe+4m+6s-6 _|_ 7 _ 2*:+6m+9s-8 _ 28m+12s-9 



if i = 0, k > 1 

i/1 < i < s - 1, fc > i + 1, 

if i — s, k > s + 1 



ifi = s+j, 1 < j < m - 1, 
fc > s + j + 1 



if i — s + m, k > s + m + 1 



if i — s + m + j, 1 < j < s — 1 , 
fc > s + m + j + 1 



if i — 2s + m, k > 2s + m + 1 



i/ i = 2s + m + 1 + j, 

< j < m - 2, fc > 2s + m + 2 + 



i/ i = 2s + 2m, fc > 2s + 2m + 1 



if i — 2s + 2m + 1 + j, 

< j < s - 2, fc > 2s + 2m + 2 + 

i/ i = 3s + 2m, fc > 3s + 2m 
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S + TO 

s + m 



m — 6 



if 1 < i < s + 1 

if i = s + j, 1 < j < m + 1 

ifi = s + m + j, 1 < j < s — 1 
if i = 2s + m 



(12.31) 

'23s+2m+3i — 3 7 t 2 4 *~6 _|_ ^ . 2 3 * - ^ 

26s+2m+3j-3 _ j _ 2 4s + 4 J-6 _|_ g _ 2 3s + 3 J~ 5 
+ (2 3 " 1 - 1) • 2 2s+3i ~ 5 

26s+5m+3j — 3 _ y _ 2 4 s+4m+4j — 6 _|_ g . 23 s +3m+3j — 5 

_l_2 2s + 4m + 4 J- 6 _|_ 7 . 2 2s + 3m +-y _8 — 9 . 2 2s + 3m + 4 J~ 7 

29s+5m— 3 ^ 28s+4m— 6 _|_ y 2 7s + 3m ~ 8 _j_ g 2^ s +3m — 7 _|_ 26s+4 

29s + 5m+2j _ ^ _ 2 8s + 4m + 4 3-2 _|_ 7 . 2 7s + 3m+5j-3 _ g _ 2 fis + 3m + 5 j- 3 -|- 2 6s + 4m + 4 J- 2 if i = 2s + m + 1 + j 

< j < m - 2 

29s+8m-3 _ 7 _ 28s+8m-6 _|_ y _ 2 7s + 8m ~ 8 _ 2 fis + 8m ~ 8 
29s+8m+3j _ j _ 2 8s + 8m + 4 3-2 _|_ y _ 2 7s + 8m + 5 J~ 3 _ 2 6s + 8m + 6 i" 

2^ . 2 8 >»+12s-9 

We /wree for < j < m - 2, k>2s + m + 2 + j 



if i = 2s + 2m 

j/ i = 2s + 2m + 1 + j, 
< j < s - 2 

if i = 3s + 2m 



(12.32) 



r L «+r 



s + m X fc 



2s+m+l+j — 10 1 2s+l+(m-j) 

_ 2 8 i . ^1 . 2 2 ( fc_2 ^)+ 2s +( m_ J) -2 _|_ 21 • 2 (fc ~ 2j)+4s + 3 ( m ~ : ')~ 2 + 735 . 2 fc ^ 2 3+ 5s + 2 ( m -j)- 3 
—945 ■ 2 fc ~ :y + 4s + 2 ( m ~ ; '>~ 3 + 105 • 2 8s+4 ( m-: ')~ 2 _ 105 • 2 6s+4 ( m ~ J >~ 2 
-3255 • 2 7s+3 ( m -^- 3 + 3255 • 2 6s+3 < m - J >- 3 ] 
_ 22 2 2fc + 23 + m + 3 J -2 _|_ 21 2 fc+4s+3m+3;,_2 + 735 2 fc+5s+2m+4;, ~ 3 
—945 • 2 fc+4s+2m+4j ~ 3 -f 105 • 2 8s + 4m+4j ~ 2 _ 105 • 2 6s+4m+4j ~ 2 
—3255 • 2 7s ~^ 3m ^ 5:, ~ 3 3255 • 2 6s ~'~ 3m ^-'~ 3 



2j-pL s + (m-j) 



+ (m-j) x(k-2j) 



We have for j = m — 1, fc > 2s + 2m + 1 



(12.33) 



= 2 S 



1 2s+2m 



16 1 



+ i 
+i 

2s+2 



x(fc-2(m-l)) 



53 • 2 2s_1 • (2 2 ( fc - 2m + 2 ) _ 2 4s+6 ) + (735 • 2 5s ~ 1 - 1629 • 2 4s ~ 1 ) • (2 fc ~ 2m + 2 - 2 2s+3 ) 



+21-[5-2 Ss+2 +3-2 bs -15-2' s ] 



_|_2^ ^ 2^ s + ^ m ~6 _j_ 2 2^ s ~^^ m — ^ ^5 27s-\-8m — 8j 
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We have for < j < s - 2, k > 2s + 2m + 2 + j 



(12.34) 
= 2 



s + n 
s + r, 
2s + 2m + l+j 



16 



2m+3j T 



x(k — 2m — 3j) 
2(s-j)+l 



+2 



S(s-J)- 2 



31.2 7(s - j) - 3 + 93-2 6(s ~ j) ~ 3 ) 
_ -^Qg ^2 2fc + 2s + 4m + 4 J -2 _|_ 7 2 fc + 5s + 6m + 4 J~ 3 _ 31 2 fc + 4s + 6m + 5j ~ 3 ^ 



+105 • (2 



Ss+Sm+Aj-2 



31-2 



7s+8m+5j-3 



+ 93-2 



6s+8m+6j-3 



We /lane for j = s — 1, k > 3s + 2m 



s + m | Xfc 

rr + " 



16 



2m+3s — 3 j-t L 1 



1 x(fc-2m-3s+3) 



(12-35) j. 3s+2m — J-v j. 3 

_ 28m+12s-12 ^2 3 ( fc_2m_3s + 3 ) _ 7 2 2 ( fc_2m_3s + 3 ) -|- 7 2 fc_2m_3s + 3 + 1 — 2 3 ] 
_ 23fc+2m+3s-3 _ j 2 2fc + 4m + 6s ~ 6 _|_ 7 2 fc + 6m + 9s ~ 8 — 2 8m + 12s ~ 9 



(12.36) 



Let q be a rational integer > 1, then 

g k , s ,m(t,v,0 = 9(t,v,0= E E s ( <yz ) E s(»,yio E e( v yv) 

degY <fc — 1 degZ <s — 1 deg(/<s + m— 1 degV<s + m — 1 



s+ m xfc 

_ 2 3 s+2m+fc-r(I3 L « + m J («,»?,?)) 

/ g q (t, V ,Odtd7 1 d^ 



E 

(t 7 r ? ,OGP/P fc + s _iXP/P fc + s + ™_ 1 XP/P fc + s + Tll _ 1 



«+r> 

(fc + 3s + 2m-r(D L 



(*,»),«)) 



'A dt /" d?j f 



(*.».«)= 



inf(fc,3s + 2m) 

= E E 

*=o (i,> 7 ,e)eP/P fe+3 _ 1 xP/p fc+3+ro _ 1 xP/p fc+s+m _ 1 



>(fc+3s+2m-i)q 



/ di / dry / 



mf(fc,3s + 2m) 
_ 2(fe + 3s + 2m)g-(3fc + 3s + 2m-3) p 

i=0 



• 2" 



We denote by R q (k, s,m) the number of solutions 
(Yi, Zi, Ui, Vi, . . . , Y q , Z q , Uq, V q ) of the polynomial equations 

f YlZl + Y 2 Z 2 + ...+ YqZq = 0, 

\ Y 1 U 1 +Y 2 U 2 + ...+Y q U q =0, 
{ Y 1 V 1 +Y 2 V 2 + ...+Y q Vq = 0, 
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satisfying the 



conditions 



degYi < k — 1, degZi < s — 1, degUi < s + m — 1, degVi < s + m — 1 /or 1 < i < q. 



Then 



(12.37) 

R q {k,s,m)= j g q k ^ m (t,rj,£,)dtd^ = 2 

7pxPxP 

Example. We have for s = 3, m = 4, fc = 10 



nf(fc,3s + 2m) 
(fc + 3s + 2m)g-(3fc + 3s + 2m-3) p 



E 



s + m. 
s + m. 



• 2~ 



3 
3+4 
3+4 



1 


if j 


= 


21 


if j 


= 1 


378 


if j 


= 2 


10416 


if i 


= 3 


140352 


if i 


= 4, 


1994112 


Hi 


= 5, 


29598720 


Hi 


= 6 


458661888 


if i 


= 7, 


109389 • 2 16 


if j 


= 8, 


213759 • 2 19 


if j 


= 9, 


2 44 - 142 73 • 2 23 


if j 


= 10 



Example, s = 3, m=4, k = 7, q = 3 



The number IV 



3 
3+4 
3+4 



of rank i matrices of the form 



( 




Q2 


«3 


Q4 


as 


Q6 


Ct7 




Ci2 


Q3 


Q?4 


Q5 




Ct7 


a s 




«3 


Q4 


as 


Q6 




as 


ag 




01 




A 


A 


A 


A 


07 




A 


As 


A 


A 


06 


07 


A 






A 


A 


A 


07 


08 


09 




At 


A 


A 


07 


08 


09 


010 






A 


A 


08 


09 


010 


011 




A> 




A 


09 


010 


011 


012 






A 


A 


010 


Al 


012 


013 




7i 


72 


73 


74 


7s 


76 


77 




72 


73 


74 


75 


76 


77 


78 




73 


74 


75 


76 


77 


78 


79 




74 


75 


76 


77 


78 


79 


7io 




75 


76 


77 


78 


79 


7io 


7n 


\ 


76 


77 


78 


79 


7io 


7n 


712 


77 


78 


79 


7io 


7n 


712 


713 



is equal to 
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1 

21 

378 
6832 
108096 
1714560 
27276288 
v 2 35 - 3553 
The number of solutions 
(Yi, Z\, Ui, Vi, Y2, Z2, U2, V2, Y 3 , Z3, U 3 , V 3 ) of the polynomial equations 

C Y1Z1 +Y2Z2 + Y 3 Z 3 = 0, 

< Y 1 U 1 +Y2U2+Y 3 U 3 = 0, 

{ Y 1 V 1 + Y 2 V2 + Y 3 V 3 = 0, 

satisfying the degree conditions 



-,13 



if i- 
if i = 
if i: 
if i: 
if i: 

if i : 

if i : 
if i: 





1 

2 
3 
4, 
5, 
6 
7, 



degYi < 6, degZ; < 2, defft/j < 6, degV^ < 6 for 1 < i < 3. 



is equal to 



R 3 (7,3,4)= f gl 3A (t, n ,t)dtdr,dt = 2 37 .£iy 



3 
3 + 4 
3 + 4 



= 2 37 • (1 + 21 • 2~ 3 + 378 • 2~ 6 + 6832 ■ 2~ 9 + 108096 • 2~ 12 + 1714560 • 2~ 15 
+ 27276288 • 2~ 18 + (2 35 - 3553 ■ 2 13 ) • 2~ 21 ) = 4243395 ■ 2 29 

Example. The fraction of square triple persymmetric ^ a + m j x (3s + 2m) matrices which are 



invertible is equal to 



+ m 
+ m 
3s + 2m 



x(3s+2m) 



3s + 2m - 



E3s + 
i=0 



X (3s + 2m) 



21 
64' 
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